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Abstract

Affinity chromatography is an effective method for the purification of biological material. A
mathematical model has been set up by.the material balance in the chromatographic column
and the approximate solution has been obtained by the Gaussian expansion equation which
expands in the derivatives of normal probability density function. The coefficients of the
derivatives are functions of moments which are obtained from the Laplace transformation of
the differential equations. Affinity chromatography is affected by changing of pH. Ionization
model has been developed to explain the phenomena of pH effect on the affinity chromato-
graphy. The relation between the mathematical model and the ionization model is shown.
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Introduction

The conventional purification procedures of
enzyme, antigen or other biologically active
compounds are usually long and require many
different steps such as precipitation with salts
or organic solvents, ion exchange chromato-
graphy, gel filtration, electrophoresis and so
on. The multisteps may usually cause losses
of biological material and its activity of rea-
ction. These losses are due to the denaturation
under the extreme conditions that are often
used for isolation of a given material. Gene-
rally yields of material and activity are low
when many steps are used for purification.
Affinity chromatography is an effective and
better method for the purification and isola-
tion which does not need many steps®12719,

The purification and isolation of bhiological
macromolecules by affinity chromatography
is based on the characteristic of specific bin-
ding!%45%9% 15, One of the most noted chara-
cteristics of biological macromolecules is that
they are carable of binding specifically and
reversibly other molecules. For example, the
first step in an enzymatic reaction is the
binding of a specific substrate to the binding
site of enzyme. Tyrosinase form a complex
specifically with aminophenol.

The basic principle is to couple one of the
componenets of the interacting system (e.g,
substrate or aminophenol) to an insoluble po-
rous support which can be used as a selective
adsorbent for the affinity chromatography?®.
An ideal adsorbent must interact weakly with
proteins or other impurities in general, in
order to minimize the nonspecific adsorption
of proteins or impurities. It should exhibit
good flow properties. It must be mechanically
and chemically stable to the varying condit-
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ions of pH, ionic strength, temperafure, and
presence of denaturants which may be needed
for adsorption or elution. It should form a
very loose, porous network which permits
uniform and unimpaired entry and exit of
macromolecules throughout the entire matrix.

In affinity chromatozraphy, the biological
material to be purified is passed through a
column containing selective adsorbents. All
impurities without substantial affinity to the
adsorbents will pass directly through the co-
lumn whereas one which binds specifically to
the adsorbents will be retarded in proportion
to its affinity constant. After the impurities
are washed, elution is readily achieved by
changing such parameters as salt concentration
or pH.

As mentioned above, temperature, ionic stre-
ngth and pH can be changed to give optimal
conditions for adsorption as well as elution.
In many cases, the complex is stable at neu-
tral pH and unstable at acidic or alkaline pH,
and so elution is induced by changing the pH,
of the buffer’»?»#. Therefore, the effect of
pH on the affinity chromatography should be
considered. The research on the effect of ionic
strength has been done®® whereas it seems
to me that nobody has tried to solve the pH
effect on the affinity chromatography by
showing a mechanism.

Mathematical Model

Chromatography refers to a process which
consists of two phases: a stationary phase
and a mobile phase percolating through the
stationary phase by which ci‘ferent types of
molecules are separated from each other by
their different affinities to the stationary
phase®?. The stationary phase may ke £ solid
or a liquid and the mobile phase may be a



liquid or a gas. Therefore, there are four
possible systems: Gas-Solid chromatography,
Liquid-Liquid
chromatography and Gas-Liquid chromatogra-

Liquid-Solid chromatography,

phy?¥. Affinity chromatography may be cla-
ssified as a Liquid-Solid chromatography.

So far affinity chromatography is not deve-
loped to the commercial scale, so its size is
usually small and heat generation is negligi-
ble. It is considered as an isothermal operation.

The mathematical development to explain
the rhenomena in the chromatographic column
has been done by various methods: rate theory
which provides most information on the rate
of adsorption or chemical reaction and longi-
tudinal diffusion!”®®, plate theory which is
characterized by the height equivalent to a
theoretical plate in which the solution in the
mobile phase is in equilibrium state with the
concentration of the solute in the stationary
phase!?:25:26,29  gtochastic theory in which the
rate of adsorption or desorption is related to
the probability per unit time!s:!%2¥, The rate
theory is applied to the modelling of affinity
chromatography®.

