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Abstract − This study focuses on the simulation method for crystallization processes, that is the most important unit opera-

tions and is widely used in the chemical industry such as pigments, pharmaceuticals, and detergents, etc. The process includes

the kinetics of nucleation, growth, agglomeration, and breakage. Because the models are very complex to become partial and

ordinary differential, algebraic and integral equations(IPDAE), it is very difficult to get a numerical solution. And, it makes

process design and analysis depend on experiments. In this study, the simulation is based on the method of characteristics to

avoid the difficulties of numerical diffusion and stability that bother the previous methods in this area. In order to improve the

accuracy and efficiency of the simulation, this study combines the method of characteristics with the adaptive mesh method,

which adaptively adds and eliminates meshes as the solution varies. The proposed method can conserve crystal number and

mass in the representation of agglomeration/breakage event and mesh adaptation. The proposed method is validated through
the simulation of case studies. 
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1. � �

������ ��, �	, 
��, 
�, ��� �� ������ �

�� ���� ���  !�� � "#$%[1]. $ ���� &' ��

� ()� ��� *+ ,(crystal size distribution, CSD)$- ./0

1 23 4�5� 67895(population balance equation, PBE): $

�"; <=>%. ?@#, A3 4�5, BC5D EF> 23 4�5

� GH I� J� KL MN%. O�, ������ �� =A� PQ

D RS� T 5� �G <=�M U�� V$H WX MN� "Y%.

Z[�, $ ��� 23  \ A3 4�5D BC \ T 5� ]^>

_`a <=�M, bcT� GdG� ef"9 g�%. %h, Tavare �

$ ��> ij"�� kl ������ m� GdGH l<"Yn%[2].

Z[�, $ ��� m� Gd: oG�� 8pGq$ r�"%. ?@#,

$ _`: V+ oG &�stq(method of weighted residuals), _u�q

(method of moments), orthogonal collocation � ;@ 8pGq$ l<

�n9h bcT� 8pGq� ef"9 g�%[3]. $v w� Mxy

�z {|"} $ ��� m� _�q� m� �|& k&"} ~�-

��� _`+c �Mq� ����a IM� ��� GH r�a �

%� J: �i"}� �%. O�, �������� G& ��� ��
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)

"� ��$ #�#� ��� $� ���: V+ oG�� ��(mesh)

H T ��� ��� 8pT�a ����� TP�q$ r�G�%

[4]. �, G& KL �� ��"� ���� ��): �9"+ oG�

�� ��& r�G9� >%. ?@#, ��& ��9� �B�z KL

��9� ��a, G& �� ��"9 g� ����� �B�: �$

+ oG ��� 8H �;� �%. $v w$ �D� ��):  $�

� ¡¢: k&��+ oG� ��H TPT�a  £ O� ��"�

TP��q: ��"Y%. ¤ E|��� ¥¦ ������ _�_`

� mG �C� §�, ;@ 8pGq ��� 8pT�a ¨©"��z

L8� �DH ª;«� ¬)q� +c� _�4q: ���%. 

2. �����	 
�

������ _`: I+ oG %­ &�: ��"Y%.

(1) ���+(crystallizer)�� ]^¡D(mixing effect)� *� ��"

9 g%.

(2) ��� ®(nuclei)� ¯�£h� *+� Lo��h °)>%.

(3) ��)'±z�  B(growth rate dispersion)� ¯�>%. 

(4) �²(seed)� ³� ��� ´ 8 ~%.

(5) ��*+� A�� µ � *+ ¶U� ��$ A�ª% *� �

[� ·L� ¸%.

(6) +A� M¹ �º ) z ,»"} ~9 g%. 

+¤T�a _`� ���� ¼¬): c�"; ��3 ½: &�

(º \ �¾9895: ,»"� >%.

) (º895: (1)

¿(º895: (2)

�¾9895:  (3)

O�, ������ Randolphv Larson$ 6l� 67895: ,»

"��[5] $ 5$ ��� )º ��� &' ��� ��*+ ,(CSD)

H <=�%.

  (4)

$ 5� ,»�M ~� À &9 =A� %­D w%:

(1) ®°)(nucleation): ÁaÂ ��$ °+� J�a bt ®°), $

t ®°) O� ÃÄ(attrition)$# $JÅ� Æ^T� ¡D� �G l

°�%. ®°) ±z� Ç8qÈ_`a <=�- ®°) ±zA8, Kn�

;@ ���8� �G �É: Ê� >%.

B0=Kn∆Cb  (5)

(2) )'(growth): ��*+� k&a� ��� )'±z� %­ ·Ë

5�a <=�} )'±zA8, Kg� Ìz# {©( �� �G Í[�%.

