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Abstract − This study focuses on the optimal scheduling of the paper mill process using MINLP(Mixed-Intger Non-Linear

Programming) considering the trim loss in the sheet cutting process. The mathematical modeling of the sheet cutting processs

in the form of MINLP is developed and minimizing total cost is performed in this study. To eliminate bilinearity appeared in

this model, a two-step optimization strategy is proposed. The proposed parameterization algorithm converts one of the two
integer variables in the product form to a parameter, and the model optimization is solved using a set of parameters made by the

parameterization method. The main contribution of this study is that a model for the optimal scheduling of the paper mill pro-

cess is developed considering the minimization of trim loss and a two-step strategy is proposed to solve complex problems.
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1. � �

��� ��� ��	 
� �
� ���, �	 
� ���� ��

���� ����  �. !" #$	% 120& '� () *+� ,#

	 -"�&  �. #$� �� /-�� 20000 !" 12 9003 M/T

	 �4. �5 �6 �6� 789 (:�% ;��)� <=>� 8

?�� @A B��� C4D ���% @E�)% FF 12 1803

M/T� /-G�  �. H� @E�)� I� B�G% JK)% ,0

L� 26.6%� /- ��MN 8��  �[1].

O7� PQ� R�� �SG% ;��)9 3T% :7	U% ��

� )V WXN YZ% :7� [��) \�] @E�)� ^_	%

`��	 
a &b WX� )VN c% ��9 dQO $	 /-Ae

��. �b� &b �)� �� )Vf ���N gh	 ijhkQ l

�& () :m	U% R�f PQ� gO� no �� pN q �r�

st�& O7� WX	 Y% ��9 /-�D u�. �vD &b �r

� ��9 3wx $% () :7	U no ��9 WX	 YD y9

z &s� {)� |/�D u�. � {)� |/�N }�~hk�U

��y� ̀ �N ijh�e �% {) ��N }�~hk% �(% (

) :7	U �� �� ��� �^�� ��	U
 �_ 5�� �(

��. &b �r� ��9 � �r� ���3� /-�� I� �� {

)� |/��. �b�� �( :7	U% V� �� no ��	U &

b )VN �� ��9 gh	 3���� {)� VN ��)3 {)

� |/N �t �% �D u�. � {) |/�N ���% 1S% �
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),
� ,�> ��Gx �)3[4-8] }�� �f9 ��$)% ����.

�vD {)� |/�D G� �3�� ��9 3wQ l� no (��

�f �� �  ��, 	¡) �� ¢� (��� �� �@� |/�

� |/� {)% �F�£] �h �A :7N £¤ ¥¦§f ¨�§

N (£�� �h )o9 3T% "©� :7N £¤e ��� Z� �

�� |/�D G. �Fh |/�% ��	 ª«Gx  % &b ¨�

§w� @� �1� �^��	
 ¬­N ®¯D u�.

° 1S� ±²% ��y� `��N 3jhk% gh	 }�~ Q³

N ���& &b WX� ��9 gh	 3w z |/G% {)� �N

}�~ª��� �(9 A��% ´��. �9 }�~�Q l�& µ¶

{) ��N ��� () :7	U� O7 ·¸ �(9 ����� ¹

º»�D G� MINLP ¼½� �(� ¼�G%¾ � MINLP ¼½�

±�ª�� (¿À	U Á 7� Â�� Ã� ¼½� ¼�G% ÄOÅ

�� ]Æ]D u�. Á 7� Â�� Ã� ¼½� ]Æ]% ´�� 7

�G% ÄOÅ�� Ç� �ÈÉ�(non-convexity)f �Ê¼�(non-

linearity)9 �)D G�� �(� �Ë�� ÌÍ ¶�Gx }�A(global

optimum)	 �Ë�Q Îwx)� �sA(local optimum)	 �Ë�D u

�[9]. ° 1S	U% �b� ÄOÅ�N A��Q l� Ï³��� Ã

� ¼½9 �6% Á 7� Â� 5 � Â�9 A� ,+ ÐÑ ¬Ò	U

�Ó¬Ò(feasible region) Ô	  % Õw� Ö×�� ØÙ�� Â�9

{aÚ>� ØÛ% Ï³N ¹Ñ���. �9 lA (¿À 5 O�9 �

��& Â�9 {aÚ>� Â��% Ü��ÝN '|��, �9 ���

& () :7� {) ��N }�~�% �(9 MINLP Ï³N ���

& A���y ��. 

