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Abstract − Changes of particle size distribution with agglomeration and breakage were experimentally studied in calcium

carbonate precipitation. The particle size distribution using population balance equation were calculated. The calculated pop-

ulation density agrees with the experimental data which are agglomeraive and breakable. 
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Z^_N� ��� ��N� �( �,�2 &)C #`LD E# �

�� a
 b: &�c de(population balance)/ f��� � [1]. g

� ��� ̂ hD
� �$e� &�'2 &)�*C ^ �i_N� j

kLD E# Alm�n� ���� J� �� ��2 MSMPR(Mixed

Suspension Mixed Product Removal) ���D
 b: &�c deC

o$ #`Lp [2, 3]. �?�� �92 h�
 _q: r�m ���

D
 b: A4� g� s� ID/ HZ: &�C 05L� M
 Bt

� uVe� � . &�c deC ��: r�m a2 &)�* #`(

�v: 34
 wx_= dyN� Zz f��{ [4-6]. �� ���a

2 &)�* \�C |}LD E# ���� �$e� !�� &� ~

d
 b: dem� ��# ��LD
� V� $P�� � . �v[

3�
� ���[ �$� � ��: ��� Z$[� ��a) &�c

deC _�#� #`LP� A4 �!'� � [7, 8]. �� &�'2 �

��[ �$�� �� �� ��
�� #`#/ ��Le7 �� Zz

0:� ��a
�[ Z$[� ��� [9]. ���/ %��� �� &

�' �2 ��! �$� �� � ��: ��� Z$[� a
 b: &

)�*C jka
L� :a,� %yL� M( ��: Z� .

&�'�2 ��
 2: �� l)� �T &� ID ��
 b: �

�_�� a
Ln � . �� ��_� �
 �� ad'( ���D

Y2 �v =�'
 2# ���e7 d �_ ¡,, ¢ &�' gE2

�T £¤ ;�¥ �y  - ¦)
 �§� ¨� . ���DY2 &)

�* \�C w  �©@ jkL� #`LD E#�� ��ad ª�

�©@ k�L� �Bm� �� M� ]d_� . �v[ u« 56


� ¬ Z­L� �Bm� 4L� M( ®2 ¯/°L� m� 4,L±

S) ²~\d2 d/ ³Ve� M� w"� . �´� 0:� ��a


� y.�� m'� 0��� � [10, 11].
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)&L� ̧ ���� &�c de2 d­#C ��¹�º :aY
� 4

L� »¼� 0�Lp . ½¾Le7 ��! �$� adC 4LD E#

&)�* d­#¥ ��­2 ¿ÀC a
L� ^� a
� "L� �M

� ÁÂ�L� Ã =�
 b: Á_ ad ª� ÄÅ . �ÆÇ 4: �

�! �$� adC ��L� w  > È� ½2 &)�*C d­ a


Lp� ��­¥ ¸ÉLpNÊ &)�* a
2 :aC ËÌLp .

2. � �

zÍ/ Z�L� Îq� HZ: ��Z � r�m a
 b: ¬ OP

% &�c dem(  Ï! Ð [1].

(1)

�D� &) �*Ñd n( ndL=dN� 78L)Ò �2�� dN( y

E Óv� zÍ Ô L-L+dL ÕE
 �� &�2 ~d� . J: G¥ B

- D� ÖÖ ,×, �, - ÂØl)C [ºYÊ LÙ� A¥ R( Ö

Ö ��! �$�
 2: �§� ÚÈ: . Bo� ID/ �= Û2 �

, l)� .

Ã &�2 ��
 2# �:: IDC /% &�2 .(net) �, l)

�  Ï! Ð� ÚÈ� .

(2)

�D
� γ=(L3−λ3)1/3�� β(γ, λ)� ÖÖ2 ID/ γ¥ λ= &�2 h

ÜÝÞ� . &�¥ �� &� : ~/ �Z: zÍ2 Ã ~� �$%

 n �:: IDC /% &�2 . �,l)�

(B−D)R=χ[2(2L3)an(21/3L)−L3an(L)]  (3)

�� χ� m (2)2 β
 bhL� �$� �d�� a� ��_N� �

��� �d� .

�ß m (1)
� Û �,! ,×� Z$[e à� �� - �$� �

�� �P: À�(discretized) ;�2 ~Tc dem(  Ï! Ð .

(4)

 
�D� k� ��2 zÍ;�ad(crystal volume coefficient factor)�

� E2 m( N~2 �á�»�m
 b: âD­ ã0�ä� d­#C

4� d � [8].

