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Abstract − This paper focuses on the new developed MILP model for the optimal scheduling of the sheet cutting process con-
sidering the width-pattern change. This study uses a mathematical model in scheduling a paper mill process, differing from gen-

erally used heuristic methods. This method minimizes the amount of trim loss produced during the processing and produces

optimal paper mill processing schedules to meet user's demands. First, mathematical modelling considering trim loss is carried out.

Next, using the formula, reformulation is done by introducing methods to patternize maximum width of raw paper reel to reduce

trim loss effectively. After the mathematical formulation of this concept in the form of MINLP, the parameterization method is

applied to simplify the complex form of MINLP to MILP in order to solve the bilinearity created in this model. This study intro-

duces an effective method to reduce trim loss in paper mill processing and to set an optimal scheduling which meet user’s

demands by using a mathematical model considering the width-pattern change in the cutting process.
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1-1. �� ��(paper mill process) ��

�� ���� � �	
 ��
� ��� ���� ��� ��
�

� �� ���  !"� �# $�# % �&� '( )* ��� +

,- ./
 0�1 23. 4� 56��# 7� 89 :; $�< =

> ? �< +,� @# AB1 C( D! �62 +,� @# $�<

=E! F3. �GH�1 4� 569 IJ�� $�< =K# L� 5

6(paper machine process), $�� MNO< PQ�1R �62 �S�

./- TU, VW
 X�
Y 
# MN 56(coating process), =E!

Z :; $� [
 +,� @Y \]# O^ 56(sheet cutting process),

+,� @Y C(Z $�< _`
# _` 56(roll wrapping/ream

wrapping process)� ^a1 bcd! �3(Fig. 1). 

e fb��# g� 56 	 O^ 56�� h�
# i�� jk


lmn 
B g2 fb�3.
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1-2. �� �	 
�(trim loss problem)

4� 56� )* ^a 	 o^ 56��# )* $p� +,
 qr

stB g
) 7� �62 :; $� [
 uv
) ��� @# +,

� $�< �w
Y x3. �62 AB� :; $��� )* $�< �

w
B gy 6yZ o^ z{� '( $�< \]Y d#|, :; $

��� o^ z{� '( +,� @# $�< C(D� "� )u� i

�� h�
Y x3. �}, :; $�� AB# �6
� �wd# $�

� 7� ~9 ��� '( ���1 i�� �& o^
# z{� '(

�(�Y x3. � i�# 3s ���< �P
) m�
�" O��

56
 ��� 
�1 �*2 i�� h�/
 lmn 
�� ��\

� ��
 qrs�� 
# i� jk �4(trim loss problem or cutting

stock problem)# 4� 56�� �4H, ��H�1 �� 	�2 �4

�3[6, 9, 12].

1-3. �� 
� ��� ��� �� �	(width-pattern change) 

��B(rewinder)��# �62 7
 �Z :; $� [
 ��� )

* $p� +,
 qrstB gy :; $� [
 uv
) ��� @

# +,� $�< �w
Y x3. 
�= )B� :; $� [� AB

� ��� ��c
 ��
 � � �3. ����� 4� 56��# �

*2 ��c
 �4
� ��H�� B�� �w \;� ��
) l

H� :; $� [ 7
 
"1 6
) �w
� � � 
"� :; $

� [=
 ��� ��� @# +,� $�< �w
Y x3# �
 �

� �3. 
�= �62 AB� :; $��� )* $�< �w
B g

y 6yZ o^ z{� '( $�< \]Y d#|, � } :; $� [

� )* �� z{
 �#3� :
# ��� @Y :; $� [� 7


 )u� i�� �  m
# ¡¢�1 £W
 v � �Y 23� %

=¤� jk
 ¥� � �Y ¦ ��3. '(� :; $�� 7
 �n

s��� ��� '§ 7� z{
 aw
�, 3s :; $�� 7
 £

W2 ?� % :; $� [
 ��� �w a¨
 ©�Y x3� i�

� �& �� '( �(�Y x3. �*2 �
 7� z{ �n(width-

pattern change)( 
� �# 4� 56�� i� jk
 �� ¥ª�1

R «9 �¬
 ­ � �# �� 	�2 ¡®�3. 

2. ��� ��

e fb# ��\� ��/
 =rst�� ̄ s� )* +,� $�

< �wv } )u�1 h�d# i�� �
 lmn
B gy lHn

B®
 ��
) �4< y°
# ��3. �*2 i�� �
 lmn


B g
) B��# �1 ��H± ¡®� �y� �w �6 a¨�

�²d³3[4]. 
�= �*2 4�56� �w �6 a¨9 Harjunkoski,

Westerlund, Grossmann ́� �y� ��� MINP, MINLPµ¶� �·

H ¸¹1 º»d³3. �¼Y �w �6 a¨� �·H± MINLP µ

¶ �# MILP µ¶� �41 ¸¹½ d³�=, �4� lHy< b2

3# �9 ¾¿ �� ÀÁ3. �*2 Â~6�a¨®� °-� £µH

(linear)��, ­Ãc(convex)
 �#3� lHy(global optimum)< b


# �9 ¾¿ �4� ��3. 
�= �*2 �� �£µH��, �­

Ãc� ÄÅ2 cU
 �Æ�1R ÇÆ�# È-H± y°
 
� É


� ILP(Integer Linear Programming) µ¶1 �4< Ê³��[9], %

3Æ�# MILP[5, 7], ��� Ë�# MINLP< Ê � �# ��ÌÍ


Îh
# ^a� �]Ï�, �h2 fb� ZÐ	�3[10-13]. 