2. ��� ��

2-1. �� ��(Paper Mill Process)

OK/©	U OÞ�@ 78� �+� ¶m �ß�� �m I� à�

% ��9 3T% () :7� OÞ��� 	¡) ¢ ynN I� ���

% -*�. 	¡)� n� �5� ¿ 10-15% 7
��. H� �á� â

�ãyá� wx�% LW¹� y° Ö¿� m¯ -*��. () :7�

PD äå �� :7, )o �� :7, æ) :7, 
: :7, ç7 :7,

èm :7�� S�u�[2, 3, 17]. �9 Fig. 1	U 2é�D ]Æ$ê�.

2-2. ���� �	
(Mixed-Intger Programming)

OÞ��� }�~ Q³N ���Q l�& ���@ ëì Ï³N B

���. �b� ���@ ëì� �íf î� ¦U� �6x��.

ïð, LK :7� �Ó� ¹ñ S�9 �ò�.

óð, ¹ñ S�	 L� }�~ ª�9 3ñ�.

ôð, }�� :7N l� }�~ �(9 õ�.

l� f7	 ��& 3wx� }�~ �(% OÞ��� ö× 7�

·¸³	 ��& ÷ �  �. ö×7� ·¸³� 1øÂ�(continuous

variable)� �-Â�(binary variable)9 gh	 èª��  % ���@

·¸³��. OÞ�@ }�~ �(% q �)� (¿À�� 7�u ¬

Ò $	U xù ±�ª�� }�ÕN S�% ´��. �´� OÞ�@

¼½% �íf î�[16].

 minf (x, y)

subject to

 g(x, y)ú0

 h(x, y)=0

 xûR, yûZ

f% ±�ª�9 ]Æ$., g� h% FF �¢À (¿À(inequality

constraint), ¢À (¿À(equality constraint)N ]Æ$. Á ¼½% Ê¼

ü� �Ê¼��. Â� 5 x% 1ø Â�9 ý�. y% 7� Â�9 �

Ú��. 7� Â�% �- Â�� �sÖ×�. 1ø��) \� ¹ñ

Â�% �-Â�� ¼½� ]Æþ �  �. �� Â�% Â�� Õ� 0

ü� 1�3 Gx  % Â�9 �Ú�. ¹ñ ��Â�% 7� Â��

ÿ` Ô	 wx�D u�. 

�b� }�~ �(% ª�� ¹�	 
a }�Õ� ,+ ¬Ò	U

}�O �
  �, �s�@ ¬Ò	U }�O �
  �. �´� ª��

¼½� ÈÉ�) ÈÉ� ��)	 
a �a)%¾, ÈÉª�% 0 λ l

@ ��	U �í� ÀN �K 3j�% ª��. �ÈÉª�% �í

ÀN 3j�) ���[18].

�b� }�~ �(% �(� ¼½	 
a PD LP(Linear Programming),

NLP(Non-Linear Programming), MILP(Mixed-Integer Linear Programming

MINLP(Mixed-Integer Non-Linear Programming)� 4�)� ]��. LP

% }�~ �(	 `x� ¹ñ (¿À� Ê¼@ ^_�� � ^_ }�

~ �(� �f Õ� ,ÒA� u�. NLP% (¿ À 5� O�� �Ê

¼@ ^_��, 3¿ ª�� ¼½� ÈÉ��� ,ÒA9 St �  �

ÈÉ�) \�� �sA9 S�& � �sA� ,ÒA@) ���&e

��. �b�� ÈÉ�) \� NLP� ^_	% ÈÉ~ f7N ��&

�Ê¼�@ (¿À� ¼½9 Ê¼�� Â�h� ,ÒA9 SAe ��.

