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Turbulence in Thermally
Stratified Shear Flows*

T. Mizushina

Kyoto University, Japan

INTRODUCTION

Heat transfer in thermally stratified shear
flow is of great practical interest in the pro-
blems of disposal of waste water, because
stratification often has a governing influence
on the dispersion of the waste heat. The flow
behavior and heat transfer of the stratified
flow are affectsd by buoyance force arising
from the stratification and it is important to
understand this influence to predict the flow
characteristics and consequently the dispersion
of the discharged waste heat.

Attempts at predicting the buoyancy effect
on turbulence have ranged from similarity
theories based on dimensional arguments to
turbulence closure assumptions in the transport
equations for the turbulent shear stresses and
heat fluxes. All hypotheses involve empirical
functions or coefficients that need to be expe-
rimentally verified.

Meteorologists have provided most of the
experimental results, because one of the
important practical cases of stratified shear
flow is the atmospheric boundary layer.

However, the standards of accuracy desired
or attained in meteorological experiments are
significantly poorer than those in laboratory
experiments. This is due mainly to the diffi-
culty in carrying out atmospheric measure-

ments under steady state conditions. Labora-
tory measurements in stable stratified flows
have been made by some investigators; Ellison
and Turner in an inclined rectangular tube
flow, Webster in a wind tunnel equilibrium
air flow, Arya and Plate in a wind tunnel
boundary layer flow and Schiller and Sayre
in an open channel flow. Under unstable
stratified conditions, experimental results,
particularly laboratory measurements, have
been extremely limited. Some experiments
were conducted in the atmospheric surface
layer by Businger et al. and others. All the
experimental results of both stable and uns-
table flows are not conclusive, because of a
wide scattering among the individual experi-
ments and because of the limited experimental
condition of rather weak stability or insta-
bility.

The objective of this papzr is to present
experimental results of the eddy diffusivities
of momentum and heat in both stable and
unstable stratified shear flows in order to
offer the conclusive bases on the closure pro-
blem of the buoyancy effect on turbulence.
An open channel flow has the great advantage
that steady two-dimensional strongly stratified
flows can be obtained by limiting the temrge-
rature field to the region near the free surface
where the velocity gradient is small.
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Figure 1. Flow System of Experimental Appratus

EXPERIMENT

First of all, I will explain the experimental
procedure. Figure 1 illustrates the experime-
ntal apparatus.

The experiments were carried out in the
6. 1m flume with a cross section of 30cm wide
and 6cm deep. The side walls and the bottom
were made of smooth stainless steel plates
lined with 3cm thickness glasswool to maintain
adiabatic conditions. The measurement sta-
tions were located at the center of the flume
and at distance 1. 5m downstream for securing
the developed stratified flows. At the measu-
ring station the side walls were made of
optical glass plates for use with a laser Do-
To create the turbulent
boundary layer, seven tripping wires were

ppler velocimeter.

mounted at short distance from the inlet of
the flume. The slope of the flume could be
varied in combination with the variation in
the flow conditions. Water was recirculated
through the flume by a pump and the tempe-
rature of the water was controlled within

+0.05°C in a temperature regulating tank.
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Water from the head tank passed through a
calibrated orifice and a flow control valve
into a head box which was connected to the
flume. Two perforated plates with 5mm dia-
meter holes were installed in the head box
and three screens were placed at the entrance

-of the flume to obtain a developed subcritical

flow in the flume.

Stable and unstable stratified flows were
obtained with the following procedures. For
stable stratified flows, saturated steam at
100°C was condensed on the free surface of
the flow in the fully developed turbulent flow
region using a steam box as shown in the
Figure. Unstable stratified flows were obtained
by providing the water heated up to 60~70°C
in the temperature regulating tank into the
flume and by evaporating the water from the
free surface into the atmosphere.

Figure 2 shows a schematic diagram of
stable and unstable stratified flows.

In stable stratified flow, temperature and
velocity gradients are positive in the vertical
y-direction. For a positive temperature gra-
dient, a turbulent eddy moving upward, for

instance, is normally be colder than the
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Figure 2. Schematic Diagram of Stratified Flow

surrounding fluid. Then, buoyancy forces will
tend to decelerate the eddy moving upward.
Similarly, an eddy moving downward will be
decelerated. Therefore, the flow with a posi-
tive temperature gradient is called “Stable
stratified flow.” In unstable stratified flow,
a temperature gradient is negative in the
vertical direction. For a negative temperature
gradient, it can be seen that the buoyancy
effect will be opposite to that in stable stra-
tified flow; that is, the buoyancy forces will
tend to accelerate the eddy motions.