 (6)

(3) PQ(agglomeration): Î 6� Ï� Ð�& ^ÑÒ� W Ó Ð�&

�� J�a *+& x� Ð�v v-x� Ð�& *+ v� Ð�& �� P

Q� %­D w� 5�a Ô 8 ~%. $¶ Õ Ö× 5� *+& v� Ð

�& °+� ±z$- Î Ö× 5� Î Ð�& ¸M9� ±z$%[6].

 (7)

 

 (8)

$ 5� ��> PQ ØÙ(agglomeration kernel), A(v-x, x)� ÚØÛ

Ü� Z[ Í[9- $ÝT O� �ËT�a IM� �� 5$ ~%. �

� E|�Å� $ ØÙ$ *+� ¯F"%} &�GÞ9h $ E|�

�� $ &�: ��"9 g� Smoluchowski ØÙ: ��"Y%[7]. $

5� PQ�� Ð�� *+, uv v� 
ß"� 5�a W Ó Ð�& Ï

� Ð�� 
G W �« PQ"� à: #�á%. 

 (9)

(4) RS(breakage): � 6� Ó Ð�& ;@ 6� Ï� Ð�a #âM

9� J�a RS� �� °)±zv ãÄ±z� %­ 5�a <=>%.

 (10)

 (11)

$ E|��� RSH _`ä"+ oG RS±z& Ð�� *+� 


ß"� %­ ØÙ: ��"Y%.

 
 (12)

$v w$ ������ _`� 23 4�5, A3 4�5, T 5,

BC5: ,»"� �M IPDAE(integro-partial differential algebraic equations

[} åæ%. ������ _`�� O %æ T 5$ ~�� CSD�

� }7 ª��: �B"� 5$%.

(13)

$ç� r�� BC5� %­D w%.

D,�z(supersaturation) �B5: ∆C=C−Ceq  (14)

+èé15: yi=kixi  (15)

i)� ^�B5:  (16)

=ê( åë5:  (17)

¿7 åë5:  (18)

O�, ì A� íz, îïë, ðz, é1ðz, ����¾9, åë1A

��(volume shape factor) �: �B"+ o� ()p �$ñ& r�"%. 

cP±z \ îïë: (19)

����¾9:  (20)

k-value:  (21)

íz:  (22)

îïë: (23)

åë1A��: kv= kv(L) (24)

,�ðz: Ceq= Ceq(T)  (25)

d yiUg( )
dt

------------------
d xiUl( )

dt
-----------------

d Us( )
dt

-------------+ + Fkxik∑=

dUg

dt
---------

dUl

dt
--------

dUs

dt
---------+ + Fkck∑=

d HgUg( )
dt

---------------------
d HlUl( )

dt
-------------------

d HsUs( )
dt

--------------------+ + FkHk Q QC–+∑=

dn
dt
------ nd Vlog

dt
--------------- d Gn( )

dv
--------------- B0δ ν νo–( ) Ba Da Bb Db

Fknk

V
----------∑+–+–+=+ +

G Kg Cg∆ L lkv
ke Eg– RT⁄( )=

Ba
A
2
----n v x–( ) n x( )⋅ xd

v0

v

∫=

Da An v( ) n x( )⋅ xd
v0

∞

∫=

A u v,( ) Kagg u1 3⁄ v1 3⁄+( )
3

=

Bb Bn
v

∞

∫ x( )dx=

Db Bn v( )=

B v( ) Kbrev=

Us ρs kv v( )n v( )v vd
0

∞

∫=

xi∑ yi∑=

U l

ρ l

-----
Us

ρs

------+ V=

Ug

ρg

------
Ul

ρl

-----
Us

ρs

------+ + VT=

rk rk T x y, ,( ) Hk∆ Hk T( )∆=,=

Qc Hc∆
dUs

dt
---------=

ki ki T P x y, , ,( )=

ρg ρg T P y, ,( )  ρl ρ l T P x, ,( )  ρs ρs T P,( )=,=,=

Hg Hg T P y, ,( )  Hl Hl T P x, ,( )  Hs Hs T P,( )=,=,=
���� �40� �2� 2002� 4�
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3. �
�(Method of Characteristics)

¤ E|��� Kumarv Ramkrishna[8]$ ��� ¬)q: $�";

67895�aåñ PQD RS � 4&9 =A$ _Î ,»> A3 

4�5: �z"Y%. ?Å� E|� Zò� $ 4q� |=4q$ M

N9h +e 8pGq$ &óô G� {��)D 8pT �B=A: ë

"� KL L8� 4q$%. $Å� 4q��z %æ t qD Ãõ&

9a ��� *+��: Ï� |�, � ��a #ö%(Fig. 1). $ ��

�� Ð�� 678(population)� m<÷, xia #��} "� \ A�

: &Ò� vi<xi<vi+1& >%. Z[�, iÖ× ��� 678, Ni� %­D

w$ ��>%.

 (26)

¥¦ 5 (4)�� )'±z½: 3 "; %­ 5: I�%. 