MILP� MINLP% FF LP, NLP	 7� Â�� èªu ´�� � ^

_	% FF� 7� Â�Õ� Â~	 
a Þ� ·-N �& �w 5

}�� ÕN �D u�[10].

3. 	
 ��
 ��� ��

() :7 5 	
Q(rewinder)	U 3wx� O7� V� no ��

pN ���	 
a ÜY� PQ� st�% "ß :7� O7 ·¸�

^��@ Ï³ ü� f£� QÉ	 ��A ��. � ·¸	 
a î�

�� ��9 /-�
a
 |/�% {)� �� �a� �  �, "ß

��N y` ØÙ��� /Q% 	¡) ��� /- 5ß	 
� ��

� �� ü� ��t �  �. ° 1S	U% �b� "ß :7	 L�

O7 ·¸N }�~�Q l�& "ß :7N ����� ¹º»�&

<= <=

f λx1 1 λ–( )x2+[ ] λf x1( ) 1 λ–( )f x2( )≤ ≤

Fig. 1. Simplified diagram of paper mill process.
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MINLP ¼½� ¹ºN ���� �9 ÷Q l�& MILP ¼½� Â�

�% Ï³N 1S���.

3-1. ��� 
��� �� �� ��

° 1S	U% "ß :7	 L� no��f "ß ��N Ø� z�

	¡) ��� /- 5ß�� @� �� ¢ &b �)� ��N ×�

� ��N ±� ª� (1)� 2`�� �	 L� ��y� `��, � n

o �� p	U 3w �  % (�� }L �r� �, "ß �� V�

K�f ��, {)� �N (¿À((2)-(7))�� 2`�& �wN �í À

wf î� ����� ¹º»���.

min (1)

subject to

(2)

(3)

(4)

(5)

(6)

(7)

i=1,...I

j=1,...,J

i% �7� WX� (�N ]Æ$. j% B�G% ��� �r9 ²!

�% ´��. ±�ª� (1)	U, cj% �7� �� j9 3wQ lA ã�

G% no �� p(raw paper reel/jumbo roll) �]� ����, mj% �

��	 YZx (�N 3wQ lA �� j� q � à�%)9 �7�

% 7�Â���. Cj% "ß ��N ØÛQ lA "ßQ� �,N 7)

h�	 
� /- h2 ��	 
� ��f �7Gx  � ��w� l

¯9 ØÛ% ¾ �¹G% 	¡) �� ¢� �×�. 8� no p�

1/10	 A��% ��N c%�. yj% �� Â��� ��� Ø� ^_

	3 1� ÕN �)�� ��� Ø� z ��G% ��N |/�D �

. ��� Ø�) \N ^_	% 0� ÕN ���.

l� ±�ª�	 
4% (¿ÀN À (2)-(7)	 ]Æ$ê�. À (2)%

F ��	U /-G% �� V� ×� no �� p� PQ8�  �e

��% ´N ]Æ$�, À (3)� F ��	U /-G% ��w V� ×

� `x� O7 ÿl Bj,max−ej� Bj,max B�	  xe ��% ´N ý

��. À (4)% � ��	U ]�% (�� �r� "ßQ	U /-t

�  % �r8� IN � �íN �Ú��, À (5)% �� j� /- O

7	U à�) \N ^_ yj� ÕN 0�� 7ª��� ��N Â~hk

) \D ��. À (6)� ��� à�% !� mj% K� Mj9 "N � �

�% ́ N ý��. À (7)� /-u (� ni� ���N ijh�e ªN

�Ú�. nij% �� j$	U� (� i� /-G% �N ý��.

