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Abstract — The wavelet transformation, which was developed in order to overcome the defects of traditional Fourier trans-
formation, is applied to many fields of study in various ways-for example, de-noising, data compression and mathematic appli-
cations such as solving partial differential equations, etc. De-noising is one of the main application areas of the wavelet
transformation and has been studied by many researchers. The effect of de-noising depends upon the shrinkage function and
the method of choosing the threshold value for the function. The objective of this work is to analyze the results of applying v
ious threshold algorithms according to characteristics for signals and noise level. By applying the de-noising to the system
identification, we compared the performances of signals which went through the de-noising process with those of signals with-

out de-noising.
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Table 1. Applied threshold method for each shrinkage
Threshold method

Shrinkage
Minimax Universal SURE Hybrid GCV
Hard v v v v
Soft v v v v v
Non-Negative Garrote v v v v v
Firm v
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Fig. 1. ‘Daubechies 3' wavelets.
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Fig. 2. (a) Decomposition process of MRA, (b) Reconstruction process

of MRA.
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3. Simulation

2,000M¢] Pseudo-Random Binary Sequence(PRBS}EH .2 3112
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- Z13= white noisé&- 3 718ke] 279 8 415 (measured output signal)
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Variance of Noise
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Table 2. OE parameters applied on each test model

ol AFTH 17} AF T 20] AT TIE BEAL A= T o ASE

Agson 2 mue) S st PEH2T)
AREE 1 A7F A dde] 21 3

B F
Model #1 [0 0 0 0.075-0.0425 0.005] [1-2.4 1.91-0.504]
Model #2 [0-0.175-0.365-0.18] [1-2.46 2.0-0.5376]

(a) NSR 5% (b) NSR 10% (c) NSR 30%
4
4
2 2
0 1]
2 -2 1
-4
-4
-6
[} 100 200 0 100 200 0 100 200
Time Time Time
(d) NSR 50% () NSR 75% (f) NSR 100%

Time Time
Fig. 3. True(solid lines) and various measured signals(dashed lines) of test model #1.

(a) NSR 5% (b) NSR 10% (c) NSR 30%
2
0
2

0 100 200 o 100 200
Time Time
(d) NSR 50% (e) NSR 75%

o 100
Time Time

Fig. 4. True(solid lines) and various measured signals(dashed lines) of test model #2.
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e Table 3. Simulation results of MRA level with minimum average MSE
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o7 NSR(%) 5 10 30 50 75 100
Frequency Level Test model #1 2 2-3 3 3 34 4
Fig. 5. Frequency vs. amplitude plot using fast fourier transform. Test model #2 - 2 2 3 3 4
(a) NSR 5% (b) NSR 10% (¢) NSR 30%
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@ Q . @
z Z Z o2
01 04
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Fig. 6. Effect on level of MRA for test model #1(Soft shrinkage case with various threshold methods).irte” =Minimax,

“triangle up” =SURE, “diamond"=Hybrid, “triangle down”=GCV.
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Table 4. MSE of de-noised signal for test model #1 (Universal threshold case with various shrinkage methods)
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MSE Non-Negative
0,
NSR(%) (Without de-noising) Level Hard Soft Garrote
5 Mean : 0.0986 2 Mean 0.0283 0.0281 0.0283
Std 0.0014 0.0014 0.0014
10 Mean : 0.1972 5 Mean 0.0528 0.0529 0.05%5
Std 0.0026 0.0026 0.0026
Mean 0.1052 0.1041 0.1041
30 Mean : 0.5912 3 Std 0.0069 0.0065 0.0065
50 Mean - 0.9856 3 Mean 0.1549 0.1532 0.1532t
o Std 0.0102 0.0097 0.0097
75 Mean - 1.4788 3 Mean 0.2185 0.2156 0.2157
o Std 0.0169 0.0158 0.0158
100 M 19708 4 Mean 0.2638 0.2603 0.2603
ean - & std 0.0174 0.0160 0.0160
Table 5. MSE of de-noised signal for test model #1 (Soft shrinkage case with various threshold methods)
MSE . . .
0,
NSR(%) (Without de-noising) Level Minimax Universal SURE Hybrid GCV
5 Mean : 0.0986 2 Mean 0.0283 0.0281 0.0286 0.0281 0.0286
Std 0.0014 0.0014 0.0015 0.0014 0.0017
"
10 Mean : 0.1972 23 Mean 0.0531(2) 0.0529(2) 0.0524(3) 0.0525(2) 0.0521(3)
Std 0.0027 0.0026 0.0042 0.0026 0.0044
30 Mean : 0.5912 3 Mean 0.1062 0.1041 0.1067 0.1041t 0.1067
Std 0.0072 0.0065 0.0087 0.0065 0.0101
50 Mean : 0.9856 3 Mean 0.1569 0.1532 0.1598 0.1532t 0.1603
Std 0.0107 0.0097 0.0134 0.0097 0.0172
25 Mean : 1.4788 34 Mean 0.2216(3) 0.2156(3)  0.2270(3) 0.2156(3)  0.2273(4)
Std 0.0177 0.0158 0.0194 0.0158 0.0257
100 Mean - 19708 4 Mean 0.2676 0.2603 0.2661 0.2599t 0.2671
o Std 0.0189 0.0160 0.0264 0.0264 0.0346
The index in parentheses indicates MRA level
(a) Minimax (b) Universal (c) SURE
03 03 03
o m o
g o2 g o2 S o2
< o < o1 M 2 o
00 00 00
20 4 6 80 100 0 20 40 6 80 100 0 20 40 60 80 100
NSR (%) NSR (%) NSR (%)
(d) Hybrid (&) GCV
03 03
m m —— Without de-noising
2 o g o —o— With de-noising(Level 1)
%" %’“ —o— With de-noising(Level 2)
Z o Z o —a— With de-noising(Level 3)
) i —— With de-noising(Level 4)
00 00
20 4 & 80 10 0 20 40 60 80 100
NSR (%) NSR (%)

