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ABSTRACT

The extended Rayleigh-Bénard problem, where an unperturbed temperature profile is nonlin-
ear and time-dependent, was examined by linear stability theory. The unperturbed temperatu-
re profile induced by constant heat flux from below was approximated, using a bottom tem-
perature and penetration distance. Applying this modified temperature profile to the present
system, the asymptotic power-series method was developed and the onset of natural convection
was analyzed. It was found that this analysis is well applied to the transient system with
the Rayleigh number larger than 10% It is evident that for large Prandtl numbers tempera-
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ture disturtances are confined within the effective thermal depth.
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Fig. 1. Sketch illustrating conduction layer

ol gisle 271y S HEA7 L FFE(amp
lification ratio)e] A 3HAl 232 <+ ¢gd&&
negek, o] FL o disturbance 7} & A&
ol A AZRTL AR FT o] FFY o] o model
of 4¥ASE A YAYL veiFgeh =
Kim 7 Chei® 5-& Galerkin wly & o] &3l
AAH gl fAld Az Choi 7t Ak 714
2 A £A7 “modified frozen-time model”o]
A48 w3e, Choigt Kim'9e Az
A wh o YL A § M
o A S gAsty S5k

L ATl AL A4 s s A8
4+ 9E RTAYL Adsed] 4 9L
Aped AEssh wlaaked wodh 2 ATy
¢ Agdozd sabdd WAL FEE 5 ¢
¢ 2k chieh 4X7 HeA AA ge B
2 B BANSE 2edoz dEdA 2 32
o2 Wi

2. 7] £ 4
Fig. 1] 456l & A% 2] Kims}
Choi” Sol g3t a4 3 A& @& 445



g4 dF A AdE e AT FA @A) 361

< 18t F $3 4 Aold] 9l& Newton 4

FalE Aol FA A= ek Al Fol

Tgdebn met 9 23E FAdR AR
Yol e Aueld 43T 45l A&
fAe] F] LE B ool o] mdR
23

0o=l—z——i‘.% 2 onedn? (1)

= 12, e '""cos

ool A A OE 7] A (unperturbed
state)E vebd A 6o =k(T —To)/q./d 2 A
¢ gh. z2=2Z/d, v =ta/d?el™ k& %ﬂi

, d& fAZ9 Zo], av 4FAATE Y
Ehﬂn% IFZE A= (n - H) o}, X Graetz
= Ay Aol A AT Al wHA i

D]-, 9}

perturbation 4 &L o|s] FEHe glom
2 f 57 AR Fa MR AR s
& obef s 2o,

A Lxate] ]alg FHd e Add
F7F A2 & E2bell A 8 A E A 4l disturbance
= 2219144l stationary roll =] & =}
£ system ol & @A ] @7 ATl 49
¢} disturbance & th-g3l 3ol AP < gl

(wI, 01) = (wl*(r; Z), *l(tr 2))exp(i(axx
+ ayy)) (2)
AAA a( = a2 + a)E waveE el

L2

= P, 4E Fudehz A3ecsh o A

=79 Age] AR ¢HA ek

WoB GFe o] A4l 4 Asbsh vmetaat
3} Nielsen 5} Sabersky'?¢] 43 .2 silicone
0il & o] 23l FAF £l o] R Prrl 45~
4,770 &) ¥ $ e et

o}& 7}A 5}l A Boussinesq ZAFE A £4]7|
) perturation 4] & thgal o] gokRt

(D? — a?®)’w\* = R.a%0* (3)
(2~ =)o+ wr =0

7]
AAAA D =0/0: % Erie A Al AR
%73/‘1_1_1_a1_1'%‘ 4.}-71‘]‘}}-
1*:DZL’1 —Dﬁl =0at z2=0

w*=Dw*= 0*=0atz=1 (5)
olg 7AAZAL 43t F AARANAY noslip
ZAz AR Aqe d<e] dFsx s 4
A L2z fAHTGE ZAGA deA Ao,

Aol A A F A% ATE = £2
+E 2xd g3l A"tz sHFsL o £
Zroll & kA mE GETe] ARlHstx A
ek, wekd 9/0r =022 EL 5 A HH

rE WAEEeA =k o ARl osd
3= (DAL i3k o] HH et

(D? — a¥)%w* — Rua@®w:*D6, = ( (6)