3-2. �����(parameterization)� ��� � ��  ��

l	U ��u ��� ¹º 5 (¿À (2), (3)� bi� nij, À (7)� mj

� nij� Ã� ¼½� Gx  �. �b� ¼½� À� �_ �Ê¼��

� ÈÉ�) \��� �(� �Ë�N Ì
� ¶�h#�. �b� ¼

½� ]Æ]% �Ê¼�N ÄOÅ��a��, �9 A��) \�U%

l	 (h� MINLP ¼½� �( A�� ÎwD u�. �9 A��Q

l�& � (¿ÀN ÈÉ� ¼½� 3wQ l� Â�� h
Gx �F


� A���% $%� ��Gx ��], �b� ÈÉ~ Ï³� 7�

Â�9 �� Â�� Â��Q l� slack variable� Z�, (¿À� Â

¼(exponential, square-root, inverted, binary transformation) ¢�� @

�& (¿À� ¼½� �_ �&A)� �(9 '% ¾ (�% h2�

���% ¢� ß)N 8��[11-15].

° 1S	U% �b� ÄOÅ�N �*Q lA ÄOÅ�N O�k%

Á Â� 5 nij9 {aÚ>� Â��& ÄOÅ�N �*�y ���. �

{ c j mj⋅ Cj yj⋅+( )}
j 1=

J

∑

bi
i 1=

I

∑ nij⋅ B j max, 0≤–

bi
i 1=

I

∑– nij⋅ Bj max, ej 0≤–+

nij
i 1=

I

∑ Nmax– 0≤

yj mj 0≤–

mj M j– yj 0≤⋅

ni .order mj
j 1=

I

∑ nij 0≤⋅–

mj  nij Z+∈,

yi 0 1,{ }∈

Fig. 2. Parameter generation algorithm.
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9 l�& ° 1S	U% (¿À 5 O�9 ���& 7� Â� nij9

{aÚ>� Â��% Ü��ÝN (h��� � Ü��Ý	 �A 7�

Â� nij9 (¿À 5 (2)-(4)9 ���& {aÚ>� Â�� + ,x�

{aÚ>9 (¿À (2)-(4) L; �(	 L��& MINLP �(9 MILP

�(� Â��& '% Á ß·� Ï³N (h���. �9 ���� "

ß ��w� ÐÑ ¬Ò 5 �Ó� ¬Òw3� nij� Ö× ¼½� ²hu

�. �	 
a ����� �� j	 L� {)� � Tj
 O7�D 7

A)�� Tj
 H� O7� {aÚ>� Â�Gx ±�ª� (1)f (¿

À (7)� ÄOÅ�� Oh	 A�G% �f9 ,ê�. H� �Ó� nij

� Ö×N �Q lA (¿À (2)-(4)9 ������� MILP �(9 A

��%¾  xU �w - (¿ÀN (£�� �(9 ÷ �  �.

µ¶, Â� nij9 (Ôu Ü��Ý(Fig. 2)	 ��& {aÚ>� Â�

h#�. ` 6å Ô	U% ��� Þ� ·-.� nI� ÕN �]� �

�hk� �� Â�w� Õ
 �]� /;�D u�. n1� Õ� K�Õ

0�� "x�D G� FF� ni	 L� ¹ñ �Ó� �×w� /�G

� 6å� 1]D u�. � f7N ��& ,x� {aÚ>9 2L� {

aÚ>~u Â�	 3·u [� �% (¿ÀN (£� +, �f� ,x

)% MILP9 A��D G� 45 'Êu �Ë�N 8@�.

� Ü��ÝN ���& ÄOÅ�N |/hk% (¿À (7)	U Á Â

� 5 nij9 {aÚ>~�� l ±�ª�� (¿Àw� nij	 3·u

À (2)-(4)% (£G�U �íf î� Ø�D u�. 

min (1)

subject to

(5)

(6)

(7)

i=1,...I

j=1,...,J

l ÀN ���& �( :7� O7 ·¸N �����.

4. �	 ��
 �� ��

l� �f9 Á �)� 6(	 ��h� 87�. 6(% Harjunkoski

� 6([12]9 @����. no ��� ��f 8ß ��N ØÛQ l

A :7N 7)hk% ¾ T% ��� KL�@ ���� �7�& F

F cj=1, Cj=0.1� ·-���, �( () :7	U% no ��� � 1

�s� ��� 9O�) ���� � 1N O7� V�� :a$x 9

O� ��N «)�%¾ &Q	U% O7�D :a$% �sN À (2)

� Bmax	U Ú� (;h� ·-���.