Fig. 7. Results of validation based on FIR method for test model #1(Soft shrinkage case with various threshold methods).
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Fig. 8. Results of validation based on FIR method for test model #2(Soft shrinkage case with various threshold methods).
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Fig. 10. Results of validation based on OE method for test model #2(Soft shrinkage case with various threshold methods).

(a) FIR Validation Plot for Model #2
(a) FIR Validation Plot for Model #1 NSR 100% (Soft-SURE) ; Level 3
NSR 100% (Soft-SURE) ; Level 3 2

2
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1110 1120 Time
Time
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2 2
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Time Time
Fig. 11. Model validation for test model #1(Soft shrinkage case with Fig. 12. Model validation for test model #2(Soft shrinkage case wi
SURE threshold method). “heavy solid line"=True signal, “heavy SURE threshold method). “heavy solid line"=True signal, “heawv
dashed line’=Measured signal, “circle”=Predicted signal(with- dashed line"=Measured signal, “circle”=Predicted signal(withou
out de-noising), “light dashed line"=De-noised signal, “square”= de-noising), “light dashed line"=De-noised signal, “square= Pre
Predicted signal(with de-noising). dicted signal(with de-noising).
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Table 6. The optimal MRA levels in model validation of FIR method
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Table 7. Average MSE in model validation of FIR method for test model #1(Soft shrinkage case with various threshold methods)
NSR(%)  Without de-noising Level Minimax Universal SURE Hybrid GCV
1 Mean 0.0233 0.0233 0.0233 0.0233 0.0234
Std 0.0011 0.0011 0.0011 0.0011 0.0011
5 Mean 0.0215 0.0218 0.0218 0.0218 0.0216
5 Mean : 0.0302 Std 0.0009 0.0009 0.0009 0.0009 0.0009
Std :0.0022 3 Mean 0.0329 0.0335 0.0311 0.0334 0.0304
Std 0.0014 0.0015 0.0020 0.0015 0.0029
Mean 0.0931 0.0943 0.0858 0.0943 0.0832
4 Std 0.0024 0.0023 0.0099 0.0022 0.0122
1 Mean 0.0521 0.0520 0.0522 0.0520 0.0523
Std 0.0065 0.0065 0.0065 0.0065 0.0068
5 Mean 0.0340 0.0339 0.0342 0.033% 0.0343
30 Mean : 0.0963 Std 0.0042 0.0042 0.0043 0.0042 0.0043
Std : 0.0138 3 Mean 0.0393 0.0396 0.0383 0.0396 0.0377
Std 0.0038 0.0039 0.0042 0.0039 0.0043
Mean 0.0976 0.0989 0.0865 0.0988 0.0840
4 Std 0.0070 0.0070 0.0124 0.0070 0.0157
1 Mean 0.0731 0.0728 0.0731 0.0728 0.0731
Std 0.0113 0.0111 0.0112 0.0111 0.0114
5 Mean 0.0449 0.0448 0.0452 0.0448 0.0451
Mean : 0.1444 Std 0.0061 0.0062 0.0062 0.0062 0.0064
50
Std : 0.0213 3 Mean 0.0442 0.0444 0.04B3 0.0443 0.0436
Std 0.0074 0.0074 0.0072 0.0074 0.0079
Mean 0.0987 0.1006 0.0870 0.1005 0.0854
4 Std 0.0077 0.0075 0.0154 0.0074 0.0181
1 Mean 0.1316 0.1313 0.1318 0.1313 0.1317
Std 0.0276 0.0277 0.0278 0.0277 0.0278
5 Mean 0.0740 0.0735 0.0744 0.0735 0.0746
Mean : 0.2704 Std 0.0167 0.0168 0.0170 0.0168 0.0175
100
Std : 0.0502 N Mean 0.0570 0.0568 0.0572 0.0867 0.0572
Std 0.0155 0.0156 0.0155 0.0156 0.0156
Mean 0.1061 0.1076 0.0990 0.1074 0.0966
4 Std 0.0155 0.0152 0.0180 0.0153 0.0202
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Table 8. Average MSE in model validation of FIR method for test model #2(Soft shrinkage case with various threshold methods)