=9 olAARY we dT=¥H Ade

frozen-time model o] ¥ A ARG A= 8 &
E FxF A A¥d 7 Sollnk A 2ge] ¢
A 7l A FAY £ AT A= Choirt A
g+ modified frozen-time A} @ ul-S o834 &
AstaAl e,

3. BT4 sol o3t oFEA A

(1) A3k 7ol Gk folstAl Feaet o
E 2 8] AAlsF 2 <gh4o) sine k5= B
ol 2 Fox7] #Eel AA perturbation
A9 ok A ew T AR gk

ol AL FAE Ee] At A=
Galerkin w}#] & o] &3sted TAHom Falg
t}. 679 F}x|ul o] why -2 Kim 3} Choi® 59} =
oA B 4 9l vke) o] AP ghamel] o}k
Fee] gy el & 2] (matrix size)
£ 2A S7HAAG 2 A4 A=k

t}2 s o2 Lick?3} Currie®® o F7F o
bR e AddAe ¢x LI E FAY A

3 M2 (linear segment) o 2 T AF}LIL o] wlg]
QY B3 AL AR Tz A A
¥ 33 A wAe] A HES A o] aA
¢ 7 0] (thermal depth)= = gte.

E}=]ul Choi,” Davis &} Choi® Kimz} Choi®
¢ o disturbance &= 6,7} 00,,,,‘9:]_ 1% = 2
o] & penetration distance o] g A} 7}
A (modified frozen-time analysis)e] & A& &
Aes F¢ wach Hebd o Zelst 41 @

HWAHAK KONGHAK Vol. 18, No. 5, October 1980



362 AR5,

7 o] (effective thermal depth)z}i 2 4 ¢t}
welbs 71248 S34-& FE3
£ #AAA FE e 2

gl L% Bx <
g s XSSV E 2HE &

1
o X9
H
]

Y

3

oo; 2_(1__%)" for 0=2=6 (7

o 714 6 penetration distance & 7<{0. 096

°] o‘T‘ 007}' 00:10-’] 1% Ele‘ Z\;loly é (10-
30r)i2 02 F3tg ), o] Leveque #ol A -#

=35 Aol o] WAL Graetzash A9
HERias )

N A& z2=004 d7x LT F g
AR n= (/00— 1] HAA o IF|AE
MAd A F LA Hd o5 AR

LE 227 dejeh.
Oy = Ho:w(l — —5-’>5/0o,u for 0<2<0

Go=0 for 1>2>0 (8)
H8 24 2 BEFAL z2=094 6,=0
St z=00AH8 0, =0,u, 2=00°] A2 db,/02
=—18 74 ZAESL 2F A7}
EAL 2 EEg AA EE EEY v¥xm
Fig. 2¢] EAH v},
Q= vpeh o] B 2x BRI E AA 2E

I
D —— GRAETZ

—.—- MODIFIED

1]}

(&

pd

<

|_

2 A

(=] \\\y

05 o

| Ve

e

w

>

~N
0.5 ]

6, , DIMENSIONLESS TEMP

Fig. 2. Unperturbed temperature distribution: Co-
mparison between modified one and Grae-
tz-type solution

Sp51 T2 HISH A 53 19801 10¥

2uv} Fz
+ At

Choi” 7} #| ¢}gF modified frozen-time analy-

sis(z>d 4] WA 6*=0)9 4L FEA4

71| 99 A 2= E=E:Ad gt (6) AL

the3 o]l WA

(D* — @)wa* + Raa(1 — 2-) /0,0

=0 (9

e e vl AN AAFE ¢

for 0<2<0
(D* — a®)%w:* = 0 for 0<2<1 (10)
A7 A FAAF ‘@’ = z<5°l WA o
F5 At D 2209 HYdAY H+E
7FEZ o,

T 249 HYgA (=2/0=2 2 (9)

A3k (10045 \1F35kd o Ao] dejAr,
(‘aa‘c; ~ 3a*we* + Raa0(1 — 0¥/B0s™
=0 for 0<C<1 (1)
( ;’C — @t fw* =0 for 1<(<E (12)

=08 {=1/0A48 HA =& t}es
7E°1 EAR,
aua‘a*

—Owe* 0 (B )k =
Zl/a* = ac - ac ( acz 52a2> wa* =0
at {=0 (13)
wp* = wp* =Qat{=1/0 (14)
14
AW F {=1649 AA 2L %=,
stress, 257} dZolel AN & %
o] ZA e},
at =1 (15)
n=1, 2 3 4)