 

(27)

$ 5� %­D w� )'±z� ��5: mÐ�%.

 (28)

?@�,

 (29)

8íz(number density), n� ¿3 (total derivative): 5 (29)� mÐ

�%.

(30)

?@� %­ 5$ IM�%.

 (31)

5 (28)D (31): øG *+ vH ù� Ð�� )'±zv 8íz��

H ��� #�ú 8 ~%. $v w$ 5 (4)�� 5 (28)D (31): IM

? 5: û� D�: ¬)q$[ �%. ì ��� "�D A�� )'

±z5� �G Ø9� >%.

 (32)

 (33)

iÖ× ��� Ð�8� 5 (31): viåñ vi+1ü9 T "; I: 8 ~%.

(34)

ýþ� Î Ö× ½: T "� %­ 5: I: 8 ~%.

(35)

5 (31): $�"; ýþ� Õ Ö×v 
 Ö× ½: ^"} G(v)� �

�5: mÐ"� 5 (35)� %­D w$ ¨©�>%.

(36)

Leibnitz5: $�"� $ 5�� %­ 5: I: 8 ~%.

 (37)

iÖ× ��� Ð�8� m<÷, xi� �G <=ÿ 8 ~%} "�

 (38)

O�, ·�÷D Ãõ&9a m<÷z %­ 5� �G )'"� >%.

 (39)

5 (38)�� n(v, t)H 5 (37)� mÐ"} Kumarv Ramkrishna& ��

� J�� º�D 8� Î _u�$ ªe�z� PQ½D RS½: �

�"�[8] %­ 5$ IM�%.

  (40)

$ 5�� η� PQ�� 8v º�� Î _u�: ªe"z� "+

o�  ��8$%. �, PQ� �G ÁaÂ ��$ hÅM9� ? ��

� ¬�� ��� m<÷: &99 g: 8 ~+ ¶U� _u�� ªe

ÿ 8 ¸%. Z[�, Áa hÅM� ��� Î 6� _u�$ ªeÿ 8

~z� ��� Î ���  �"� >%.

(41)

RS� ·L�z 
�� 4q�a Î _u�: ªe"� �%. �, %

Ni t( ) n v t,( )dv
v i

vi 1+∫=

∂n v t,( )
∂t

------------------ G v( )∂n v t,( )
∂v

------------------ n v t,( )∂G
∂v
-------+ +

=
1
2
--- n v v′ t,–( )

0

v

∫ n v′ t,( )A v v ′ v′,–( )dv′

n v t,( ) n v′ t,( )A v ′ v′,( )
0

∞

∫ dv′( )–

+ β v v′,( )B v′( )
v

∞

∫ n v′ t,( )dv′ B v( )n v t,( ) S v( )+–

dv
dt
------ G v( )=

∂n v t,( )
∂t

------------------ ∂n v t,( )
∂v

------------------dv
∂t
------ n v t,( )∂G

∂v
-------+ + r.h.s. of eq. 27[ ]=

∂n v t,( )
dt

------------------ ∂n v t,( )
∂t

------------------= ∂n v t,( )
∂v

------------------dv
∂t
------+

dn v t,( )
dt

------------------ n v t,( )dG
dv
------- r.h.s. of eq. 27[ ]=+

dvi

dt
------- G vi( )=

dvi 1+

dt
------------- G vi 1+( )=

dn(v,t)
dt

----------------
v i

t( )

v i 1+
t( )

∫ dv n(v,t)dG
dv
-------

v i
t( )

v i 1+
t( )

∫ dv  r.h.s. of eq. 27[ ]dv
v i

t( )

v i 1+
t( )

∫=+

 dn(v,t)
dt

----------------
v i

t( )

v i 1+
t( )

∫ dv n v t,( )G v( ) v i

v i 1+  G(v)∂n v t,( )
∂v

------------------
v i

t( )

v i 1+
t( )

∫– dv+

=  r.h.s. of eq. 27[ ]dv
v i

t( )

v i 1+
t( )

∫

 ∂n(v,t)
∂t

----------------
v i

t( )

v i 1+
t( )

∫ dv dv
dt
------n v t,( )

vi

vi 1+

r.h.s. of eq. 27[ ]dv
vi

t( )

vi 1+
t( )

∫=+

d
dt
---- n v t,( )

vi
t( )

vi 1+
t( )

∫ dv= r.h.s. of eq. 27[ ]dv
v i

t( )

v i 1+
t( )

∫

n v t,( ) N i t( )δ v xi–( )
i 1=

M

∑=

dxi

dt
------- G xi( )=

dNi t( )
dt

--------------- ni k, BkNk t( ) B iN i t( )–
k 1=

M

∑=

+ 1
1
2
---δj k,– 

 

xi 1–

j k,
xj xk+ 

  xi+1≤ ≤

i j k≥ ≥

∑ ηA j k, Nj t( )Nk t( )