NSR(%)  Without de-noising Level Minimax Universal SURE Hybrid GCV
1 Mean 0.0181 0.0182 0.0182 0.0182 0.0181
Std 0.0012 0.0011 0.0011 0.0011 0.0012
s Mean : 0.0186 ) Mean 0.0238 0.0240 0.0237 0.0240 0.0237
Std : 0.0015 Std 0.0013 0.0013 0.0014 0.0013 0.0013
Mean 0.0431 0.0441 0.0417 0.0441 0.0412
3 Std 0.0014 0.0014 0.0024 0.0014 0.0033
1 Mean 0.0429 0.0429 0.0429 0.0429 0.0429
Std 0.0059 0.0059 0.0059 0.0059 0.0059
- Mean : 0.0749 ) Mean 0.0362 0.0364 0.03560 0.0364 0.0361
Std : 0.0087 Std 0.0048 0.0048 0.0048 0.0048 0.0048
Mean 0.0475 0.0485 0.0454 0.0485 0.0446
3 Std 0.0051 0.0050 0.0057 0.0050 0.0064
1 Mean 0.0629 0.0629 0.0629 0.0629 0.0629
Std 0.0104 0.0104 0.0105 0.0104 0.0104
50 Mean : 0.1214 ) Mean 0.0467 0.0468 0.0466 0.0468 0.0466
Std : 0.0208 Std 0.0075 0.0075 0.0077 0.0075 0.0076
3 Mean 0.0529 0.0537 0.0522 0.0537 0.0520
Std 0.0052 0.0054 0.0052 0.0053 0.0054
1 Mean 0.1085 0.1083 0.1087 0.1083 0.1087
Std 0.0162 0.0163 0.0162 0.0163 0.0162
100 Mean : 0.2373 ) Mean 0.0708 0.0705 0.0711 0.0705 0.0713
Std : 0.0328 Std 0.0124 0.0127 0.0121 0.0127 0.0121
3 Mean 0.0662 0.0666 0.0651t 0.0666 0.0655
Std 0.0098 0.0098 0.0094 0.0098 0.0101

Table 9. Average MSE in model validation of OE method for test model #1(Soft shrinkage case with various threshold methods)

NSR(%) Without de-noising Level Minimax Universal SURE Hybrid GCV
1 Mean 0.0183 0.0183 0.0183 0.0183 0.0183
Std 0.0003 0.0003 0.0003 0.0003 0.0003
) Mean 0.0180 0.0179 0.0179 0.0179 0.0180
5 Mean : 0.0193 Std 0.0002 0.0002 0.0003 0.0002 0.0003
Std : 0.0015 3 Mean 0.0235 0.0241 0.0224 0.0241 0.0221
Std 0.0010 0.0009 0.0013 0.0008 0.0016
Mean 0.0507 0.0528 0.0467 0.0528 0.0447
4 Std 0.0035 0.0019 0.0053 0.0019 0.0065
1 Mean 0.0211 0.0211 0.0211 0.0211 0.0210
Std 0.0028 0.0028 0.0028 0.0028 0.0028
) Mean 0.0195 0.0195 0.0195 0.0195 0.0196
20 Mean : 0.0267 Std 0.0012 0.0011 0.0012 0.0011 0.0013
Std : 0.0106 3 Mean 0.0248 0.0250 0.0238 0.0249 0.0236
Std 0.0023 0.0025 0.0026 0.0024 0.0026
Mean 0.0524 0.0543 0.0463 0.0540 0.0445
4 Std 0.0062 0.0061 0.0082 0.0058 0.0094
1 Mean 0.0229 0.0230 0.0230 0.0230 0.0229
Std 0.0053 0.0054 0.0054 0.0054 0.0053
) Mean 0.0209 0.0207 0.0209 0.0207 0.0208
50 Mean : 0.0345 Std 0.0022 0.0019 0.0022 0.0019 0.0019
Std : 0.0160 3 Mean 0.0248 0.0252 0.0241 0.0252 0.0241
Std 0.0030 0.0030 0.0030 0.0030 0.0030
4 Mean 0.0495 0.0533 0.0435 0.0532 0.0437
Std 0.0076 0.0058 0.0092 0.0058 0.0099
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Table 9. Continued.