ÑÒ B�� MINLP µ¶< ÓÔÕ� 
"� lÖ 7
 ��� %

×�� i� jk
 lmn
# ¡®�1 ¸¹½ d³3. e fb��

# �*2 lÖ 7
 ��# [� ��H�(# Ø
 ��
) [
 ©

�� µ¶1 z{n Ù�1R Ú
 � �# �Ø
 �Û
) B��

MINLP ¸¹� [� © �� 7 �n< �Û
# ÜÝ
 Þ�st��

O�ßn 
à�, �< áy� [� 7 �n� i�jk� lmn� â

=¤� ã¢
 äå#�< ÓÔÕæ3. �2 ÝHÙ�Ë 4�ß�� ç

6� ��� è� µ¶1 µcd# é��c� "ê"Y d#| ��

� �!Z �4� �­Ãc- �£µc
 �Y Ù�1R �4� �ë

c� ìí Ò
d! lHy� Àî ïuy(local optimum)1 �ë
Y

x3# �
 � � �3[6]. �*2 é��c
 y°
B g2 ¡®�1

R è� µ¶< �ð# ç 6� �� 	 2 ��< y� �ñãò(feasible

region) ×� �# óE� ô~�1 i(ä�n
# ¡®
 ¸õ
à3.

Fig. 1. Paper mill process.

Fig. 2. Trim loss.

Fig. 3. Change of width-patterns.
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�*2 ¡®
 gy 4�ß 	 �ï< ��
) 
"� ��< i(ä

�1 ��
# ��ÌÍ
 Îh
�, �} ��d# lÖ7� �2å

(upper bound)Ë 
2å(lower bound)< ��
) z{� ö~� '(

��d# ØÕ[
 °6
) 
"� i(ä� ô~�1 =E�, �<

��
) 4� 56� i� jk
 lmn
# �4< MINLP ¡®�

1 y°
�\ 23.

3. 	
 ��
 ��� ��� ��

lHn ¡®
 H�
B g2 ÷ ^a1 Ö� �4� øg< 4� 5

6 	�� rewinder 56�� =E!�# �62 7
 ��# :; $

� [
 ��/� '( �@9 AB1 cutting
# o^ 56� �6a

¨
 �4� Ö��1 23. ç ùú1# � o^ 56�� h�
# i

� jk
 lmn
# �
 ÝHÙ�1 ç�, ¯s� ��
 lmn


# �
 �Û23. )B� ��E- 4� öû
 üY d� �Ì� :


# 4� 56� Ö2 �·H ̧ ¹� bý¦ ��3. �*2 �·H ¸

¹
 ��
B þ� O^ 56� �6 a¨9 B�� ��H ¡® �#

-�� data� ��2 ¡®
 ��
à3. 
�= �*2 ��H ¡®

Öÿ� e fb�� ��
# �·H ¸¹
 ��2 �6 a¨9 �9

�� $�< �w
�(& h�
# i�� �� �(U � �Æ�1

i� jk
 lmn
# ¡®, :;� 7
 z{n Ù�1R i�� j

k
 B�� ¡®Õ3 � ¥� � �# ¡®, O^ z{
 \� ���

1R �B# ��� m�Ë �w 	^� '§ �� jk ´� ��


lmn
B g2 �·H ¸¹1R MINLP µ¶1 ¸¹
 �²
à�,

� ̧ ¹� ÄÅc
 y°
B gy MILP� µ¶1 ��
# ¡®
 f

b
à3. 

3-1. �� �	� ��� �� ��� ���

ÑÒ B�� O^ 56� Ö2 �·H ¸¹
 ÓÔÕ� À�Ë �3.

:;��- O^ z{
 �� }� ��� m�Ë �w 	^�1 ±2

jk� ��
 ~2 � ��
 ÝH Ù�(1)< =E�, ��� ��E


�62 ? ÝH Ù�� Ö2 ��\� ��/, 2 :; $� [�� =

E � �# 4T� lÖ $p� �, O^ z{ 7� �2- 
2, i�

� �
 4�ß((2)-(7))�1 ��
) �E
 3Æ ßE- �� �·H

�1 ¸¹½
à3[11, 12].

 (1)

subject to

(2)

(3)

(4)

(5)

(6)

(7)

i# �62 +,� 4T(product)
 "êD� j# ��d# z{� $p

< º»
# ��3. ÝHÙ� (1)��, cj# �62 z{ j< =EB g

y �Pd# :; $� [(raw reel/jumbo roll) 
"� ����, mj#

��/� @Þ! 4T
 =EB gy z{ j� � ù ��#�< °6


# 6����3. Cj# O^ z{
 �	B gy O^B� ¿þ
 6

�s
� '§ �w s� ��� '§ jk- �6d! �� �
(slitter)

E� gå< �	# | m¸d# ��� �� ´� �~�� Õá :;

[� 1/10� y�
# ��
 �#3. yj# �Z ��1R z{� ��

���= 1� ó
 ���1 z{� �� } m�d# ��
 h�


Y 
� z{� ��� �
 ���# 0� ó
 �Z3. 

g� ÝHÙ�< 4�
# 4�ß
 ß (2)-(7)� "êD³3. (2)#

� z{�� �wd# $�E� 7� ~� :; $� [� ABÕ3 �

À� 23# �
 "êD�, (3)9 � z{�� �wd# $�E� 7�

~� �!Z �6 øg Ë  ��� �!� 23# �


�23. ß (4)# 2 z{�� "�# 4T� $p� O^B�� �wv

� �# $pÕ3 «
 � �Æ
 �ä
�, ß (5)# z{ j� �w �

6�� ��� �
 �� yj� ó
 0�1 6Ù�1R z{
 �nst

� �Y 23. (6)9 z{� ��# �� mj# �2 Mj< �
 � �3

# �
 �23. (7)9 �wx 4T ni� ��/
 qrs�� Ù
 �

ä
� nij# z{ jD��� 4T i� �wd# �
 �23.