An infinitely long column uniformly filled
with porous spherical packing material of
radius R is considered. The void volume
fraction of the column is ¢ and the porosity
of packed spheres is ¢;. The mobile phase is
assumed to behave as plug flow with an ave-
rage carrier velocity V. Dispersion of the so-
lute in the mobile phase is assumed to be
only longitudina; the dispersion coefficient,
D, is assumed to be independent of concentra-
tion and a constant. Mass transfer of the

solute into the stationary phase through the
interphase layer is modeled with a constant
*mass transfer coefficient, H,. The solute is
then dispersed further into the interior of
€ach spherical packing with a constant dispe-
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rsion coefficient D,. Finally, adsorption step
is described for the solute component within
the porous spherical packings. The material
balance equations describing the above SOrp-

tion process are

0Cn oCn 0°Cm __
5 TV 5z D oz*
“‘Hc(Kch“‘CsIr=R) (1)

for the mobile phase, and

B (31 -

— (kaCs—kpm) 2
for the stationary phase. The symbol C deno-
tes the solute concentration and the subscripts

m and s denote mobile and stationary phases
respectively. # is the solute concentration
adsorbed on the porous surface inside the
spheres, K. is the equilibrium constant be-
tween the concentration of solute outside and
inside of particles at the interphase, and %,
and kp are the rate constants for adsorption
and desorption based on the total concentration
of the solute respectively. If the solution is
introduced at the entrance of the column as
a step function, the initial and boundary co-

nditions are:

Cu(z,t)=0 for £<70 and 2>0 (3)
Ci(r,2,6)=0 for t<0 and 2>0 (4)
n(z,7,t)=0  for ¢<0 and z2>0 (5)
Cu(z,t)=C; for t>0 and 2=0 (6)
Cn(z,t)=0 for £>0 and z2=oco (7)

At the surface of the particle,

1 3 1h5 aC' i
Hc(Kch“cslr=R,\.:“‘——%(R ) E;DrW“—:R

for £>0 and »r=R (R)

At the center of the particle, the concentra-
tion profile is symmetry around the center.

0C; =

el

The expression 3(1—e)e;/R gives the surface

area of a spherical particle per unit volume

0 for >0 and r=0 (%)

of the column.
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Solution

An exact solution for the mathematical mo-
del is almost impossible to obtain at this time.
However, the solution may be characterized
by statistical moments because generally the
breakthrough curve at the exit of the chro-
matographic column is a monotonic increasing
function such as the probability distribution
function is. It was found that the statistical
moments of the concentration profile of a
solute zone obeying the material relations
suggested by Lapidus and Amundson?®. The
usage of moments in chromatography gained
popularity when Kubin and Kucera calculated
them using the material balance equations®
20,21,27)

The approximate solution is obtained as fo-
llows:

t
Cn(t)= ‘-‘-1)——_"_] e~ 2yt ay i €?)

@ V() A (11)
where (L’(t)——l‘;%e“”2 is normal probability
R %

density function and & ‘» (¢{) is the mth deri-
vative of normal probability density function;
by successive differentiations its recurrence
relation is

v ()= (=1 ) He () (12)
where the H.(¢)’s are the Hermite polyno-
mials defined by

5 J [frr 2j
I, (t)—\=o% (13)

where M=m/2 when m is an even number
and m(m—1)/2 when m is an odd number.
In the equation (11), the values of aj,a. and
so on are determined by the moments®.

Absolute kth order moment is defined as
follows:

ststEst HI16A H 5% 1978 108

de - - d(j
& stpp m
i t dt~hm§ e st a7 dt

2

" dCa

=lm (- D dsk e ar

=lm(—1)*% ~£”—3Cm (14>

50
The solution of Laplace formed equations of
Eq. (1) throuzh (8) gives the value of abso-
lute kth order moment by the equation (14).

The central moments are obtained from the
absolute moments:

= e rdCu=3(4) (—ap e (15)

where <f) is a combination.
The first order absolute moment and the
second order central moment are calculated

from the equation (1) through (&) in the
following form:

L

o= (1+ K. (1+K2)) (16
D2 L.

/13:—‘—173—712‘r7/2 an

where L is the length of the column, ¢=(1
—e)es/e, Ke=ks/kp equilibrium constant of
reaction, 7,=1+¢K.(1+K.) and

o 2K (1+K)? | 2K R*(1+K.)
H“ " 15Dr
L SOKKe
' kp

Since the coefficients of thc mth derivatives
of normal probability density function are
calculated from the moments, the breakthro-
ugh curve at the exit of the chromatographic
column is obtained using equation (11).