−N i t( ) A i k, Nk t( )
k 1=

M

∑ S v( )dv
vi

Li 1+∫+

η

xi 1+ t( ) v–
xi 1+ t( ) xi t( )–
-------------------------------   xi t( ) v xi 1+ t( )≤ ≤,

v x– i 1– t( )
xi t( ) xi 1– t( )–
-------------------------------   xi 1– t( ) v xi t( )≤ ≤,









=

v xj t( ) xk t( )+=

Fig. 1. A mesh structure used in the method of characteristics.
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182 �������
­D w$ xk� ��$ RS�n: ¶ iÖ× ��a RS�� 
¢, ni,k

� %­ 5: $�"; �B�%.

(42)

b(v, xk)� RS»8(breakage function)a� xk� *+H &9� Ð�

& v� Ð�a RS�� 
¢: #�á%. RS� � 6� ��$ 26

� Ï� ���a RS�� $�RS(binary breakage)v 26 $A� �

��a RS�� %�RS(multiple breakage)a | ��� $ E|�

�� $�RSH &�"Y%. Z[�, RS»8� %­ 5: h	�


� �%. 

(43)

HillD Ng� ÕÖ× ��� *+& 0$[} &�"} %­ RS»8

H ��"Y%[9].

 (44)

?@#, Kumarv Ramkrishna� �G ��> ¬)q��� Õ Ö×

��� *+& 0$[} &�"9 g�%. Z[�, 5 (43)� h	ÿ 8

¸� ��a %­D w$ 8��M� �%.

 (45)

;+�, x1� Õ Ö× ��� m<÷$%. Z[�, RS»8� %­D

w$ �M� �%. 

(46)

O�, RS»8� %­D w� m�F�H h	�
� �%. 

(47)

$ 5: h	��+ oG�, xk� Ð�� [x1, xk−x1]� |��a RS

�} ni,k� %­ 5: $�"; �B�M� �%.

 (48)

¬)q$ %æ 4qÝ� 
G ��T$} 8pT �BU�H �Æ�

%� '
$ ~�# �������� ®°) ¶U� ÁaÂ U�H h

Å� >%. ��� *+& ��� Z[ y�$� ��a ®� *+& ¿

7 ��*+ � &' Ï� Jª% W Ï�9� ®°): <=£ 8 ¸

� >%. $ U�H �Æ"+ oG� Kumarv Ramkrishna� ÕÖ× �

�� "�$ ®� *+v w�º ¶Ã% Ð�8& 0� ÁaÂ ��H

�&"Y%. ?@#, $ 4q��� ®� ��� ��� <=ÿ 8 ~�

# º�$ ªe�9 g� >%. O�, ÁaÂ ��H 9#p� �$ �

&»� Z[ ¾¯ �$ �6� %8� ��H I� >%. $ U�H G

�"+ oG ?Å� �� �6� ��H ��"� ¿�: |�"Y%.

?@#, $Å� M¹ ��H ��";� "�9� m� +�: ��"

9 ��%. ¤ E|��� $ U�� �"+ oG ¬)qD TP��q

: �^"� ¿�: ���%.

4. �����(Adaptive Mesh Method)

TP��q� PDE� 8pT Gq� ��)D ¡¢): k&���

4q$%. G& �"� �"�# {E±
$ ~� ·L� ¬� ¡¢T

�� �H ÅM G& �"� �"� ��: ��"� #��+ oG�

� $ ��� ��H �$ hÅM «M� �%. c�� G& K���

��"� ����� ��H ²U²U hÅM «� >%. TP�H z

Ð"� ��H �±G� °)��} ��";� "+ ¶U� �B��

$ W �$ r�G�%. ?@#, bcT� ��t q�� w� ��z

H I:x� WX �� �B�$ �|�- h	£ h� ��zH I9

�£ 8z ~%[10]. Z[�, G& ��� �"� ����� TPT�

a ��H #âM «M� "} G& K�@Â å ��� {r�G�

��H ��";� �%. �, Gv Ãõ&9a ��z ��� Z[ y�

$� �� J$%. TP��q� *� 
&9 ̈ �H r�a "�� (1)

ì ��� ��»8(mesh function) O� ��»8(monitor function)H

é&"}, (2) é&�D� Z[ ÁaÂ ��H °)"}, (3) ÁaÂ �

�H o� »8÷: �B"� D�$%.

4-1. ����

�& O� ��G� £ ��� ��»8� Z[ ��>%. $ E|�

�� $¼��q(moving mesh method)�� ���� ��$ ��»8

H � "Y%[11]. �������� ·L�� $ »8& %­ 1!H

&9� >%.