3-2. �� 
� ��� ��� MINLP  ��

7� z{
 �ns�3# ��B# :; $� [, � :; $� [

(raw paper reel)� lÖ 7� ��H�3(# �
  ×
) :; $�

[
 �wv }ï� 2-3��� 7
 z{ny� �w
Y x3� �w

:�< o v � �
 �= ÀÁ( ��/� '§ �� a¨
 ©�

} ��/� 7� 6�í @Þ!� i�� jk
 �� lmn v �

�3# Ø
 �×
) fb< 
Yd³3. ÑÒ g� 4×� Ö2 �ß


 gy�# 7� z{
 �Ûy� 
B }�� �1¿ ��< ü!�

23. )B�� �Ûd!� v �1¿ ��# Nr, Mr, Br
 ��
à3.

� �1¿ ��E� Ö2 � 9 !� "#
B1 
$3. ÑÒ �·H

± ¡®
 ��
) 7� z{ �n< �Û2 i� jk� lmn< g

y 3Æ- �� ¸¹½ yÕæ3. B�� ÝHÙ��� -%�w� h

�
 ¥�B g2 ÜÝ, 7� z{ �n< g2 ��, �

 �� }

s�
 jk���1 �Û
�, rùú :; $� [�� jùú O^ z

{� �
 �¯� ��d# �� ´
 �Û
) i� h�� lmn�

'§ :;��� o , ��� m� & �w 	^� �2 jk
 lm

n
# �
 ÝHÙ�(8)1 ��
à3.

(8)

subject to

(9)

min  
j 1=

J

∑ cj mj⋅ Cj yj⋅+( )

 
 
 
 
 

 
i 1=

I

∑ bi nij⋅ −Bj ,max 0≤

 
i 1=

I

∑ bi nij⋅ +Bj ,max−ej 0≤–

 
i 1=

I

∑ nij Nmax– 0≤

yj mj– 0≤

mj M j– yj⋅ 0≤

ni,order mj  
i 1=

J

∑– nij⋅ 0≤

i=1,…,I

j=1,…,J

mj, nij Z+∈

yj 0,1{ }∈

B j ,max ej– B j ,max

min
nijr ,mjr ,Mr,yjr ,yjr ′,Yr ,Yr ′  

r 1=

R

∑






Cr M r⋅ cjr  
j 1=

Jr

∑– mjr⋅







+Cr ′ Y r⋅ Cr″+ Y r ′⋅  
j 1=

Jr

∑ cjr ′+ yjr⋅













Br–  bi
i 1=

I

∑+ nijr⋅ 0≤
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(10)

(11)

(12)

(13)

(14)

(15)

(16)

)B�� Cr- cjr9 �� a�(cost coefficients) ó�1 3Æ- �� a

wd! ��1 ��Y x3. 

(17)

(18)

)B� �� a� ó± Cr9 �wT�1R '( � �
 }� :; $

� [ r� �,�3. %Ì� Cjr9 =� :; $� [ r�� z{ j� �

wT� -% �w�1 �#¦ } :; $� [ r� �,�3.

g�� O�ßnx ß�� 4�öû (9)-(16)E
 ÓÔÕ�, ÑÒ ß (9)

# � z{�� �wd# $�E� 7� ~� ��� :; $� [�

ABÕ3 �À� 23# �
 "êD�, (10)9 � z{�� �wd#

$�E� 7� ~� �!Z �6 øg Br−erË Br ��� �!� 23

# �
 �23. ß (11)9 :; $� [ r�� ") � �# 4T� z

{ $p� :; $� [ r�� lÖ1 �wv � �# $pÕ3 «
 �

�Æ
 �ä
�, (12)Ë (13)9 z{ j� �w �6�� ��� �
 �

� yjr(�Z��)� ó
 0�1 6Ù�1R :; $� [ r��� z{


 �nst� �Y 23. H< À� � ó�1 �!� :; $� [ r

��� z{� �< 42
Y x3. (14)# :; $� [ r�� �ñ2

z{� $p� k4 :; $� [ r�� �wd# z{ j$p� ~Õ3

«À� 23# �
 �23. (15)# O^ z{� � *�# :; $�

[� lÖ *�< L-v � �3# ��3. (16)9 �wx 4T nijr�

��/
 qrs�� Ù
 �ä
� nijr9 :; $� [ r�� z{ jD

��� 4T i� �wd# �
 �23.

