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�� �� ���(partial least squares, PLS)� 	
� ��
 ��� �� ���� � ���� ��� ���  !" #

$% &'()* +,-. /0. #12 �� �34 (5#$ 678  !� 2�9 :; �� �� ���� �,#$ <

� =� >?� @A0. BCD =� �,-E F$ G�� recursive PLS(RPLS)�0. RPLS$ H*I %�J KL� �.

MN  !� OP �0. #12 %�JQ �R� S�  �TU ��Q � �3� F� VW1  !� OP#1 X� �Y

F0. @7D � Z[4D$ �� �34 \ (5#E  ! OP� ]^ _:* #$ block-wise RPLSQ 678 (5 G�

8 moving window G�� �,#`0. Block-wise RPLS$ ab  !� 2�E cd#$% ef� g
 �#� h�ij$

&'� F0. k l�4D$  !� ��#$ mYno4 F$ ]^� +�Q ���g� Upo$ 1q� �Q� 0r, B

1q� s; forgetting factor� �#$ G�� >i#`0. � G�� ��4 t� uv(8 1w� ef#1 XE _1 %

�J ]^Q ���g2)* (5  !Q xyz� {u � F$ G��0. @7D 0A G��� Upo1 |� ��� �

}� ��i~0. � G�� 9v)* �� ��Q ��*Q NOx(nitrogen oxides) �� �Y� xy#$  !� forgetting

factor� �,; ���E, � forgetting factor4 Q; xyz� �� 4� �Q 95%�� ���� �8#`0.

Abstract − Partial least squares (PLS) regression has been effectively used as one of the data-driven empirical modeling to

deal with a large number of variables in the complicated covariance structure. But Partial least squares (PLS) regression has
limitations in the online model update. Therefore, recursive PLS has been used for the online adaptation of the model. The

RPLS algorithm is implemented as soon as some new samples are available. It may be desirable not to update the model until

significant amount of data are collected and the process has gone through significant changes. In this paper, we used the block-
wise recursive partial least squares (RPLS) algorithms with a moving window for the adaptation of the model according to the

process shifts. The block-wise RPLS algorithm has been used to reduce computational load in PLS regression and its cross-val-

idation. In this work we defined the index to represent correlation between blocks and proposed how to determine the forget-
ting factors through it. This proposed method is to improve the prediction power of the adaptive modeling considering

correlation between blocks without general process knowledge. Therefore, this proposed method included correlation informa-

tion that different methods did not express. The method was tested to process heaters in the oil refining company. We con-
structed the prediction model of the effluent NOx composition with forgetting factors and showed that the prediction power

approximated more than 95% of the minimum error.

Key words: Partial Least Squares, Recursive PLS, Block-Wise RPLS, Forgetting Factors, Moving Window, Adaptive Model-
ing, Correlation, Heater, NOx
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1. � �

��� �� �� �	
� �
� �� ��� ��� �� �� �

� � ��  PLS(partial least squares)! "# $% ��& � �' (

)* +�, �-.�. Wold� "/�  ��, 01 	23, PLS!

chemometrics �456 78 ��9: ��[1-3]. PLS $%�; < :

=�  $%�  MLR(multiple linear regression)	� PCR(principal

component regression)>� < ?@� AB, C��D EF5 G; H

I
36 J�K�. PLS L�� HM�56, PLS $%�; batch-wise

ABN� OP, J���. Q, RS
5 �	
� ATU: V'K �

W, PLS $%�	 =X �	
 YZ5 �[ \]K�. Batch-wise PLS

$%�; �"#+(collinearity) FC^ _` \ �U�, �W� a; b

�U� Cc, �U: ��. de, f3g �	
� &) h, E, ij

 k56 PLS AB, lm�D� )n�. Q, f3g �	
� &)o

� f3g �	
p �� �	
� qrs6 f3g AB, #+�t

K�. 	u; �� �	
  ̂vJ�[6 AB	 #+9w3, �xk
3

yz{�	�. |e, }; �\p ~�, �� �	
� ��, batch-wise PLS

�:8�; RS
 �A8^ � ��� \� ��. �e, cross-validation

, \]  ̀E, �� }; ��	 ��K�[4]. 	�� FC&, [��D �

[ J�K ��	 RPLS(recursive PLS)	�. D��  RPLS �:8�

; Helland �[5]5 �[ CI9�
�, Qin[4]5 �[ \�9: moving

windowp forgetting factor̂  	�� block-wise RPLS ��
3 �'

9��. �8: Qin[4]; f3g �	
5 H� 6� AB� �� PLS

AB, �q[6 f3g AB, ��! block-wise RPLS ��
3 �

'�: cross-validation ��5� ��� �. 	 ��; D¡� batch-

wise PLS>� �x M�� �)6 ��� �A8 ¢�56 '£, ¤

: �: ij k56 AB lm	 �	��. �8: PLS �:8��

�x ¥�^ ¦§t �D �[ ¨"K kernel �:8�, 	�� RPLS

��� CI9��[6]. � ©/56 J�K D��  ��; Qin[4]5

�[ CIK block-wise RPLS with a moving window and forgetting factors

��	�. 	 ��56 AB� ª¢«, ¬	D �[ J�9! ���

�\! forgetting factors	�. � ­F56! forgetting factor̂  ��!

��, CI� �.