FAME (11)4 ¢ oHA = kgl szt Lo
sl el A 4 glo.m= Choi 9 Kim!®.2- o}
2l ¢} 7+& Taylor series R & sle] A3l
85 Tttt

A= 00 =1+ (=~ D7

(5 1)) s
59 AT dgeas 94 <+

CEREERY



el A dF e dEE A5 34 @ EH) 363

T L T
3= -
. \
| \
Al
o \ -

1 ! !
lold 16° ' 10 10
T, DIMENSIONLESS TIME

‘Fig. 3. Dimensionless time vs. exponent of modif-
ied unperturbed temperature profile.

el olz o] glomz B dFAE B} 2
HelA) A" = e AZAE Ttz ¢

Fig. 30 EA = 9l& ulel Fe] £<0.05
g e} e>28 B 6/00-& LFFE & T
gk, o]l & v<0.05 3 A% o2 el ¥F
a0 mEF ool sy AEelH, o] A%

A xo o) g Graetz 3] = Leveque 31 & A-&
S 6/00,0 =2.84 018F, =T c>29 A 08
Oo,0 & Graetzsfol] odtm Z2 1o St
2 0/00 |4 14 FE3HA ") o] A4z
e /00 & Ed5HQ 1, 2, 302 =T
A} el whal & sRAke) E 4 gl

d & 53] 0/0nuo]l 39 A$ QDAL &
-3} zro] WF R},

0? o
_BZT — 3% >awa* + Raa®%%(1 — 0)?
=0 (16)

TN

(16)4 apie] FulA o] Lol Adt 23 &
487 Fo]x 9lv] o Fof] Sparrow 5V¢] why
¥ s5hA] ohgs 2 FAE HEsE 45

+ YA E ol g AT TE + ok

[t

rvl

wet = 33H OO a”)

A4 Hie 498 AFelaL f2(OE e
3 ge] A9 =E WFpolth.

f(z) (C) 5_‘6“’“”(1 =0, 1, 5) (18)
A AdA T4 A b0E =6 2 v
%9 %3 1A 1% kA7) e},

by = n—l [3(50)2&(11_)2(” — 2!

— 3(6a)* 02 (n — 4)!

+ ((0a)® — Raa®®)b2¢(n — 6)!
+ 2R.a%% 2 (n — 7)!
— Rua®%y (1 — 8) !] (19)

A7 A b =5 =00]c},
E=F b ~b = vhgsl Zo] A s},

5 = §,; for 0<u<5 20)
o 7} A G.: = Kronecker delta o] ¢},
(1244 g8 = vhes 2

Wi* = (Hs + H;J)e ¢@¢

+ (Hy + Hgl)ev* 2D
71l A He~vHy = 98] Ageolr),
C=0d148 ANz Y5 g9 4
£ 4% 5 doh

Hy=H =0, H; = (51a0)2 H,
ZAAEA Q0 (15)F ANzt CnAC A

FA7IR 708 f48 AeE kA 7 A
A 4] de A= non-trivial &) 7} 2517 9
AAE ol E A4S AF(AF §, Ri, a? &
el B 7X7 LAAE EAA E eigeny-
alue(Ra &} a)7} EA 8ok v}, A2+e] 6(F 7o)
o] o &k neutral stability curve & 73} 34
8] Ra9} o i ZetE arF &7 Rac, acdl] )
3=
0/0c,w0] 13 2%
AA wEobR gy o m g4

Raoof] o 8le] B ZA}s]¢} Choi gl Kim!®g)
A3 &) (power series s])7} Fig. 4] vz
He det, AANA e>29 A% 5/00,.-2 1,
7e<0.18 7ol 3elehiz TAA 7 & A&

HWAHAK KONGHAK Vol. 18, No. 5, October 1980



364 7 2 F.

[O 4 T Tr]'XLi R T T Il[-ln‘ T AT .l' LB rrru.‘ E

Uk:l El [
= fe —.-. POWER-SERIES SOLUTION

i

[~ T8 J
3 o @,,_' ----- ASYMPTOTE
Q 1075, E
= Ef'\ i 3
& T i
R AN ]
@0, _IL.XI Q\: .
@:O £ S ‘Q\\\},{. ) 3
3 L AR 3
s I RN ]
3 . i
z 2[ e
Y] IC = "\,\ E
% E .‘.N'\, E

F o ]
pu af Taa, N

| i L TR SN AT IS SN AR 1 BT TYY:
3 4 5 € 7
0 10 10 10 10 »
Ra, CRITICAL RAYLEIGH NO.