(49)

ì ���� ��»8� ÷$ 
�� ÷: ùz� ��H �& O�

��G� �%. Z[�, %­ 5�� ��� ��»8� é"�aåñ

#�stH �B"; �&£ ��H ���%. 

 (50)

O�, ��������� »8÷� t$& 9#p� Ó(1010-1020�)

·L�� %­�� Am ��»8H ��£ 8z ~%.

 (51)

M¹ ��� ��»8÷$ #�stª% Ï�� �B��: �b 8

~z� ? ��� ���M� �%. ?@#, ����� #�st& �

��&� ·Lv w� �� �� ��/�&& cÆ�M T $ KL {

��G º 8 ~%[4]. $� ·L� m
"+ oG ����� #�st

H ���&� 10� $A�a "� J$ $%.

4-2. ��� �	 
 ��

��� |i� Fig. 1D w�� ì �� i� xi� ��÷: &9- A

ni k,

v xi 1––
xi xi 1––
------------------b v xk,( )dv

xi 1–

xi

∫
xi 1+ v–
xi 1+ xi–
------------------b v xk,( )dv

xi

xi 1+∫+=

b v xk,( )
0

xk∫ dv 2=

b v xk,( ) 2
xk

----=

b v xk,( )
x1

xk∫ dv 2=

b v xk,( ) 2
xk 2x1–
------------------=

b v xk,( ) b xk v xk,–( )=

ni k, =

x2 v–
x2 x1–
---------------b v xk,( )dv

x1

x2

∫
x2 x1–
xk 2x1–
------------------   i, 1= =

v xi 1––

xi xi 1––
------------------b v xk,( )dv

xi 1–

xi

∫
xi 1+ v–

xi 1+ xi–
------------------b v xk,( )dv

xi 1+ xi 1––

xk 2x1–
------------------------  ,=

xi

xi 1+∫+

      i 2 k 2–( )∼=

v xk 2––
xk 1– xk 2––
-------------------------b v xk,( )dv

xk 2–

xk 1–∫ xk v–
xk xk 1––
--------------------b v xk,( )dv 

xk 1–

xk x0–

∫+

    
xk xk 2––

xk 2x1–
--------------------

x1
2

xk 2x1–( ) xk xk 1––( )
-----------------------------------------------    i,–= k 1–( )=

v xk 1––

xk xk 1––
--------------------b v xk,( )dv

xk 1–

xk x– 1

∫ xk xk 1––
xk 2x1–
--------------------

x1
2

xk 2x1–( ) xk xk 1––( )
-----------------------------------------------

2x1

xk 2x1–
------------------–+=

    i k=





















x∆( )2 x∆ Nx( )2+

TOL

xi∆( )2 xi∆ Nx i,( )2+
i 1=

M

∑
M

-------------------------------------------------------=

TOLrel

vi∆ 1
vref

-------- 
 2 Nv i,

Nref

--------- 
 2

+
i 1=

M

∑
M

---------------------------------------------------------=
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�� vi+1, "�� vi� ÷: &�%. ·�÷$�a (i+1)��� "�D i

��� A�� w%. ¥¦ Fig. 2(a)� ª� J�� iÖ× ��� ÁaÂ

��H �&"� ·LH ª�. iÖ× ��� A�D "��$& Î 6

� ��a #âM9} ��÷, xi& ÁaÂ ��� "�$ >%. O�,

�%� iÖ× ��v ÁaÂ ��� ��÷� ìì� A�D "�� é

"�� IM9� >%. Z[�, �&> ��� ÁaÂ iÖ× ��& �

} �%� iÖ× ��� (i+1)��& >%. #&9 sæþ� ��Å� t

ßma Ö�& k&"� >%.

O�, iÖ× ��� ��H }xGª�. $¶� '§� ��H ¼��

}x"�� iÖ× ��H ��";� �%. �¨� 4q�a iÖ× ��

H (i−1)��# (i+1)��� ,»�( 8 ~�� $)� "� ýþ O�

sæþ� ��Åh �±G� ��"� �� ·L� *� ��� ��

÷: +�"+& MN� >%. Z[�, $ E|��� Fig. 2(b)�� ª

$� J�� '§� ��H ¼�� }x"z� "� 4q: ��"Y

%. �, iÖ× ��& ���n: ¶ iÖ× ��� ��÷� (i−1)���

A�$ �} (i−1)Ö× ��v (i+1)��� ��÷� ìì� A�D "

�� é"�� IM�%.

4-3. 
�� ��� ��� ��

TP��q��� Áa �&> »8÷� ��: oG «o ��� »

8÷: $�� �,: ���%[4]. ?@#, �������� $ D�

�� ��� _u�: ªe"z� ";� "�a �,q: ��£ 8

¸%[8].

Fig. 2(a)�� ª� J�� iÖ× ��� ÁaÂ ��H �&"Y%}

"�. 8v º�� Î _u�: ªe"+ oG�� ÁaÂ iÖ× \ (i+1)

Ö× ��� Ð�8� %­ 5: h	��z� �B�M� �%.

