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Abstract—An improved Homotopy continuation algorithm for solving nonlinear equations has been devel-
oped. The improvement in this algorithm is that in addition to the stepsize control based on approximate
curvature of solution path, a technique for preventing the segment jumping is incorporated into stepsize
control for the robust path tracking. The flexible convergence criteria based on the determinant of augmented
Jacobian is incorporated into the algorithm and it yields more robust and efficient continuation algorithm.
The algorithm is tested on several small, but highly nonlinear problems and the results are documented.
Also, the characteristics of Newton Homotopy path on selection of starting point have been investigated.
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Fig. 1. Path tracking algorithm.
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Fig. 2. Schematics of Homotopy continuation.
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Table 1. Performance evaluation of path tracking algorithm
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EX1 EX2 EX3 EX4 EX5 EX6

NR MNR NR MNR NR MNR NR MNR NR MNR NR MNR
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Starting point (5, 5) 2 2 (=05, —e) (0, 0) 2,2) (02 02 02 02
No. step 45 47 20 22 94 98 24 24 10 10 46 46
No. corrector 100 139 39 4 183 213 42 45 16 17 89 107
No. failure 6 10 5 5 33 31 5 4 0 0 11 11
No. function 612 524 256 213 1195 1083 281 228 113 903 884 728
No. Jacobian 152 103 63 47 293 246 69 51 28 20 147 112
No. monitoring 2 1 1 1 5 0 0 0 0 5 4
*NR is Newton-Raphson Method
**MNR is Modified Newton-Raphson Method
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Table 2. Comparison of convergence criteria for Himmelblau’s function
Allgower’s Choi’s Proposed (NR)
+*set l_" set 2 set 3 + set 1 set 2 set 3 + set 1 set 2 set 3
No. step 74 32 103 56 75 52 104 56 75 52 104 50
No. failure 37 13 72 8 37 13 67 8 32 13 67 8
No. corrector 223 137 405 167 119 127 364 121 114 70 357 125
No. function 1354 799 2377 928 1254 759 2227 740 901 527 2199 735
No. Jacobian 339 198 600 231 341 188 563 184 226 130 556 184
No. monitoring 32 7 45 3 32 7 34 3 27 7 3 4
*Positive t direction
**Negative t direction
Set 1(—1.15 —1.5), Set 2(35 2.1425), Set 3(20 20)
Zrch Set 2+ AFHAdAE & FH@E, A 4
o AE 0ol 717hE Y& 3-& Mol <ol Set 3& Fig. — \‘\\
3014 2 upe} o] 974 87k t=0.9985} t=1.001 \é
Apolo] EASHE AT WA HE WS Holt o A
olch. Set 39 A% AlHael v & gro Wk A% 2t |
e WAL O Fmeld o Fe FelA AE B
zh=t} Newton Homotopy: A]2HH el A& 3l
W4e] Heshwstahed gL ol e e )
Mgs| 7hbe 5 olojo dhch Set 3ol thato] Allgo- < O s
werd] FAAYE 949 &E & F AUk 2y
gt AolE skl we A9t FHe Assta oo K Himmelblau's function
e 23] g, Hite A o Aok 13 Solution points
& huge} U mesd Angeza dE 31 2
o Agolth oleid dake Az4el et o% .
AR 5 lens AAY AR papsolol .
249 @e A FYYAE w22 2 ARE \ e
23 AL o] AE BYF S glxt AsH ~05 0 5 2 25 3
ol = wleka)sba] Eabr). =gk Set 12 Az 9 Artificial variable t
sadzlo] 7o) 0ol oA A=Y 27 P Fig. 3. Solution path.
oz FuiHeAl e FAT Allgower S 7A€
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Aol = FHHs FAe Aol F3sA dlAlsr 4= oA =42l Choi 5-& 2789 & &
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Table 3. Solution comparison of Himmelblau’s function

Frantz & Rion & Proposed Proposed
Van Brunt* Van Brunt* NR MNR

No. step 40 34 45 47
No. corrector 127 103 100 139
No. failure 50 19 6 10
No. function 961 1147 612 524
No. Jacobian 222 106 152 103

*Data from Reference [13]

Table 4. Solution comparison of Holodniok’s function

Frantz & Rion & Proposed Proposed
Van Brunt* Van Brunt* NR MNR

No. step 99 89 133 140
No. corrector 275 234 279 316
No. failure 137 108 65 64
No. function 2994 2961 1774 1633
No. Jacobian 603 517 431 370

*Data from Reference [13]
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APPENDIX

Test problems

1. Himmelblau’s Function[13]
2%+ 2X, X, - 21X, + X2—7=0
X34 2X,X, + 22X, — 13X, 11=0

2. Choi's Function[2]
X| +5X2(X2— 1) (X2‘+‘ 1) =0

—-5X(X,-D(X,—-1)=0

3. Holodniok's Function[8]
0.5SIN(X;X;) —X,/4n—X,/2=0
(1-0.25m) (e*™ ~e) +eX,/n—2eX, =0

4. From Reference[8]
X?2=2X;+1=0
X, +2X2-3=0

5. From Reference[8]
X#—=X;—1=0
(X, —2)2+(X,~05)~1=0

6. Inter-linked CSTR[7]

(1—k)X:;*Xl+Da(1—Xl)EXP(Xz/(1+Xz/Y)) =0
(1-0X,—X»+ BDa(1 - X EXP(Xo/ (1+ Xo/y))
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X,—X;+BDa(1— X)) EXP(X./(1+X,/v)) —BXa=0
A=1000, B=22, Da=0.04, B=2, y=0.8
7. From Reference[8]
X2 —X—3328(1— (X, + X)) =0
Xo(X,—X3) —14.89(1— (X, + X,)5) =0
X,(X,+X3) —2.085(X,—X5) (X1 —X3) =0

NOMENCLATURE

: augmented Jacobian

: Jacobian of given function
: curvature

: tangent vector

: standard base vector

: given function

: Homotopy function

: arclength

: artificial variable

2ﬁm:—-v—sm<x'—1>

: independent variable vector of Homotopy fun-
ction
X : independent variable vector of given function

Greek Letters

As  :stepsize

67  :ideal turning angle
o : tracking direction

A : damping factor
Superscripts

k : continuation step

j : column vector index

n+1 :column index of artificial variable

Subscripts

i : Newton iteration index
0 : prediction or starting point
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