4-1. !� 1(4-products)

Table 1f {aÚ>w� FF �� PQ� < �) ��� WXf �

��N ]Æ= ´��.

`�	 L�& µ¶ �Ó� ¹ñ nij  Õw� Ö× 34'9 C>x� S

!� {aÚ>~ Ï³N ���& S�� � �f 5 O�9 Table 2	

]Æ$ê�.

Table 3� ° 1S	U� ÷� ÏÀf Harjunkoski� &b �) ÷�

ÏÀf� �?��.

`�	 L� {aÚ>wf nij  wN ¹Á À (1), (5)-(7)	 L��� }

�~ �k)@ LINGO9 ���& ±�ª� (1)	 L� }�A9 S�

��. � }�A� /-·¸� Table 4� î�.

4-2. !� 2(7-products)

l� 6( 1f î� Ï³�� FF �� OÃ �) PQ� WXf �

��N Table 5	 ]Æ$ê�.

7�) (�N /-t �  % "ß ��� �× 5	U (¿À (2)-(4)

9 3jhk% ��w� Ö×N {aÚ>~ Ï³N ���& "ß �

�� �× 13,080�) 5 (¿ÀN 3j�% "ß �� 92�)9 S�

�� �9 Table 6	 ]Æ$ê�.

Table 7� ° 1S	U� ÷� ÏÀf Harjunkoski� &b �) ÷�

ÏÀf� �?��.

ï �ð ß·� �Ó� ¹ñ nij  Õw� Ö× 92 '9 {aÚ>~ Ï

³N ���& S�� `�	 L� {aÚ>wf nij  wN ¹Á À (1),

(5)-(7)	 L��� }�~ �k)@ LINGO9 ���& ±�ª� (1)	

L� }�A9 S���. � }�A� /-·¸� Table 8f î�.

{ c j mj⋅ Cj yj⋅+( )}
j 1=

J

∑

yj mj 0≤–

mj M j– yj 0≤⋅

ni .order mj
j 1=

J

∑ nij 0≤⋅–

mj  nij Z+∈,

yi 0 1,{ }∈

Table 1. The order of example 1(4-products)

Product(i) Order(n) Number(max.) Width(mm)

1 8 10 330
2 7 8 360
3 12 13 385
4 11 12 415

I=4, cj=1, Cj=0.1, Bmax=1,900(mm), ∆j=200(mm), Nj,max=5, Mj =5

Table 2. The feasible cutting patterns of example 1

bi 330 360 385 415
Width(B)

J n1,j n2,j n3,j n4,j

1 4 0 1 0 1,705
2 4 0 0 1 1,735
3 3 2 0 0 1,710
4 3 1 1 0 1,735
5 3 1 0 1 1,765
:. :. :. :. :. :.

34 0 1 4 0 1,900

Table 3. The problem data of example 1

Strategy
Constraints
(lin/non-lin)

Variables
(int/bin/cont)

Binary mj(Iiro, 1998) 176 −  78(16/14/48)
Binary nij(Iiro, 1998) 172  −99(4/47/48)
Exponential(Iiro, 1998) 60(56/4) −122(−/82/40)
Square root(Ray porn, 1999) 68(64/4) −122(−/82/40)
Invert(Ray porn, 1999) 98(94/4) −122(−/82/40)
Parameter nij C this study) 40  68(34/34)

Table 4. The optimal result of example 1

J mj n1, j n2, j n3, j n4, j Bj(mm)

1 4 1 2 0 2 1,880
2 4 1 0 3 1 1,900

Sum 8 12 6 16 6

Total trim loss: 80(mm)
��|$� �=23: 8.2
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4-3. "#

)@A) 48	U 6h� L� 4�r� 7�r� ��9 /-�% (

) :7� /- O7 ·¸N ���& 87�. �W¹ () :7� O

7 ·¸@ 6( 1	U% Q�� 1S[10, 11, 13, 15]	U (hu Ï³

N ��� /- O7 ·¸f Å�� �ê�. �b] 6( 2� 7�r�

��9 /-�% 6(	U% Q�� 1S Ï³N ��� �f� Å�

9 8��. Á �)� 6(	 L� �f �?9 FF Table 9, 10	 (

h���.