3. � �

µ A4
�� r�m ���DC f�Lp . ���D� Yå�

140 mm �� X�/ 200 mm �Ê »#æ� çÅ . CO2¥ N22 Îq

/èC ���D �z� g&Èé . ���D Yz - g&�� DT

2 ê)C 25oC� �eLD E# ���D ·z �ë! jìDC "#

íê2 �� íê5� al .îÈé . ���DY
 0.011M d
�ï

ð �ñ 1.5lC òó ô(  Ï, õÂ(200 ml/min)¥ �
�öÂ(282 ml/

min)C g&È÷ ö
� ^h� %��{ . Z� È�� å!: ½ �

øñ 400 mlC ò�Lp� EDTA_� �ñ� f�L� ïð2 ù)C

k�Lp . �!� ���( 60oC
� ��@ 65Èé� &)�`D

(Model SKA-5000 Micron Photo Sizer)C f�L� á< &�2 &)

�*C 4Lp .

4. �	 
 ��

�� ��� Z$[� �� ���a� &�c deC �
�L� d

­#C 4L� »¼� f��� � [8]. �ÆÇ L� ¹� ú /e ×

¦� � . �û ID �ÚC Li+1/Li=21/3� �
� Ln ��2 ID Õ

EC üÇ �� d � . J: ��2 zÍ� î
Ln vi+1/vi=2 �ä�

���[ �$� ��
 b: ý�þ uÿ� ~�LD/ ��L� a
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Fig. 1. Scaning electron micrographs of calcium carbonate particles. (a)
100 sec, (b) 200 sec.
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� Z�LÇ �e�{D

�ã
 ���D Y
� &�2 �,! �,� &�2 ,×( �ÈL

p . &�c deC oD E# �v: ��� �PLp� &)�* \

�!�
 b: a
� E# � ��'� ~Tc de
 ^�Èé .

���! &) �*� È�� å!Ln� Fig. 2¥ Ð� \Lp . &

�2 �,!�
� [º[� �;_= &)�* ;�C w�� � .

�¾Lp�� ��N� ,×L� Û( �,�e à� g� ��' �

2 ��! �$� ��� Z$� . hÜ��
 b: &)�* uÿ�

( �v ã�
� ��@ �Ú�� � . Randolph �[10]( hÜ! �

$� ��� Z$� � �� ¹�º¥ uÿa
� ¸ÉLp . ïð�

f���2 ù)/ 	/Ln� �$� l)/ �ÂL� !*�)C 	

/È�
 RS �
 l)� hÜ� Z$� .

&�2 �,!�
� &)�* \�� È�� å!Ln� �b_N

� 
 &�2 d� 	/L� s( &�� �Â: . RS� &�2 h

Ü ��7� �PL� &�c deC #`L� M� Z^_� . �v

[ D-ñ ö
� ^h
�� &�2 hÜ U VWS Zy hÜ� &�

'� �
�öÂ2 g&! É^
 2# �> ÂE ‘D*�ß(bubble

wake)’2 r¿�þ�
 2# �LÇ hÜ� hÜ��z� s( &�'

� �$Q [¿� MN� OPQ � [11]. µ A4
�� �Z: a


dem
 �$� í� )&L� r�m �� ���a
 b: population

deC 4L� #`Lp .

hÜ��� Z$[� ��� a2 &)�*� ~Tc deC �
�

(discretization)L� d­#C 4L� »¼� f��� � [8]. Á¶ A

4�!
� ~Tc deC À��L� d­#C w  ��, �Ç 4

L�� � L� � . � F Ramkrishna �[12, 13]( ~Tc de2

d­#C 4� � &�2 ID/ 
 ��
� ~d/ !� a
�� ¿

 C ~ûL� »¼� 0ÈL� � . &�c de2 d­#C 4Ln

� #2 �?,� §�È!� »§2 A4� �e7 �02 ���a

�z� &)�*C ��L� =�C �i�#� ~Tc deC o$ #

`L� A4� È)�e àÅ . 

RS� µ A4
�� g$% ��a2 � ÕE
 "# jk,( w

�e àe7 �´) $$ �) Bt �� ��
� &)�*C jk�

d �� %� 0ÈLp . � »¼N� g$% &)�* �� ¹���

z� a2 hÜ! �$� ��� e&L� \dC Á_� D¼� "#

��L� »¼� 'ÏN� f�Lp . hÜ! �$� l)�d
 #Ô

L� Ã áedC _K@ /�L�, ~Tc deC o$ (_ÑdC a


# )�;N� Á_­C ÄV/� �_ a
� d�Lp . �* �

ÆÇ ��� ª'( g$% ��­¥ a
­2 ÁÂ ª� 4L� !�

�ä� $$ �) &)�* �� ¹�º
 2�L� M( f�� . �

v[ Z^_N� �� ���DC 5	LD � +­,u2 ̂ hD� ,

uC ©bL� _�L� M� ]d_= !�� . RS� -., �Ç

�( �� ¹��C Zz ©×L� ~Tc deC /�¹ f�L� �

v: »¼( ���DC |aL�¹ ²� ��L� wx_= dyN�

��0 d � .

m (4)
� � m
 ��L� ��! �$� l)ad β¥ κ� �#

ee à( áed� . � �d '( �v ;�2 ^ å�_= mN�

Â~�$ � [14, 16]. �' bz�( ���DY2 É^�)¥ &�'

! uñ2 d �_ ®�� �,_N� #`L� &�2 ID J� e

dÑd
 2�L� ;�C 1� . 0È� m'( m2 ;�
 RS :

Ã ~2 á� �dC 1� . µ A4
�� ��! �$� Ã adC

�d� /�L� ÖÖ�  Ï! Ð� ��Lp . Fig. 2
 ÚÈ: &)

�* ��­ F
� 10â, 40â - 100â ¹��C ��Lp . �û

Ã ad ª� /�L� 10âC ÈsN� m (4)2 d­#C 4Lp .