 (52)

(53)

$ 5�� %­ 5: I: 8 ~%.

 (54)

 (55)

Ãõ&9a Fig. 2(b)�� ª� J�� iÖ× ��H ���%} "�.

���&� ·Lv Ãõ&9a (i−1)Ö× ��v ÁaÂ iÖ× ���

Ð�8� %­ 5: h	�
� º�D 8H ªe£ 8 ~%.

 (56)

 

(57)

$ 5�� %­ 5: I: 8 ~%.

 (58)

 (59)

4-4. ��	 ��(nuclei mesh)� ��

®°) ��H �!"+ o� Kumarv Ramkrishna� ¿�� %­D

w%[8]. ?Å� K�� ��Ã% Ð�8& 0� ÁaÂ ��H �&"

Y�� $ ��� m<÷� ®� *+v w} A�D "�z m<÷D

wz� "Y%(vo=v1=x1). A�D m<÷� ��� Z[ y�$9h "

�� ��� Z[ y�$9 g�%. ®� m<÷$ ®� *+v %ò+

¶U� ��� º�� ªeÿ 8 ¸%. Z[�, ®��� º�$ *�

ÿ 8 ~� U���� TP�� ����$ �« -�� �%. $� $

�a ¤ E|��� ®��v ¿7 º�� 
H «M� A8$"a �

9"� ¿�: � "Y%. �, ®��� º�$ ¿7 º�� 
G ¯�

£h"9 g: ¶ ÁaÂ ��& �&>%.

T + ���� K T ��Ã% �� ��»8H �B"; ���

�& \ .�� r�): é&�%. ?@#, Gearq� +c"� bcT

� T +��� TP�& $/Mº ¶Ã% T � 0+�H 81G�

"�a 2� TP�� ¿7 T ��: KL *� "� U�
$ ~:

8 ~%. Z[�, $ E|��� ÁaÂ ��& ®��� �&ÿ ¶#

�� ��� 10%$A� ��& �&�M� £ ¶h TP�H 81"

z� "; ���� ��):  Y%.

IM� DAE� Visual Fortran 6.5�� �1�n} DAET +�

DISCo�� Vn%[12]. $ T +�� �� TP�H ��"� /3�

A!�j(state event)�a �!>%. ����� � 6� ��� 76�

�8, Ð�8, *+, åë1A��, PQ/RSa �� °) \ ãÄ ±z

N i
old Ni

new Ni 1+
new+=

kv xi
old( )xi

oldN i
old kv xi

new( )xi
newNi

new kv xi 1+
new( )xi 1+

newNi 1+
new+=

N i
new kv xi 1+

new( )xi 1+
new kv xi

old( )xi
old–

kv xi 1+
new( )xi 1+

new kv xi
new( )xi

new–
----------------------------------------------------------------- Ni

old×=

N i 1+
new kv xi

old( )xi
old kv xi

new( )xi
new

–

kv xi 1+
new( )xi 1+

new kv xi
new( )xi

new
–

----------------------------------------------------------------- Ni
old×=

N i 1–
old N i

old N i 1+
old

+ + Ni 1–
new Ni

new
+=

kv xi 1–
old( )xi 1–

old N i 1–
old + kv xi

old( )xi
oldNi

old kv xi 1+
old( )xi 1+

old N i 1+
old

+( )

kv xi 1–
new( )xi 1–

newNi 1–
new kv xi

new( )xi
newNi

new+=

N i 1–
new

Nk
old kv xi

new( )xi
new kv xk

old( )xk
old–[ ]

k i 1–=

i 1+

∑
kv xi

new( )xi
new kv xi 1–

new( )xi 1–
new–

------------------------------------------------------------------------------------------=

N i
new

Nk
old kv xk

old( )xk
old kv xi 1–

new( )xi 1–
new–[ ]

k i 1–=

i 1+

∑
kv xi

new( )xi
new kv xi 1–

new( )xi 1–
new–

------------------------------------------------------------------------------------------=Fig. 2. Graphical representation for (a) mesh addition and (b) mesh
elimination.
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½: &9� >%. Z[�, TP�& 1Gó: ¶ T +��� �� 4

76� �8H �� O� �&";� �%. $ �8Å ��� åë1A

��� %æ A!�8�� �� �B�- Ð�8� 8v º�� Î _

u�& ªe�z� �B>%. O�, PQ/RSa �� °) \ ãÄ½�

Ð�8�� �Bÿ 8 ~%.

5. ����

��> 4q: $�"; Î 6� 8pT ��v 5B67��� m�

�ßE|H "; ¤ _�q� �4): 8k"Y%.

5-1. ��	� 	�� �� ��

U�� ij� %­D w%[8].