Table 9� �f	U% Q�� Ï³f Å�� �íN Ü �  ê�,

Table 10� �f	U% {) ��� �3N ����� Q�� Ï³	

�A ° 1S Ï³� ¿ 42%7
 'ÊGêíN Ü �  �, 6( 2�

,+ :7� /-�	 L� {) ��� �5� Q�� Ï³	 �A ¿

3%� �� 8� Bf9 
 ,N �  ê�. H�, Table 11	U% F 6

(9 '%¾ ��u CPU timef Þ� ·- !�9 �?���. CPU
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Table 5. The order of example 2(7-products)

Product(i) Order(n) Number(max.) Width(mm)

1 08 10 550
2 11 12 630
3 15 16 685
4 05 17 720
5 08 10 760
6 12 13 810
7 06 08 850

I=7, cj=1, Cj=0.1, Bmax=3,400(mm),∆j=200(mm), Nj,max=5, Mj=5

Table 6. The feasible cutting patterns of example 2

bi 550 630 685 720 760 810 850
Width(B)

J n1, j n2, j n3, j n4, j n5, j n6, j n7, j

1 3 0 0 1 0 0 1 3,220
2 3 0 0 0 1 1 0 3,220
3 3 0 0 0 1 0 1 3,260
4 3 0 0 0 0 2 0 3,270
5 3 0 0 0 0 1 1 3,310
:. :. :. :. :. :. :. :. :.

92 0 0 0 0 0 0 4 3,400

Table 7. The problem data of example 2

Strategy
Constraints
(lin/non-lin)

Variables
(int/bin/cont)

Binary mj(Iiro, 1998) 265 119(26/18/75)
Binary nij(Iiro, 1998) 260 185(6/79/100)
Exponential(Iiro, 1998) 140(5/135) 190(−/130/60)
Square root(Ray porn, 1999) 150(5/145) 190(−/130/60)
Invert(Ray porn, 1999) 140(5/135) 190(−/130/60)
Parameter nij(this stduy) 85 156(78/78/−)

Table 8. The optimal result of example 2

J mj n1,j n2,j n3,j n4,j n5,j n6,j n7,j Bj(mm)

1 1 1 1 2 0 0 1 0 3,360
2 5 1 1 1 1 0 1 0 3,395
3 4 1 1 1 0 2 0 0 3,385
4 1 0 1 4 0 0 0 0 3,370
5 3 0 0 0 0 0 2 2 3,320

Sum 14 10 11 15 5 8 12 6

Total trim loss: 395(mm)
��|$� �=23: 13.8

Table 9. Comparison of solutions(4-products)

Previous method
(Harajunkoski, 1997)

2-step method
(this study)

Numbers of raw paper rolls 8 8
Numbers of cutting patterns 2 2
Total trim(mm) 80 80

Table 10. Comparison of solutions(7-products)

Previous method
(Harajunkoski, 1997)

2-step method
(this study)

Numbers of raw paper rolls 14 14
Numbers of cutting patterns 4 5
Total trim(mm) 945 395

Table 11. Comparison of CPU time, iterations and numbers of cutting
patterns in each schedule

CPU time(second) Iterations Cutting patterns

4-product 2.10 53 34
7-product 704.86 8686 92
���� �40� �5� 2002� 10�
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i : index of product papers

j : index of cutting patterns

Cj : cost of the changes of cutting pattern j

I : the number of different product papers ordered

M j : an upper bound for mj
Nmax : maximum number of products that can be cut from a pattern

Nj,max : maximum number of products that can be cut from pattern j

Rj : cost of raw paper roll for pattern j

Sj : cost of recycling/burning trims

Tj : amount of trim in pattern j

Wmax : the maximum possible width of a patterns(the raw paper width

- trims on both ends)

ej : the width tolerance for pattern j

mj : number of times the cutting pattern j is used

nij : number of product i in pattern j

ni.order : number of product i ordered

wi : the width of product i

yj : a binary variable to determine if pattern j is used
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