HETP

Since Martin and Synge developed the hei-
ght equivalent to a theoretical plate (HETP)
concept?™, it has become a widly acceptede
tool in various ways for chromatographic

analysis. This plate model, although some-



what ambiguous in the case of continuous
operations, is a useful parameter for the eva-
luation of system performance in terms of
zone spreading. Resolution is useful in desc-
ribing the system efficiency in separating
two components, and can be related to the
plate number. The dependence of resolution
on plate height is to be expected since, for a
given difference in retention time, resolution
between two consecutive components will
increase with a decrease in the width of the
concentration zone, that is, with an increase
in the plate number. The plate number is
the length of column divided by the plate
height. The first moment, as described by
Grushka??, is the retention time, fz, of the
solute, which is

ta=1+¢K . (1+K.) (18)
The second moment leads to a direct expre-
ssion of the plate height, or the height equ-

ivalent to a theoretical plate??, as

_ g L, ___?_D
HETP=H= al =V
. 14 [ 202K (1+K.)*?
(1+¢K.(1+K.))? H.
| 2KR(1+K.) | 29K.K.
- D ] a9

The first term on the right-hand side of
equation (19) is the usual solute diffusion in
mobile phase, the second is the resistance to
mass transfer at the surface of the rarticle,
the third is the diffusion in the pore of the
particle and the last term is due to the adso-
rption and desorption rates within the pore.

Tonization Model

As mentioned earlier, affinity chromatogra-
phy is affected by the change of pH in the
solution. Although many people recognized
the pH effect on the affinity chromatography

experimentally, nobody has tried to explain
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it by the reaction mechanism.

It is known that factors which influence
the stability of an enzyme or a protein are
those which affect the secondary, tertiary
and/or qunternary structures of proteins. For
example, most enzymes undergo irreversible
denaturation in very acidic and very alkaline
solutions. The pH at which this occurs varies
The effect of pH on
the adsorption or on the specific binding acti-

with solute materials.

vity actually means the effect of pH on the
ionization of prototropic groups(groups capable
of ionization) involves in the active site of a
solute material. Those prototropic groups are
generally located on the side-chains of the
acidic and basic amino acid residues and may
be involved (a) in maintaining the proper
conformation of the active site, (b) in binding
of solute material in particular polyampholy-
tes or (c) in releasing solute material from
the adsorbent for elution”»32:3%,

The following ionization model is used in
the investigation of the pH effect on adso-

rption chromatography.

Kn] sz .
Ch's = G oz = Gy
_{_H+ +H+
/
Eal ko (20)
b
— H* ‘ — H*
C;'l = ~ C; = > C;”
K:] KSZ

where the symbol C denotes the polyelectro-
lyte, subscripts m and s denote the mobile
and stationary phase, respectively, and 7 is
the number of negative charges. In this mo-
del, it is assumed that the solute C.' is adso-
rbed by a neutral ligand attached to the solid
packing material to give C,f, and the ioniza-
tions between the hydronium ion and the so-

lute in mobile and stationary phases are so
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fast that equilibrium can be established insta-
ntaneously. The quantities %24 and kp are the
adsorption and the desorption rate constants
between Cn? and Cs%, which control the ove-
rall reaction rates. The bar on % indicates
that the values are independent of pH.

The equilibrium constants for the ionization
reaction in a mobile phase for the model

given in equation (20) are

Km=[CLILH*]/(C 1] €4))
Kny=[CH'JTH*]/[CL] 22)

where the square brackets [ ] represent co-
ncentration.

In a similar manner, the equilibrium cons-
tants for the ionization reaction in a stationary
phase become

Ka=[Ci[H"]/[C] (23)

K, =[Ci*'I[H*]/[C!] 6L

In a chromatographic operation, the equili-
brium between an adsorption and a desorption

process is based on the total concentration in
the mobile and the stationary phases:

Cs=[Ci- I+ [CL]+[CiY] (25)
n=[CI-1]+[CII+[Ci*] (26)
where the symbols of C; and # are the same

as those in the equation (2). Since kiC;=4f4
(C!] and kpn="Fp C!],

s fo L CH YKot Ko/ TH
¢ ¢ 1+LH+J/KMI+KM2/LH¢_\

@27

and
ko=kp(1+[H*1/Ka+Kso/ H* ) (28)
where K.=£ka/Fkp.

For the ionization model, there are only
six cases when all constants except the values
of pK(pK=—1logoK) are fixed, because the
value of pKn, is higher than the value of pKm
and the value of pK,, is higher than that of
pK;. The change of pH affects the overall

stet3st M6 M 53 19788 104

equilibrium constant of reaction and the ove-
rall desorption rate constant as shown in
equations (27) and (28). Although the rea-
ction mechanism is not explained, the signi-
ficance of the equilibrium constant for the
successful purification by the affinity chro-
matography is emphasized®V.

Concluding Remark

It has been pointed out that although the
affinity chromatography is effective method
for the purification of a biological material
when it is compared with conventional me-
thod, it is not developed for the mass produ-
ction of purified material. It may be a task
which should be solved in near future.

Generally there are three approaches to
derive the equation for the chromatography:
rate theory, plate theory and stochastic the-
ory. The solution of the mathematical model
in this paper is obtained approximately by
the Gaussian expansion equation, which indi-
cates the equation (11).

Although the mechanism to explain the pH
effect on the affinity chromatography can
not be completely understood, the modelling
may be a starting point for a long march to
search the true mechanism.
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