In Figure 3, 1 will show a block diagram of
the measuring system used in this study. A
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Figure 3. Block Diagram of Measuring System,
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laser Doppler velocimeter with an adagter for
frequency shift was used for measuring the
local time-averaged and fluctuating velocities.
The local time-averaged and fluctuating te-
mperatures were measured with thermocouples
and a constant current thermometer connected
to a cold-film probe. The voltage output from
these instruments was directly transmitted to
a data acquisition system which could store
the digital voltage output on a digital magnetic
tape. In order to compute various statistical
turbulent quantities, the digital signals were
processed with the computer system at the
Data Processing Center of Kyoto University.
The sampling interval and the sample size
were (.01 second and about 25,000, respe-
ctively.

When we apply a laser Doppler velocimetry
to non-isothermal flow, laser beams encounter
a succession of hot and cold pockets formed
by turbulence eddies with various sizes and
various temperatures, which modify phase
and direction of the laser beams, consequently
the measured velocity should be corrected. In
this study, the correction for the velocity was
accomplished by incerting a small acrylic
plate at the point of beam intersection, beca-
use the particles in the acrylic plate or on
the surface of it worked as a stationary aca-
ttering obstacle.

The table in Figure 4 gives all the essential
parameters in the present experiments.

A bulk Richardson number, K7, in the table
can be defined in terms of density differences
across the flow-layer and the expansion co-
efficient of the fluid,

Tsll T o R
Fi= gy T

and is equal to the reciprocal of densimetric
Froude number. The value of Rf is equal to

zero for neutral flows, and is large rositive
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Rua No. ’ Key l Ri(-) Re(-] olm] R(m) Uave(m/s) u*(m/s)
i 0.0 (neutral) 8600 0. 040 0. 031 0.071 0. 0046
I 2.31x107% (stable) 9800 0. 040 0.031 0.074 0. 0047
I 6.39>107% (stable) 17000 0.039 0. 031 0.104 0. 0061
N 1.53x107% (stable) 10500 0. 039 0. 031 0. 069 0. 0043
'S 2.13x 1072 (stable) 12600 0. 033 0.031 0.074 0. 0045
M —1.23x1072 (unstable) 41700 0. 040 0. 032 0.152 0. 0030
VI —2.03Xx1072 (unstable) 18300 0. 039 0.031 0. 080 0. 0046
Wi —3.53x10°2 (unstable) 21200 0. 040 0. 032 0.079 0. 0045
X —4.90%1072 (unstable) 30000 0. 040 0. 031 0.079 0. 0043

Figure 4. Parameters in Experiments

for strongly stable stratified flows, and is
large nezative for strongly unstable stratified
flows. The present nine runs can be divided
into 3 stability groups, depending on the value
of a bulk Richardson number Ri. The first
is the neutral group of Run Number?I. The
second is the stable group of Run (Numbers
I, I, NV, V and the third is the unstable
group of Run Numbers V[, VI, Vi, X. Rey-
nolds numbers, Re, based on hydraulic radius
R ranged from 8,600 to 41, 700 and the Froude
numbers were less than 0. 24. The flow depth
d was maintained at approximately 4cm and
the cross-sectional mean velocities, Uave, ran-
ged from 6.9cm/sec to 15. 2cm/sec.

EXPERIMENTAL RESULTS

Next, I will discuss the experimental results.
In order to predict the buoyancy effect in the
measured turbulence quantities, we introduce
a well-known local gradient Richardson num-
ber. The local gradient Richardson number
indicates the stability of the flow and can be
defined in terms of density and velocity gra-
dients and the expansion coefficient of the
fluid.

. oT /By
Ri= a3 oy
For stable conditions, the local gradient Rich-
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ardson number is positive, and for unstable
conditions, it is negative.

The values of turbulent quantities measured
in the range where the local Richardson
number could be more reliably estimated
were used for deriving empirical relationships
between turbulent quantities and the local

gradient Richardson number R7.

CORRELATION OF TURBULENCE INTE-
NSITIES, REYNOLDS STRESS AND TURB-
ULENT HEAT FLUXES WITH RICHARD-
SON NUMBER

In Figure 5, turbulence quantities are plo-
tted against the local gradient Richardson
number for stable stratified flows.