Fig. 4. Comparlson of power-series with asymptotic
one

HE & = ek /00 =29 A Fdl = Re 9
%1“"] ol Fig. 6o Ro|x Curr1e3’ﬂ 7 5o}
_3 &ir/} W}-E‘-K{ 5/0437!& -’] /&'}:O’I 1, L]_ 73"[‘

-°4 AE A7 T F0.1<c<2 FHAA F
HE AZAAE Tyt 440 8 2
4% el A A whel ze] e>24
S} bo 0] A7 16 FEFRL 0e<0-10 B4

T..DIMENSIONLESS CRITICAL TIME
3,

5-
(£

5/60, & 2.84 2 3¢ FAFStr] #Eel "
:g IOIEI T oy LR SRR YT ;
=ort —— ASYMPTGTE .
-g O°_" \ o  SHADOWGRAPH i
Qo' -
= l £ »\o N Ra vs. Nu E
AEREN ]
T g\% h
8 vt Iml ‘ .
g c > '~ O‘E\\Oc G E
) N '~ L3 i
% I g 0%
2 ~ 8. ]
%J I0E ~ Nl 3
S S ™
© \‘\‘ .
ulo—s TSI M R R ETTT : 1'1'1'i6 L ~|u.ul'7
lo 0% o 10 10
Rae , CRITICAL RAYLEIGH NO.

Fig.5. Comparison of experment with the asympt-
otic power-series analysis: Experimental da-
ta O and Q are due to Nielsen & Sabersky

sEr 2 M18H A5 5 1980 108

3 AT
B34 o),
o] Az Fig. 54 Nielsen 7 Sabersky'?

9 Ag AT wase gdeh, O ZEAs 2
2L Kim s} Choi” %e¢] Nielsen sl Sabersky
4 43 Aslelm o]k & o

i

At =

s & T

et 3l g9lo] okA3
A =7 Ae 'E 27 di
owgraphof] &3ld HFAH = F£274A

Azl i gE ] @ EQ Ao r o AZ. amp-
lification theory & o] £3}e] o] o3k sh4]e]
Al B adTAddA A gl

Fig. 6ol Kim 3 Choi® %o} Galerkinu}
8 & o] &3k FjF Fral £ FTsb ul ms o
g}, 5L s]E9 frozen-time model = mo-
dified frozen-time modeld] &3le T3 £ul
7<0.19 A% Galerkinulylel] &3 ZA=nE
2 Astuc 47 E e 2y ol Galer-

sstf
N *‘;
e
. s,
lo

sturbance 7} shad-
S5

o)

T TTT

T

TT ITYT\'UI T lllh.“‘ T lll”]ll IERIRRESAR

‘ —— FROZEN- TIME ANALYSIS(Y
MO"I‘-':"D FROZEN-TIME ANALYSIS!

il Py

10!
Ei I © Rc vs. Nu
o\, | — — ASYMPTOTE
Lk b = CURRIE® ]
3 E
: AN ]
- 4
-2 [
10 3

LA

o1
Lottt

Lol IR

S SN E

£/
y

-~

©0° 10* 10 Ic° io
Rec, CRITICAL RAYLEIGH NO.

Fig. 6. Comparison of the other theoretical resul-

ts with asymptotic analysis: Frozen- and
modified frozen-time analyses are obtained
using Galerkin method



B4 g9 sA ALHE S 4R @) 385

O[T T T Ty T T S T 3 =cf,

CRITICAL WAVE NO.

- : SRR
5 3. T ZEREZE o] 43 Wg+ut Gale
ale v opul vt 3oyl -1‘1'111111 rkin sbg el A & S5 Eh
Ra., I0° 10° 108 1o 4. P57t & 73% o disturbance &= §-3 <
Re, , CRITICAL RAYLEIGH NO. AAEWd 3 =thE Ao] g dn)

Fig. 7. Critical Rayleigh number vs. critical wave
number. At R,.>10* the asymptotic solut- v
ion with 0/6, = 3 agrees well with the € A
power-series one.