3-3. nijr� � !"�(parameterization)# �� MILP  ��

�£µc
 �Yd# �x :±�1 � �ß��# nijr< +
 � �

3. ��
 £µn ¡®� �
) �4< þ�st# �� � �4� l

HØ
 ,B g2 ÷ ^a± ��3. g�� �²x �·H ¸¹ 	 4

�ß (16)9 mjr- nijr� è� µ¶1 d! ��, 4�ß (9), (18)& bj

Ë nijr� è� µ¶1 d! �3. �*2 µ¶� ß9 �� �£µH�

� ­Ã
� ���1 �4� �ëc
 ì&1 Ò
s�3. �*2 µ

¶1 "ê"# �£µc
 é��c(bilinearity)�(# º»�1 6�2

3. � �4< y°
� ���# g� 4s2 MINLP µ¶� �4<

y°
B QE3. �*2 é��c
 y°
B g
) g� �!Z 4

�ß 	 � ��< ��
) i(ä�n 
# ¡®
 ��
à3.

ÑÒ, �� nijr
 B�� 4×x i(ä�n ��ÌÍ� �
) ��

s�3. %Ì� �} Ú!Z i(ä�� ö~� Ö
) ��� :; $

� [� �` H~2 [
 �� °6
Y x3. � -6
 á
) Ú!

Z i(ä�< -Ö1 i(ä�nx ��� .ax 0� �# 4�ß


 4�2 ?, � °-1 Ú!�# MILP< y°
Y d� /0 Î£x

�ëc
 Õ±3. � ��ÌÍ
 ��
) bilinearity< h�st# 4

�ß (16), (18)�� ç �� 	 nijr
 i(ä�n
� g ÝHÙ�Ë 4

�ßE9 nijr� .ax ß (9), (10), (11)9 4�d�� 3Æ- �� ß

� �^
Y ��Y x3.

(8)

subject to

(12)

(13)

(14)

(15)

(16)

(17)

(18)

g ß
 ��
) k4 56� �6 a¨
 �²
à3.

4. �� � ��� ��

1� � 2 �·H ¸¹- lHn ¡®
 24� H�s� Õæ3.

24# 7� �n� �� ��H ¡®- -�� \;� ��2 k4 4

� 56�� �w a¨�1 ��d� �# \;< �3�1 B�� �

w a¨- e fb��� ¡®
 H�4
 }� °-< �5 u6
à

3. :; $� [9 B� 56��# lÖ 7 3,500(mm)
 ��
à


}� �w a¨��, e fb�� ��d# 7 �n< gy� 7
 3�

� 3,500(mm), 3,200(mm), 2,900(mm)�1 z{n 
) �w a¨
 �

²
à3. :; $�� ��- o^ z{
 �	B gy 56
 6� s

t#| K# ��, -% �w� '§ �� & [� �n� '§ 57 �

� ´9 �ÖH± ���1 �6
) �� Cr=1, Cr'=0.1, cjr=0.8, cjr '=

Br er–  bi

i 1=

I

∑– nijr⋅ 0≤

Nr ,max–  nijr
i 1=

I

∑+ 0≤

mjr H– yjr⋅ 0≤

yjr mjr– 0≤

Jr– Y r⋅  yjr

j 1=

Jr

∑+ 0≤

L r– M r⋅ l  mjr

j 1=

Jr

∑⋅+ 0≤

ni,order   mjr

j 1=

Jr

∑
r 1=

R

∑– nijr⋅ 0≤

nijr , mjr , Mr Z+∈

yjr , yjr ′, Yr , Yr ′ 0,1{ }∈

i 1,…,I{ }∈

j 1,…,Jr{ }∈

r 1,…,R{ }∈

Cr C= L r Br⋅ ⋅

cjr C′= l  bi

i 1=

I

∑ nijr⋅ ⋅ ⋅

min
nijr ,mjr ,Mr,yjr ,yjr ′,Yr ,Yr ′  

r 1=

R

∑






Cr M r⋅ cjr  
r 1=

Jr

∑– mjr⋅







+Cr ′ Y r⋅ Cr″+ Y r ′⋅  
j 1=

Jr

∑ cjr ′+ yjr⋅













mjr H– yjr⋅ 0≤

yjr mjr– 0≤

Jr– Y r⋅  yjr

j 1=

Jr

∑+ 0≤

L r– M r⋅ l  mjr

j 1=

Jr

∑⋅+ 0≤

ni,order   mjr

j 1=

Jr

∑
r 1=

R

∑– nijr⋅ 0≤

nijr , mjr , Mr Z+∈

yjr , yjr ′, Yr , Yr ′ 0,1{ }∈

i 1,…,I{ }∈

j 1,…,Jr{ }∈

r 1,…,R{ }∈

Cr C= L r Br⋅ ⋅

cjr C′= l  bi
i 1=

I

∑ nijr⋅ ⋅ ⋅
���� �40� �5� 2002� 10�




 ��� ��� �� ��� �� �� �� �� 539
0.011 aw
à�, 2ù ��dB s�
# [9 3 ��¦ }�� �

w23# �6 
� À�Ë �9 24< ��� aw
à3[1-3].

4-1. $�(5-products)

B�� ¡®± :; 7� z{
 �Û
� �
 }Ë e fb�� �

�2 :; 7� z{
 �Ûv }� �5< gy Harajunkoski(1999)�

��
à� 24< ��� �w a¨
 ©8Õæ3. 5�� $p� $�

< 3��� :; $� [
 ��
) [� 7 z{� �n< �! �w


# �6 a¨- 0�2 |��E� Table 1� 4sd³3.

ÝHÙ� (8)- %� Ö2 4�ß (12)-(16)< k4 4� 56� |�

�< H�
) i�jk
 ¥�# ¯s� ��/� '( lH� �w

�6 a¨
 b23. g 24�� ��� Ö2 ��/� '( � 1Î

(R1, R2, R3)� [
 9
 }Ë 2Î(R1&R2, R2&R3, R1&R3), 3Î

(R1&R2&R3)� [
 ¯s� ��
à
 }� � 7�� ��� Öy �

�� ^a�� h�v � �# i� jk� �:- lH ;<¥� .2

fb< yÕæ3. 