-0+ Ð�8íz: 

-;+�, No=5, vo,i=0.01$%.

-®°) ±z: 

-;+�, No,n=105, vo,i=10−3$%.

-)'±z: G(v)=σo=1

Ð�� 0+*+� 1.4� 
a +"�T 
ß��a �B"Y%. $

�� m� GdG� %­ 5D w%.

(60)

IM� �D� Fig. 3D w�� Kumarv Ramkrishna& I� �D�

� GdGv �� bp"} ~�- KL ��T� _9: ª;«} ~%. 

5-2. ��	, 	�, ��� �� ��

«M� ij� %­D w%[8].

-0+ 8íz: 

-;+�, No=5, vo,i=0.01$%.

-®°) ±z: 

-;+�, No,n=1, vo,i=10−3$%.

-)'±z: G(v)=σo=1

-PQ±z: A(v, v')=1000

$ ��� GdG& ¸9h ��> 4q$ ®°), )', PQ$ ~�

��� mG T�ÿ 8 ~%� J: ª$+ oG ���n%. IM� �

D� Fig. 4v w�� KL ��T� GH ª;«} ~%.

5-3. �� !(K 2SO4)� "�#��

$ ��� 5B67� : 5 ;ì ������a �²& ,»�M

~%[13]. Jonesv Mullin� $ ���� RS/PQ$ ¸%� &�: �

�"Y%. O�, ®°) \ )'±z� ��� *+v ���8� 
0

1»8a� %­ 5D w%.

 (61)

 (62)

$ E|��� $ 5: ��"Y} åë1A��a� Budz �� <

U�� ��> J: ��"Y%[14].

 (63)

 (64)

?@#, $ 5$ L=100µm�� {E±T$M� T +��� �ì�

{��): b�( 8 ~+ ¶U� �% »8�� �É: «9 g��

� �% »8H #��z� S� _³� »8H $�"; f|)> 5

: $�"Y%[15].

no v( )
No

vo i,

------- v– vo i,⁄( )exp=

S v( )
No n,
vo n,

---------- v– vo n,⁄( )exp=

n v t,( ) no v( ) G t( )
No n,

σo

----------
vlow

vo n,

---------– 
 exp v

vo n,

--------– 
 exp– vlow,+–=

max v1 v, σot–( )=

no v( )
No

vo i,

------- v– vo i,⁄( )exp=

S v( )
No n,

vo n,

---------- v– vo n,⁄( )exp=

B0 2 108σ7.63×=

G 100σ2L0.5e 1 2400T⁄–( )
=

for 0 L 100 µm  kv,< < 0.896 0.168L0.5 8.234 103– L×–( )exp=

for 100 L 2000 µm  kv,< < 4.460 0.0797– L0.5 6.76 104– L×+( )exp=

Fig. 3. Results for simultaneous nucleation and growth.

Fig. 4. Results for simultaneous nucleation, growth, and agglomeration.
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 (65)

 (66)

Jonesv Mullin� E|�� ���nô 46� ;ì¿� ��� �E

\ b� ;ì �#!sH _�"Y%. 180 ¼�� m� Ìz��� %

­ 5D w%.

b�;ì(constant cooling): 

(67)

�E;ì(natural cooling): (68)

�Ëp(8íz)v� 
=H oG� _��� IM� �Daåñ é"

8ízH %­D w$ �B"Y%. O�, �Ë�D� ��*+� m�

8ízH é"8ízaåñ ��"; 
="Y%.

 (69)

T ±zH ÉA��+ oG Jacobian� sparse1!a |)"Y�-

kv 1 θ–( ) eq. 62[ ] θ eq. 63[ ]⋅+⋅=

θ 0.2 L 100–( )[ ]exp
1 0.2 L 100–( )[ ]exp+
---------------------------------------------------=

T t( ) 70 45 0.008356– 180 t–( )[ ]exp–=

T t( ) 15 45 0.00835– 6t( )exp+=

ni numerical,
Ni

vi 1+ vi–
------------------=

Fig. 5. Optimized CSD considering agglomeration and breakage.
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GdT�a |"z� "Y%. T � >m \ Amst� 10−10, 10−5H

��"Y%. O�, TP�� +�5�a� 5 (51): ��"Y} $ 5

�� xref, Nref� ��� *+v 8� �m÷� m� ��pa� 2×10−3

v 106H ��"Y%. ÁaÂ ��� ®��� º�$ ¿7º�� 0.1%

ª% ? ¶ ®��� �&�z� "Y%.

��> T +� DISCo� K TP�Ã% f0+�H �ÏG� "�

a ±z& @xº 8 ~%. ?@#, ��> TP��q� �G _�±z

& KL A[ �Ö _�"�� r�� ��$ P-III 450 MHz�� 20-32

0& ã��n%. O�, ��> ¬)q$ ½A ��T� GH I� »�

aB PQD RS� ØÙA8H I+ o� �T�U�� ��> _�

q: T�£ 8 ~z� ~n%.