It can be seen that the turbulence quantities
is well correlated with Richardson number
Ri. In the figures, # denotes a streamwise
velocity fluctuation, » is a vertical velocity
fluctuation and @ is a temperature fluctuation._
Overbar and prime designate a time-averaged
value and root mean square value, respecti-
vely. For instance, #? is the mean square
value of vertical velocity fluctuation and »”
is the root mean square value of vertical

velocity fluctuation.
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Figure 5. Turbulence Quantities vs. Ri. (Stable)

The ratio of the mean square value of
mwise vvelocity fluctuation to that of strea-
Atical elocity fluctuation, »?/#?, decreases

slightly as the stratification shifts from neu-
tral to weakly stable conditions and then
increases as R: becomes larger. The behavior
shows the interesting fact that the vertical
turbulence is promoted under strongly stable
conditions. This may be due to the buoyancy
term in the transport equation for 2%

The correlation coefficient of the Reynolds
stress, —uv/#'v’, decreases with increasing
Ri and approaches zero in the range of Ria
1.0. This means that the vertical turbulent
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momentum transfer decreases and is suppre-
ssed in the extreamly stable range.

The correlation coefficient of the stream-
wise turbulent heat flux, #8/#’6’, increases
with increasing R7 and then decreases under
strongly stable conditions.

The correlation coefficient of the vertical
turbulent heat flux, —26/v’6’, decreases with
increasing stability and, in the extreamly
This
shows that the vertical turbulent heat transfer
is stopped at Ri~1.

stable range of Ria1, becomes zero.

The ratio of the vertical turbulent heat
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flux to the streamwise heat flux, —o8/x8,
decreases rapidly with increasing stability, in
the range of Ri~1. This indicates that the
vertical turbulent heat transfer is more stro-
ngly suppressed than the streamwise heat
transfer.

Figure 6 shows the correlations of the tur-
bulence quantities with the local Richardson
number in unstable stratified flows.

In unstable etratified flow, the ratio, z?/u*,
instability. This
shows that the velocity fluctuation in the

increases with increasing

vertical direction is more strongly promoted
by the destabilizing buoyancy forces, in co-
mparison with that in the streamwise dire-

ction.

The correlation coefficient of the Reynolds
stress, —uv/u'v', decreases with increasing
instability.

The correlation coefficient of the stream-
wise turbulent heat flux, —u0/«’6’, is almost
constant under unstable conditions.

The correlation coefficient of the vertical
turbulent heat flux, 26/0'0’, increases gradu-
ally as the stratification shifts to unstable
conditions.

The ratio of the vertical turbuent heat flux
to the streamwise turbulent heat flux increases
with increasing instability. This means that
the vertical turbulent heat transfer is more
strongly prmooted by the destabilizing buoya-
ncy effect than the streamwise heat transter.
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CORRELATION OF EDDY DIFFUSIVIT-
1IES WITH RICHARDSON NUMBER

In Figure 7, the ratio of the eddy diffusivity
of momentum under stratified conditions to
that under neutral conditions at the same
position in the flow, em/em, is plotted against
gradient Richardson number Ri for stable
and unstable stratified flows.

The upper figure shows éex/e.y for stable
stratified flows and the lower figure shows
that for unstable stratified flows. Although
there is much scattering in the range Ri>
0.3, the ratio e./en in stable stratified flows
can be correfated fairly well with the gradient
Richardson number and its values decrease
with increasing R:.

The ratio em/enp under unstable conditions
also can be well correlated with R:i. The
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values of e./cmo increase with increasing in-
stability and at Ri=—10 become 5~6 times
as large as those under neutral conditions.

Similarly, Figure 8 shows the ratio, ei/eno,
of the eddy diffusivity of heat under stratified
conditions to that under neutral conditions.

In stable stratified flows, en/eno decreases
more rapidly than e./eme. In the strongly
stable range near Ri=1, &n/eno becomes less
than (.01. Under unstable conditions, en/eno
increases with increasing instability and then
approaches a constant value of 6. Thus, we
can see one thousand-fold variation of the
eddy diffusivity of heat depending on Richa-
rdson number.

In the same diagram the values measured
by one of my co-workers Dr. Ueda recently
in the atmospheric boundary layer are plotted
with the filled symbols. The measurements
were conducted at 25~200m height above the
ground. In both stable and unstable cases,
the results in an open channel are in good
agreement with those in the atmospheric bo-
undary layer flow.

In Figure 9, the author’s results of the
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Figure 9. Comparison zi/cro with other Investi-
gations in the Atmospheric Boundary
Layer
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ratio, €x/ens, are compared with other investi-
gations in the atmospheric boundary layer.