��� 7� °6x � i(ä�E- Table 1� |��, 3-3o� (8),

(12)-(18)� ÝHÙ�Ë 4�ßE
 lHn zt�± LINGO< ��


) PIII-700 MHz(128 M RAM) ��
 �Z PC�� lHn ��
 �

Ð
à3. LINGO� lHn �Ð ? ��� 7� �n� Ö2 °-<

�5
à�� 7� �n< �� �9 �w a¨ï� 3�� 7� z{


 �n2 �w a¨
 3Æ °-�� º1 6Ì
à3. 

4-2. �(width pattern) ��� ��%� &' (�)*

4-2-1. 7 R1(=3,500 mm)=
 �Û

5�� 4T
 �wv � �# O^ z{� ö~ 	�� 3-2o� 4�

ß (9), (10), (11)
 =rst# z{E� ô~
 b
B gy 3-3o�

� 4sx ÝH Ù�Ë 4�ß, Table 1� 4sx |��E
 C"!1

b»2 i(ä� �c ¸=� ÖP
) � O^ z{� ö~ 315��

	 4�ß
 =r
# O^ z{ 18��< b
à� �< Table 2� "

êD³3.

� i(ä�E- Table 1� |��, 3-3o� (8), (12)-(16)� ÝHÙ

�Ë 4�ßE
 lHn zt� LINGO< ��
) lHn ��
 �

Ð
à3. Table 39 LINGO� lHn �Ð °-�� � °-< ��


) Ú!Z lÖ7� 3,500 mm(R1)± ��= ��v } Ú
 � �#

4� 56� �6 a¨�3.

:; $� [ R1=
 ��� �6 a¨
 ©¿ °-�3. � i� j

k9 22,280(mm)�3.

4-2-2. 7 R2(=3,200 mm)=
 �Û

5�� 4T
 �wv � �# O^ z{� ö~ 	�� 3-2o� 4�

ß (9), (10), (11)
 =rst# z{E� ô~
 b
B gy 3-3o�

� 4sx ÝH Ù�Ë 4�ß, Table 1� 4sx |��E
 C"!1

b»2 i(ä� �c ¸=� ÖP
) � O^ z{� ö~ 315��

	 4�ß
 =r
# O^ z{ 13��< b
à� �< Table 4� "

êD³3.

� i(ä�E- Table 1� |��, 3-3o� (8), (12)-(16)� ÝHÙ

�Ë 4�ßE
 lHn zt� LINGO< ��
) lHn ��
 �

Ð
à3. Table 5# LINGO� lHn �Ð °-�� � °-< ��


) Ú!Z lÖ7� 3,200 mm(R2)± ��= ��v } Ú
 � �#

4� 56� �6 a¨�3.

:; $� [ R2=
 ��� �6 a¨
 ©¿ °-�3. � i� j

k9 30,710(mm)�3.

4-2-3. 7 R3(=2,900 mm)=
 �Û

Table 1. Order of example(harajunkoski, 1999)

Product(i) Order(n) Width(mm)

1 38 1,100
2 65 1,200
3 41 1,430
4 52 1,600
5 32 1,730

Br=3,500(mm), Nj,max=5, Lr=6,500(m)
Cr=1, Cr'=0.1, cjr=0.8, cjr'=0.01
R1=3,500(mm), R2=3,200(mm), R3=2,900(mm) 

Table 2. Feasible cutting patterns in R1 raw reel

j
1,100 1,200 1,430 1,600 1,730

Trim loss
n1,jr n2,jr n3,jr n4,jr n5,jr

1 3 0 0 0 0 200
2 2 1 0 0 0 100
3 2 0 0 0 0 1,300
4 1 2 0 0 0 0
5 1 1 0 0 0 1,200

18 0 0 0 0 2 40

 >  >  >  >  >  >  >

Table 3. Result of production schedule(R1)

Type of pattern
Recipe Overproduction

1 4 13 16 18

mj 2 33 21 26 16

n1j 3 1 0 0 0 38 1
n2j 0 2 0 0 0 65 1
n3j 0 0 2 0 0 41 1
n4j 0 0 0 2 0 52 0
n5j 0 0 0 0 2 32 0

Trim(mm) 400 0 13,440 7,800 640 22,280

Table 4. Feasible cutting patterns in R2 raw reel

j
1,100 1,200 1,430 1,600 1,730

Trim loss
n1,jr n2,jr n3,jr n4,jr n5,jr

1 2 0 0 0 0 1,000
2 1 1 0 0 0 900
3 1 0 1 0 0 670
4 1 0 0 1 0 500
5 1 0 0 0 1 370

13 0 0 0 2 0 0

Table 5. Result of production schedule(R2)

Type of pattern
Recipe Overproduction

4 6 7 9 11

mj 38 3 27 32 14

n1j 1 0 0 0 0 38 0
n2j 0 2 1 1 0 65 0
n3j 0 0 1 0 1 41 0
n4j 1 0 0 0 1 52 0
n5j 0 0 0 1 0 32 0

Trim (mm) 1,900 2,400 15,390 8,640 2,380 30,710

 >  >  >  >  >  >  >
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�� �
5�� 4T
 �wv � �# O^ z{� ö~ 	�� 3-2o� 4�

ß (9), (10), (11)
 =rst# z{E� ô~
 b
B gy 3-3o��

4sx ÝH Ù�Ë 4�ß, Table 1� 4sx |��E
 C"!1 b»

2 i(ä� �c ¸=� ÖP
) � O^ z{� ö~ 315�� 	 4

�ß
 =r
# O^ z{ 9��< b
à� �< Table 6� "êD³3.