. @-Xé]_?_ . 7(}/\41 Xofd—

o

NSR(%) Without de-noising Level Minimax Universal SURE Hybrid GCV

1 Mean 0.0289 0.0286 0.0287 0.0286 0.0289
Std 0.0097 0.0092 0.0095 0.0092 0.0097

2 Mean 0.0239t 0.0239 0.0240 0.023% 0.0239
100 Mean : 0.0526 Std 0.0039 0.0040 0.0039 0.0040 0.0039
Std : 0.0382 3 Mean 0.0273 0.0277 0.0269 0.0277 0.0269
Std 0.0055 0.0051 0.0052 0.0051 0.0048
4 Mean 0.0523 0.0562 0.0489 0.0561 0.0485
Std 0.0122 0.0109 0.0125 0.0109 0.0137

Table 10. Average MSE in model validation of OE method for test model #2 (Soft shrinkage case with various threshold methods).
NSR (%) Without de-noising Level Minimax Universal SURE Hybrid GCV

1 Mean 0.0115 0.0116 0.0116 0.0116 0.0115
Std 0.0005 0.0005 0.0005 0.0005 0.0005
5 Mean : 0.0077 2 Mean 0.0200 0.0202 0.0199 0.0202 0.0200
Std : 0.0021 Std 0.0007 0.0007 0.0009 0.0007 0.0007
Mean 0.0435 0.0461 0.0418 0.0460 0.0414
3 Std 0.0021 0.0013 0.0032 0.0013 0.0038
1 Mean 0.0116 0.0117 0.0116 0.0117 0.0116
Std 0.0014 0.0014 0.0014 0.0014 0.0014
30 Mean : 0.0089 5 Mean 0.0201 0.0205 0.0196 0.0205 0.0197
Std : 0.0013 Std 0.0014 0.0015 0.0018 0.0015 0.0018
3 Mean 0.0410 0.0445 0.0382 0.0442 0.0373
Std 0.0048 0.0042 0.0062 0.0043 0.0068
1 Mean 0.0118 0.0120 0.0120 0.0120 0.0119
Std 0.0022 0.0022 0.0022 0.0022 0.0022
50 Mean : 0.0115 5 Mean 0.0205 0.0208 0.0197 0.0208 0.0200
Std : 0.0044 Std 0.0027 0.0025 0.0029 0.0025 0.0028
3 Mean 0.0428 0.0461 0.0412 0.0460 0.0414
Std 0.0061 0.0052 0.0068 0.0052 0.0068

1 Mean 0.0133 0.0130 0.0133 0.0130 0.0133
Std 0.0031 0.0028 0.0032 0.0028 0.0031
100 Mean : 0.0158 5 Mean 0.0208 0.0219 0.0208 0.0219 0.0207
Std : 0.0088 Std 0.0039 0.0044 0.0045 0.0044 0.0045
3 Mean 0.0412 0.0453 0.0390 0.0455 0.0391
Std 0.0072 0.0075 0.0076 0.0074 0.0079
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cD;s :the vector of shrunk coefficients for given threshilat level |
e(t) : white noise
k, m : sampling parameter
N : the number of data used model estimation
no :the number of zero elements at level j
nk : time delay
S : scale parameter
t s time
ut) :input signal at time t
Vipss - l0ss function
[IXIf : square norm of x
XAy minimum of x and y

y(t)  :output signal at time t

y(t) : estimated output at time t

4 . integer

# : the number of data

J2(0|Aa 2Kt

A : threshold value

g . estimated standard deviation at level j

T : translation parameter

AR

* : complex conjugate

=Ry

j : the level of MRA

) : threshold value minimizing GCV function
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