EATE 979EE Fai St 244
kin wglol] &gk Al4be] F83] FEA Fatg ol dskd, =¥ YEdos 354w 4
2 4YP LE F3b AAuc g e g dld Gk o T Aowh. dTE AU
¢ Rdozsd Jebgd ALK e =G ¢ TAL 7wl Al A& i
44 Yol A¥ A wiE 5 Aot & Nomenclature
HolA £ G479 HEsivt o Bge ¢ ) )
Ak, o] 2P A Currie¥d] Hdd s a : dimensionless wave number
sl@mEe] glEd o] A L g7 2 AdA ax, a,:component of wave number
stk e g By, olE fFE 4 Aol b, : coefficients definned in equation (18)

47 s} o disturbance ] g A 27 AA d : fluid layer depth (cm)
TARe] gt Bk v} 97 Currie 2 f9 : z-dependent series function in equation

o]

E E27F A¥ 9 ¢ Rt 1340013 =0 o] ¢\2)
olA 7128 & A A= Ae]E P, : Prandt] number ( = v/a)
Bola g}, g. > wall heat flux (cal/cm?/sec)

Rac 8} ac Abo] 8] stAlE Fig, 7o) & 73k R.: Rayleigh number ( = g3q.d*/a/v/x)
E3 wlasltd g okEe] gl z“‘l*ﬁ (6/00su T : temperature (°K)

=3)E Rac>100 Q1 494 AL Tt ¢ time (sec)

U e 2o, Ao Rac-q 27} w : dimensionless vertical velocity component
w2l ac 8 F7HE RolARE TAE EE o gg (z 4 W)

Aol 37k BEA AT BL 2AFT Yo a “ )

s WE Ad zlrl—,_- wEH Aol gr =) z: dime‘nsionles‘s .vertical position ( = Z/a)
Aeralel ¥ LE TekhAul o] Al 7bA oHEA 6 Z : vertical position (cm)

i A8 RacA =7t w2t ac b 5o
B FI g7 = Ed] modified frozen-time
model o] W 23} ¢} & 7o) Elubel S = a . thermal diffusivity (cm?/sec)

Greek Letters

HWAHAK KONGHAK Vol. 18, No. 5, October 1980



366 AAF-3FT

6 : dimensionless penetration distance (1957), 433.
0:; : Kronecker delta 2. W.Lick, J.Fluid Mech., 21(1965), 565.

¢ : dimensionless vertical distance on the base LG. Currie, J. Fluid Mech., 23(1967),
of & (= 2/6) 337.

4. T.D. Foster, Phys. Fluids, 8(1965), 1249.

5. J.L. Robinson, J. Fluid Mech., 29(1967),
461.

6. P.M. Gresho and R.L. Sani, Int. J. Heat:
Mass Transfer, 14(1971), 207.

7. C.K. Choi, Ph.D. Thesis, Clarkson Coll-
ege of Technology (1976).

w

¢ : dimensionless temperature
(T —To)/q./d)
£ : thermal conductivity (cal/cm/sec/°K)
An . eigenvalues in equation (1)
7 : dimensionless time ( = ta/d?)

Subscripts
ubserip 8. E.J. Davis and C.K. Choi, J. Fluid Mech.,
a : refers to variables within effective ther- 81(1977), 565.
mal depth 9’ 7\:1 ZJ'ZIL_, 3] %L‘;rjr" a %, o] 7]%; ’(JI?%_-‘:H

Fw FTodTrT, 11(1979), 53.
10. C.K. Choi and J.J. Kim, J. Fluid Mech..
(to be submitted).

11. E.M. Sparrow, et al., J. Fluid Mech., 18

b : refers to variables over the effective the-
rmal depth
w : refers to the lower boundary

0 : refers to the unperturbed state (1963), 53.

1:refers to perturbation quantities 12. R.C. Nielsen and R.H. Sabersky, Int. J.
. Heat Mass Transfer, 16(1973), 2407.

Superscript 13. R. Krishnamuti, J. Fluid Mech., Gothic

% : refers to c-and z-dependent perturbation (1970), 295.
for 8, o 14. H.T. Rossby, J. Fluid Mech., 36(1969),

309.

Refererence 15. E.L. Koschmieder, Adv. Chem. Phy., 26

(1973), 177.

1. B.R. Morton, J. Mech. Appl. Math., 10

shatast M1sA H 5 & 1980 108