� i(ä�E- Table 1� |��, 3-3o� (8), (12)-(16)� ÝHÙ

�Ë 4�ßE
 lHn zt� LINGO< ��
) lHn ��
 �

Ð
à3. Table 79 LINGO� lHn �Ð °-�� � °-< ��


) Ú!Z lÖ7� 2,900 mm(R3)± ��= ��v } Ú
 � �#

4� 56� �6 a¨�3.

:; $� [ R3=
 ��� �6 a¨
 ©¿ °-�3. � i� j

k9 13,610(mm)�3. �¼Y 2�� 7� Öy� �6 a¨
 ©¿ �


 �5y ­ } 2 �� 7
 ��v } lH� 7�(� v � �#

�9 R3(=2,900(mm))< ��v }�3. =� g 56��# 2 �� 7

=� ��d!� 23� 
� 3§ �E� �y �ÖH�1 jk


10-15% 6& ? h�st# R3< £Wy� v ��3. 

4-3. 2+�� �(width pattern) ��� ��� (�)*

4-3-1. R1- R2 ç ��< ¯s� �Û

5�� 4T
 �wv � �# O^ z{� ö~ 	�� 3-2o� 4�

ß (9), (10), (11)
 =rst# z{E� ô~
 b
B gy 3-3o�

� 4sx ÝH Ù�Ë 4�ß, Table 1� 4sx |��E
 C"!1

b»2 i(ä� �c ¸=� ÖP
) � O^ z{� ö~ 512��

	 4�ß
 =r
# O^ z{ 18��< b
à� �< Table 8� "

êD³3.

� i(ä�E- Table 1� |��, 3-3o� (8), (12)-(16)� ÝHÙ

�Ë 4�ßE
 lHn zt� LINGO< ��
) lHn ��
 �

Ð
à3. Table 9# LINGO� lHn �Ð °-�� � °-< ��


) Ú!Z lÖ7� 3,500 mm(R1)- 3,200 mm(R2)< ¯s� ��v

} Ú
 � �# 4� 56� �6 a¨�3.

:; $� [
 2 ��� Àî ç ��(R1&R2)< ¯s� ��
)

�6 a¨
 ©¿ °-�3. � i� jk9 3,280(mm)�3. 

4-3-2. R2Ë R3 ç ��< ¯s� �Û

5�� 4T
 �wv � �# O^ z{� ö~ 	�� 3-2o� 4�

ß (9), (10), (11)
 =rst# z{E� ô~
 b
B gy 3-3o�

� 4sx ÝH Ù�Ë 4�ß, Table 1� 4sx |��E
 C"!1

b»2 i(ä� �c ¸=� ÖP
) � O^ z{� ö~ 512��

	 4�ß
 =r
# O^ z{ 13��< b
à� �< Table 10�

"êD³3.

Table 6. Feasible cutting patterns in R3 raw reel

j
1,100 1,200 1,430 1,600 1,730

Trim loss
n1,jr n2,jr n3,jr n4,jr n5,jr

1 2 0 0 0 0 700
2 1 1 0 0 0 600
3 1 0 1 0 0 370
4 1 0 0 1 0 200
5 1 0 0 0 1 70

13 0 0 2 0 0 40

 >  >  >  >  >  >  >

Table 7. Result of production schedule(R3)

Type of pattern
Recipe Overproduction

1 5 7 8 9

mj 3 32 13 52 14

n1j 2 1 0 0 0 38 0
n2j 0 0 1 1 0 65 0
n3j 0 0 1 0 2 41 0
n4j 0 0 0 1 0 52 0
n5j 0 1 0 0 0 32 0

Trim(mm) 2,100 2,240 3,510 5,200 560 13,610

Table 8. Feasible cutting patterns in R1&R 2 raw reels

j r
1,100 1,200 1,430 1,600 1,730

Trim loss
n1,jr n2,jr n3,jr n4,jr n5,jr

1 1 3 0 0 0 0 200
2 2 2 0 0 0 0 1,000
3 1 2 1 0 0 0 100
4 1 1 2 0 0 0 0
5 2 1 1 0 0 0 900

18 1 0 0 0 0 2 40

Table 9. Result of production schedule(R1&R 2)

Type of pattern

Recipe Overproduction3 4 13 15 16

mjr 3 32 5 32 26

n1jr 2 1 0 0 0 38 0
n2jr 1 2 0 0 0 65 2
n3jr 0 0 2 1 0 41 1
n4jr 0 0 0 0 2 52 0
n5jr 0 0 0 1 0 32 0

Trim(mm) 300 0 1,700 1,280 0 3,280

 >  >  >  >  >  >  >  >

Table 10. Feasible cutting patterns in R2&R 3 raw reels

j r
1,100 1,200 1,430 1,600 1,730

Trim loss
n1,jr n2,jr n3,jr n4,jr n5,jr

1 3 2 0 0 0 0 700
2 3 1 1 0 0 0 600
3 3 1 0 1 0 0 370
4 3 1 0 0 1 0 200
5 3 1 0 0 0 1 70