��> _�qD �Ë÷� CSDH $�G� �T�H 81"; PQ

D RS� ØÙA8H CD%. ;+� ��> �T�q� Simlexq[16]

$%. O�, ET»8� a?H F"; IM� �G� ^: $�"Y%.

 (70)

$ 5�� M� �$ñ� 68a ;+�� 176$%. K �T��B

Ã% %­ �8÷$ �T�/3�� _�+a ª�9� 180 ¼�� T

 ��¼� _�& $/M9� �- ÁaÂ SSQ& �B>%. Table 1

� �E \ b� ;ì �#!s� �$ñ� +c"; IM� �DH ª

;«} ~%. �T��M IM� CSD� Fig. 5(a)� ª;9} ~%. 


=H oG� �E \ b� ;ì �#!s �$ñ ìì: $�G� IM

� �DH Table 1� ªY%. O�, ìì IM� CSDH Fig. 5(b), (c)�

z�"Y%. Fig. 5(a)� �D� IM� �8& Î �#!s _Î� mG

�Ëp� T^"%� J: ª;�%. ?@#, �E \ b� ;ì �#!

s ìì� �� �D� ìì� �Ëp� mG� T^� �8H ª;«

n9h %æ �#!s� m� �DH I+�� T^"9 g%� J:

ª;�%. ¬� b�;ì�#!s� �G I� �8� �E;ì�#!

s� �� �Ëpv A4� t$& ~n%.

6. � �

¤ E|� ������� ®°), )', PQ, RS � 4&9 =A:

,»"� ¼T_�q� m� E|$%. ��> 4q� +e 4qÝ$

&óô G� {��)D 8pT �B=A: ë£ 8 ~� ��"} �

H� 4q� ¬)q� +c"} ~%. $ E|��� � 6� ��$ Î

6a RS�� $� RSH &�"Y�- RS> Ð�Å: *+& Ï

� ��Åa  �£ ¶ Î &9 _u�� ��� 8v º�: ªe"�

5: ��"Y%. O�, ¬)q: TP��qD �^"� 4q: ��

"; 8pT G� ��)D ¡¢: ÉA��} +e� ¬)q� Mx

y: «nô ®°) ��U�H �!£ 8 ~n%. ��> TP��q

� ��$ ��»8H "�"� #â� ¿�: ��"Y�- TP� D

��� ��� 8v º�: ªe£ 8 ~z� "� ¿�: ��"Y%.

8p��v 5B67� ������ m� �ßE|H øG ��> 4

q$ ������ ¼T_��� Iæ ±za ��T$} ��� GH

I� �%� J: ��"Y%.

� �

¤ E|� =J�T��å� Brain Korea 21, D�+Cå� K&9�

E|��L \ �Mm�= ����N+CE|ã� 9��a 81�n

�-, $� ��²OÛ%.

����

A : agglomeration kernel

B : breakage kernel

b : breakage function

Ba : birth rate of particles due to agglomeration

Bb : birth rate of particles due to breakage

B0 : nucleation rate at the smallest measurable size

c : concentration

Da : death rate of particles due to agglomeration

Db : death rate of particles due to breakage

F : flowrate

G : growth rate

H : enthalphy

Kagg : agglomeration kernel constant

Kbre : breakage kernel constant

Kg : growth rate constant

Kn : nucleation rate constant

ki : K-value

kv : volume shape factor

L : particle size

M : total number of meshes

n : population number density of particles

N : total number of particles

Q : heat duty

S : nucleation rate of particles

T : temperature

t : time

U : molar holdup

V : suspension volume

v : volume of the particles

v0 : smallest measurable volume

vi : volume of the smallest particles in ith mesh

vi+1 : volume of the largest particles in ith mesh

xi : representative size for ith mesh

x : liquid molar fraction

y : gas molar fraction

$��% &�

δi,j : Dirac-delta function

σ : relative supersaturation

SSQ n v( )expln n v( )simln–[ ] i
2

i 1=

M

∑=

Table 1. Kernel constants obtained by optimization.

Data set used
Agglomeration 
kernel constant

Breakage kernel 
constant ×10−5 SSQconstant SSQnatural

SSQconstant

+SSQnatural

Constant and natural cooling 2.9552 8.4795 34.16 14.77 48.93
Natural cooling scenario 2.7672 3.7189 43.40 17.03 60.43
Constant cooling scenario 0.3125 8.4437 10.09 645.040 655.130
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s,”

ar-

ra-

s,”

d

o-
ρ : molar density

∆c : supersaturation

'(�

a : agglomeration

b : breakage

C : crystallization

g : gas

i  : index referring to component i

j : index

k : refers to the feed

l : liquid

s : solid

����
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