All of the measurements by other investiga-
tors, except Depardorff’s correlation curve
were conducted in the atmospheric surface
layer of several meters above the ground
surface. The results in the atmospheric surface
layer indicates a much smaller dependence of
the eddy diffusivity of heat on thermal stra-
tification. The difference of e1/eno between
author’s results and others is larger in the
stable case. This may be due mainly to the
difficulty in obtaining the steadiness of the
flow and flow-direction, and the constancy of
the heat flux in the atmospheric surface layer.

On the other hand, Deardorff tried to simu-

late the motions of the atmosphere under stra-
tified conditions numerically, and he concluded
that his correlation curve in the diagram ga-
ve the best simulation. His correlation curve:
is in good agreement with speaker’s one.

In Figure 10, the ratio of the eddy diffusi-
vity of heat to that of momentum under stable:
and unstable conditions is plotted against Ri-
chardson number.

Although there is much scattering, the reci-
procal turbulent Prandtl number ez/cn can be-
correlated fairly well with the gradient Ri-
chardson number.

In stable stratified flows, en/es decreases:
with increasing R/ and falls rapidly at Ri=
1.
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In unstable flows, e./e. increases as the
stratification shifts from neutral to weakly
unstable conditions and then falls gradually
as — K7 increases. It has a maximum value
of about 3 at Ri~—(.2, and is down to a
value less than unity at —R:i>10.

In the diagrams, the solid and dashed lines
show the values calculated by Launder’s mu-
Iti-equation turbulece model and by the Elli-
son’s model. The calculated values by the
Ellison’s model are in good agreement with
the results both under stable and unstable
conditions. However, it is not possible to
make very definite statements on the net
buoyancy effect on shear stresses, heat fluxes
and consequently the turbulent Prandtl num-
ber by the Ellison’s model, because he used
only three equations of turbulent energy, me-
an square of the temperature fluctuation and
turbulent heat flux. Nevertheless, the agree-
ment with the present experimental results
is impressive.

In Figure 11, the present results of the

ratio en/enm, depicted by the solid curves, are

19

compared with observed data in the atmosp-
heric surface layer along with data obtained
in laboratory experiments by the other inve-
stigators. ¢; and e, in this diagram represent
the eddy diffusivities of salt and water vapor.
This figure shows tkat as a whole, heat tra-
nsfer is more affected by buoyancy than mo-
mentum transfer. In the stable case, the pre-
sent results are in good agreement with the
ratio of eddy diffusivity of mass (salt) to
that of momentum obtained by Ellison and
Turner in an inclined rectangular tube. In
contrast to this, the field experiments in the
atmospheric surface boundary layer have
indicated a much smaller dependence of the
ratio er/em on thermal stratification as shown
in the figure. In the surface layer, the values
at Ri=(.2 are twice as large as the value
of the present result ei/en=0.47 and the di-
fference is accentuated with increasing Ri.
However, the results from field observations
should be treated with some reserve in respect
to the steadiness of the flow and flow-dire-

ction, constancy of the momentum and heat

LR LEIRRARAL T T L S R

10— ——— This wirk '_j_

- .
- Unstable -
-

- ® -
o ~1
£
Ay
W 10" —j

3

-

10" =

A\ AR o/ i

1111!1;! ! |!H|l [E N W AT (g et

10 i 10 10" 10' 10
iRil

Figure 11. Comparison of the Present Results with those of Other Investigators

HWAHAK KONGHAK Vol. 17, No. 1, February 1979



20

fluxes, and radiation effect.

In the unstable case, the present results
cover a much wider range of unstable condi-
tions by more than one order of magnitude
of —Ri than has been reported up to date.
The results of the field observations show the
increase of ¢n/em with increasing —R7 in the
range of —R{ which is normally encountered
in the atmospheric boundary layer. This is in
accordance with the present results, especially
the results of Charnock et al. showing good
agreement. In the strongly unstable condition,
it is surprising that the ratio e/en decreases
with —Ri, having the value of ei/en=1 at
Ri~-—10. This has not been found in any

arat3e ®HTA ® 12 1979 23

previous works which have only covered the
range —Ri<{2.

CONCLUSIONS —

In conclusion, the present work has produced
much new information concerning the .varia-
tion with stability and instability of the vari-
ous quantities associated with turbulence and
turbulent transport processes. However, I sho-
uld say that we are standing still far K from
the goal and I would like to urge many young
scientists join us for such an interesting pro-
blems.