13 2 0 0 0 2 0 0

Table 11. Result of production schedule(R2&R 3)

Type of pattern
Recipe Overproduction

1 5 6 8 9 10

mjr 3 32 6 52 1 21

n1jr 2 1 0 0 0 0 38 0
n2jr 0 0 2 1 1 0 65 0
n3jr 0 0 0 0 0 2 41 1
n4jr 0 0 0 1 0 0 52 0
n5jr 0 1 0 0 1 0 32 1

Trim(mm) 2,100 2,240 3,000 5,200 270 840 13,650

 >  >  >  >  >  >  >  >
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 ��� ��� �� ��� �� �� �� �� 541
� i(ä�E- Table 1� |��, 3-3o� (8), (12)-(16)� ÝHÙ

�Ë 4�ßE
 lHn zt� LINGO< ��
) lHn ��
 �

Ð
à3. Table 119 LINGO� lHn �Ð °-�� � °-< ��


) Ú!Z lÖ7� 3,200 mm(R2)- 2,900 mm(R3)< ¯s� ��v

} Ú
 � �# 4� 56� �6 a¨�3.

:; $� [
 2 ��� Àî ç ��(R2&R3)< ¯s� ��
)

�6 a¨
 ©¿ °-�3. � i� jk9 13,650(mm)�3. 

4-3-3. R1- R3 ç ��< ¯s� �Û

5�� 4T
 �wv � �# O^ z{� ö~ 	�� 3-2o� 4�

ß (9), (10), (11)
 =rst# z{E� ô~
 b
B gy 3-3o�

� 4sx ÝH Ù�Ë 4�ß, Table 1� 4sx |��E
 C"!1

b»2 i(ä� �c ¸=� ÖP
) � O^ z{� ö~ 512��

	 4�ß
 =r
# O^ z{ 18��< b
à� �< Table 12�

"êD³3.

� i(ä�E- Table 1� |��, 3-3o� (8), (12)-(16)� ÝHÙ

�Ë 4�ßE
 lHn zt� LINGO< ��
) lHn ��
 �

Ð
à3. Table 139 LINGO� lHn �Ð °-�� � °-< ��


) Ú!Z lÖ7� 3,500 mm(R1)- 2,900 mm(R3)< ¯s� ��v

} Ú
 � �# 4� 56� �6 a¨�3.

:; $� [
 2 ��� Àî ç ��(R1&R3)< ¯s� ��
)

�6 a¨
 ©¿ °-�3. � i� jk9 9,580(mm)�3. 

����� °-1 @
 } :; $� [� 7� 2 ��1 6yZ

�� ÀÁ(� ç �� $p� :; $� [� z{
 ��
# ��

2 ��=
 ��v } Õ3 � È:H± °-< "êA
 ­ � �³

3. �2 ç �� 7� �n< �Ûv }# R1- R2< ¯s� ��2

��� 3§ °-Õ3 i� jk
 È-H�1 ¥� � �Æ
 � �

�3.

4-3. 3+�� �(width pattern)  ��� ��� (�)*

4-3-1. R1, R2, R3 © ��< ¯s� �Û

5�� 4T
 �wv � �# O^ z{� ö~ 	�� 3-2o� 4�

ß (9), (10), (11)
 =rst# z{E� ô~
 b
B gy 3-3o�

� 4sx ÝH Ù�Ë 4�ß, Table 1� 4sx |��E
 C"!1

b»2 i(ä� �c ¸=� ÖP
) � O^ z{� ö~ 1,218��

	 4�ß
 =r
# O^ z{ 18��< b
à� �< Table 14�

"êD³3.

��� 7� °6x � i(ä�E- Table 1� |��, 3-3o� (8),

(12)-(16)� ÝHÙ�Ë 4�ßE
 lHn zt� LINGO< ��
)

lHn ��
 �Ð
à3. Table 15# LINGO� lHn �Ð °-�

� � °-< ��
) Ú!Z lÖ7� 3,500 mm(R1), 3,200 mm(R2),

2,900 mm(R3) © �� :; $� [� 7 �n< ¯s� �Û
) �

�v } Ú
 � �# 4� 56� �6 a¨�3.

:; $� [
 2 ��� Àî © ��(R1&R2&R3)< ¯s� ��


) �6 a¨
 ©¿ °-�3. � i� jk9 1,780(mm)�3. 

g °-< Õ� �þ 2 ��" ç �� :; $� [
 �Ûv }Õ

Table 12. Feasible cutting patterns in R1&R 3 raw reels

j r
1,100 1,200 1,430 1,600 1,730

Trim loss
n1,jr n2,jr n3,jr n4,jr n5,jr

1 1 3 0 0 0 0 200
2 3 2 0 0 0 0 700
3 1 2 1 0 0 0 100
4 1 1 2 0 0 0 0
5 3 1 1 0 0 0 600

13 1 0 0 0 0 2 40

 >  >  >  >  >  >  >  >

Table 13. Result of production schedule(R1&R 3)

Type of pattern
Recipe Overproduction

3 4 13 16 17

mjr 3 32 21 10 32

n1jr 2 1 0 0 0 38 0
n2jr 1 2 0 0 0 65 2
n3jr 0 0 2 0 0 41 1
n4jr 0 0 0 2 1 52 0
n5jr 0 0 0 0 1 32 0