40â, 100â å!: ½2 &)�* a
 ªN�z� < ¦2 &)�*

��­¥2 ÀC 4L� �2 2q� a
Lp . �  Ï grid search

»¼N� β¥ κª� \�È÷ /n� Ð( !�� ̂ �a
 Lp . �

3 !�� ®� ¿À2 2q� ÁÂ/ �� β¥ κC 4: �! β=0.60

410−9, κ=1.20410−3C �{ . �¾: a
!�� ��Ln  Ï! Ð

 . ��! �$�� �È
 Z$[� �� ���a2 &)�*�  

Ï! Ð� 4\d Ñd� �Ö� d � .

n=n(t, L, β, χ)  (5)

β¥ χ/ �dS /�L� m (4)2 d­#¥ ��
� �( &)�*

¹�� nexp(t, L)� z� V´2 (_Ñd/ ÁÂ/ �� β¥ κ� 4L

p .

(6)

�D� n( ¹��2 ~d� . (_Ñd2 ÁÂ­C ÄV/� !�(

Fig. 3
 [ºY{�� )�;(grid search)� f�Lp .

�ÆÇ 4: β¥ κC m (4)
 b&L� &)�* d­#C a
Lp�

Fig. 4
 �� Ès ½ 10â ½2 &)�*C D�N� 100â ½2 a


� &)�*C ��­¥ ̧ ÉLp . E
� 5�: 6¥ Ð� D� È�

f nj
calc nj

texp–( )
2

j 1=

n

∑=

Fig. 2. Experimental PSD variations in calcium carbonate precipita-
tion.

Fig. 3. Determination of aggregation and rupture kernels by dynamic
optimization.
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¥2 À�/ sÇ �)Ò ��� ª� . RS� �� ¹��/ f��
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 "# a

� ~Tc de
 Ã ª� f�L

D/ z_q: MN� æy� . �v[ ���[ �$� ��
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�!C wZ d � .

Fig. 5
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�56
 ¶®C Ã� &�c deC o{D �ã
 ��ÕEC IÇ

8$9 ��
�� ��@ ��� |}: � ; d � . �v[ � a


 »¼� ���DC |a#� ��� <( bench-scale � þ�� �

&)�* ��¹��C %yL� wxL� ��: )4� f�0 d �

 . ��­¥ ¸ÉLe� àÅe7 È� å!
 R
 &�2 ��� Z

$[� !�� [ºY� � . a

 2: �´=2 ;�7� ; � �

�7 Z$[� �LÇ ��% &�'2 �$� ��� �� a� >  

Z$[� a
 ¸# s( &�2 �Â¥ 
 &�2 	// Ã?v@ .

Z^_N� DT¥ ñT ^h
�� É^A!¥ ÑB D*2 ��N�

�LÇ ��% &�2 �$� ��� C@ ��L� MN� OPQ �

D �ã
 �D� 0È: uÿa
( µ �� a2 &)�* \�!�

� _K@ |}Lp .

5. � �

&�2 ��! �$� ��� �È
 Z$[� a2 &)�*C jk

LD E# ~Tc de D¶»¼� f�Lp . d­#C 4LD E#

��2 ID ��� vi+1/vi=2/ �)Ò �
�L� : ~2 Eá� »

�m� �v ~2 �á� »�mN� \îLp .

&)�*C w  �©@ a
LD E# ��! �$� adC Á_�

Lp . Á_�D¼� "# a
: &)�*¥ ��­2 À/ ÁÂ/

�� (_ÑdC |�L� ad ª2 âD /�­
� ÈsL� ad

2 Á_ ª� 4Lp . w  > È�� å!: ½2 &)�*C ��

! ¸ÉLp . �3 »¼N� 4: &)�* a
( hÜ! �$� �

�� Z$[� �����DC |a� � �� ¹�º
 b: wx_

= dyN� f�0 d � .


���

B(L) : Particle birth function at size L, #/cm3µm sec

Bo : Nucleation rate, #/cm3sec

D : Particle death function at size L, #/cm3µm sec

L : Particle size, µm

G : Linear particle growth rate, µm/sec

n(L) : Population density distribution function, #/cm3µm

β(γ, λ) : Coagulation kernel for particles of volumes γ, λ
κ : Rupture kernel
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