Trim(mm) 300 0 840 3,000 5,440 9,580

Table 14. Feasible cutting patterns in R1&R 2&R 3 raw reels

j r
1,100 1,200 1,430 1,600 1,730

Trim loss
n1,jr n2,jr n3,jr n4,jr n5,jr

1 1 3 0 0 0 0 200
2 3 2 0 0 0 0 700
3 1 2 1 0 0 0 100
4 1 1 2 0 0 0 0
5 3 1 1 0 0 0 600
6 3 1 0 1 0 0 370
7 3 1 0 0 1 0 200
8 3 1 0 0 0 1 70
9 3 0 2 0 0 0 500
10 3 0 1 1 0 0 270
11 3 0 1 0 1 0 100
12 2 0 1 0 0 1 270
13 3 0 0 2 0 0 40
14 2 0 0 1 1 0 170
15 2 0 0 1 0 1 40
16 2 0 0 0 2 0 0
17 1 0 0 0 1 1 170
18 1 0 0 0 0 2 40

Table 15. Result of production schedule(R1&R 2&R 3)

Type of pattern
Recipe Overproduction

3 4 13 15 16

mjr 3 32 5 32 26

n1jr 2 1 0 0 0 38 0
n2jr 1 2 0 0 0 65 2
n3jr 0 0 2 1 0 41 1
n4jr 0 0 0 0 2 52 0
n5jr 0 0 0 1 0 32 0

Trim(mm) 300 0 200 1,280 0 1,780

Table 16. Optimal results for different production

Problem Minimum loss(mm) CPU-time(s)

R1 22,280 0.22
R2 30,710 0.10
R3 13,610 0.83

R1&R2 3,280 45.42
R2&R3 13,650 61.45
R1&R3 9,580 23.47

R1&R2&R3 1,780 198.65
HWAHAK KONGHAK Vol. 40, No. 5, October, 2002
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3 � «9 �� i� jk
 ¥àÆ
 �åH�1 "êD �� �3.

�*2 °-�� Õ)�B� i� jk
 �� È-H�1 ¥�#| �

!� :; $� [� z{
 �nst# ¡®� È-H�(# �k


� y ¥ � �
 ��3. �< g
) Table 16�� g� 24� Ö

2 °-< �5 u6
) "êD³3. 

5. � �

e fb��# ÑÒ Ö� 56�1 £W2 4� 56�� ��\�

�b� '§ 4T
 �w
B g2 O^ 56�� ��H ¡®�" -

�� \;� ��
) a¨
� �w �6
 MINLP µ¶1 �·H ¸

¹½
 áy lH �6 a¨
 �²
# -6
 BC
à3. �2 e f

b�� ÇÆ "#d!Z 7 �n< �Û2 i� jk lmn ¡®
 �

�
) i�� jk
 �� ¥ª- ¯s� lH� �w �6 a¨
 �

²
à3. Ö� 56
 �·H�1 ¸¹½v } �!Z ÝHÙ�Ë %

� Ö2 4�ß� Öy lHn< �Ð
# -6�� é��c� �B

# �
 hD
à3. � é��c
 y°
�\ i(ä�n ¡®
 �

×
) é��c
 :±� d# 6� ��� è� µ¶�� i(ä�

1 �	B ��2 ��< £6
� % ��< i(ä�1 ��
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2 ��ÌÍ
 ��
) 4�ß 	 �ï< ��
) £6x ��< �

ñ2 i(ä�E� ô~�1 ��s� MINLP µ¶� �4< MILP µ

¶1 �E ?, lHn zt�< ��
) :�� ÝHÙ�< lHn 


# ¡®�1 �< 56 |��� H�sF3. �2 56 D� :; $

� [� lÖ7� Ü� �6H�1 �wd# �� ÀÁ( ��H�(

# Ø
 �×
) ��� �wT� 7� H~2 lÖ7
 °6y G�

1R h�v � �# i�� jk
 B�� 2 �� :; $� [� 7


 �Ûy ¥ } Õ3 [� 57 ��
 1/101 �Û
�(& 12% �

�� i� jk
 � ¥�# È-< �H) � �3# �
 °-H�1

Ú
 � �³3. 

� �

e fb# 2001I& 2J-·O^� “R01-2001-00409” 5¯fb-

4� �
) �ð!Z °-� �ï��, ��  �K²Á3.

��� 

i : index of a product paper

j : index of a cutting pattern

r : indes of a raw paper reel

I : the number of different product papers ordered

Jr : the number of possible cutting patterns of raw paper r

R : the number of available raw paper widths

C : the area price of the product paper

C' : the area price for the over-production

Cr : price of raw paper reel r

Cr' : cost of the width pattern change

cjr : price for product paper reels in trimset jr 

if treated as over-production

cjr ' : cost of the change of cutting pattern j

Cj : cost of the changes of cutting pattern j

M j : an upper bound for mj
Nmax : maximum number of products that can be cut from a patter

Nj,max : maximum number of products that can be cut from pattern 

cj : cost of raw paper roll for pattern j

Bj,max : the maximum possible width of a patterns

(the raw paper width-trims on both ends)

Lr : length of raw paper r

Br : width of raw paper r

ej : the width tolerance for pattern j

er : the width tolerance for pattern r

mj : number of times the cutting pattern j is used

nij : number of product i in pattern j

ni,order : number of product i ordered

yj : a binary variable to determine if pattern j is used

Mr : number of raw paper reels r used

Yr : defines if raw paper r is used

Nr,max : maximum mumbers of products in a pattern of raw paper r

yjr : a binary variable to indicate whether a pattern j is used or n

bi : the width of product i

nijr : number of a product i in pattern j for raw paper r
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