� V®� CI� ��, ¯C �°�'� �±356 ²³9! NOx

´� ABN5 ��� �. µP &) ¶� FC� = b��  FC3

H·9) ¶� ��5 H� �	
 ��, A¸
N, ABN� C)5 ¹

� ©/� }	 º»9��[7-10]. 	�� ©/&; ¼U, m�½, °=

® �:8�, $% AB � �¾� ��, �[ ©/9��. � V®�

��� �±3! ij  ��D5 �[ NOx ´�^ »��!�, ij

  ��D� o¿À5 Hy�: >� ¦Á NOx ²³ ´�� C)^ �

[ ��� NOx ²³ ´� AB	 Â���. Ãj6 ��� �Ä5 �

L�! ��� AB, °U�D �[ ij  AB lm	 Â\�	�

: AB� ª¢«, ¬� \ �! ��
3 forgetting factor� ��5

Å£, ·��. Forgetting factor! AB5 J�K ÆÇ� k¹¹�^

�-È! V®� CI� U»5 �[ Ét ��9�:, ABN5 J�

9! ®Ê ]Ë, /+�!� 	�9��.

2. �� � ��	 
��

2-1. Partial Least Squares Regression

Xp Y, · ®Ê ]Ë J	� "# ¹�^ ���!� �)6 Ì3 J

�9) i ��; �� "# $%�(multiple linear regression, MLR)	

�. ��� Í ]Ë È5 63 k¹+	 Î �\&	 ÏÐK ��, �

ª¢«; kÑÒ Ó)Ut 9!� PLS! 	 FC^ z��
3 Ô8�

Õ ª¢«	 ()�: �� ÖW� )× ��� Ø6 :' �5� ?@

� AB, C�` \ �! ��	�. PLS AB, �&D �[ �" A

¸
 9)4 ` LÙ �\&, Q ÚÛ �\&� �	
&3 Y^ /+�

:, ª¢® �\&, Q ij 
3 ¢�9! �� �\&3 X^ /+�

�. Ü«(X)� ³«(Y)5 H� ®Ê ]Ë � Ý	 Ì)U�, · ]Ë,

�W� a; "# ¹�3 ����. 

Y=XC+V (1)

ÕD6 Vp C! ÍÍ noise ]Ë� $% �\(regression coefficient)

]Ë, �-.�. · ®Ê ]Ë, Xp Y� k¹¹�^ 	��Õ ®Ê

]Ë, �[�:, "# AB, �Þ�. � ��36 #+9! ]Ë;

�W� a�. 

X=TPT+E (2)

Y=UQT+F (3)

U=TB+G (4)

B=(TTT)−1TTU (5)

ÕD6 E, F, G! ß�(residual) ]Ë&	: T! Y^ :à� X á�

��56� 	«, �-È! score ]Ë, U! X^ :à� Y á� �

�56� 	«, �-È! score ]Ë	�. �8: Pp Q! ÍÍ Xp

Y5 H� loading ]Ë	:, B! Xp YJ	� È� ¹�^ »â�!

È� AB �\&� diagonal ]Ë	�. �� ]Ë&, /�D �[

Geladip Kowalski[11]5 �[ �¨K PLS �:8�, Table 15 �-

È��. AB56 factors� \^ ���! ��; F-test� CI9D�

� U�[11], cross-validation(CV)	 �' D��	: ̄ C�	�6�

mã` \ �! ��	�[12]. D��
3 CV! �	
^ }; �ä&

(ª^ &� 5-10̈ � �ä&)3 �å æ5 �ä& �56 � �ä, Cç

�è �	
  ̂Õ� bé3 �&t K�. 	 bé&3 ÍÍ PLS AB,

�Þ æ5 Í AB, �& E CçK �ä	 Í AB� êë �ä	 9

) 	 êë �ä5 H� Y �\&� ¯C ì� ª¢ ì� �	^ �x�

�. AÞ AB3M
 	 �	&� SS(sum of squares)̂ �x�: q

x�t 9� � AB� ª¢«5 H� í�  PRESS (predictive residual

sum of squares)� K�. 	 ì	 �� µ�� 9: 	 ì� latent

variables(LV)� �2î56 DïD� �� 05 �ðg U£56 LV�

\, Q factor� \^ ��t K�. >� PRESS! Q2(the “cross-validated

R2”)3 v»â 9!� 	 ì; (1−PRESS/SSy)	� ÕD6 SSy! Y�

ñò5 H� Y� SS	�. 	 ì; R2=(1−RSS/SSy)p yó` \ �!

� 	 R2! 056 1J	� ì, �U� 1; ô=� ABõ,, 0; =

ö ¹÷	 ø! ABõ, �-.�. ÕD6 RSS(residual sum of squares

! AB	 ùú` \ ø! residual&� SS	�. �û�
3 Q2� 0�

Table 1. A traditional batch-wise PLS algorithm

1. Scale X and Y to zero-mean and unit-variance.
Initialize E0:=X, F0:=Y, and h:=0.

2. Let h:=h+1 and take uh as some column of Fh-1.
3. Iterate the PLS outer model until it converges:

wh=Eh-1
T uh/uh

Tuh

th=Eh-1wh/||Eh-1wh||
qh=Fh-1

T th/||Fh-1
T th||

uh=Fh-1qh

4. Calculate the X-loadings:
ph= Eh-1

T th/th
T th=Eh-1

T th

5. Find the inner model:
bh=uh

T th/th
Tth=uh

T th

6. Calculate the residuals:
Eh=Eh-1−−−−thph

T

Fh=Fh-1−−−−bhthqh
T

7. Return to step 2 until all principal factors are calculated.
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���������
1J	� ì, �Ut 9� �ü�
3! R2� Q2>� >� 5-20% �

� < ¬t �-�!� ¯C3 X �\ � Yp k¹ ø! �\� }	

ÏÐ9) overfitting	 ý\Ç 	 �	� < þUt K�.

2-2. Recursive PLS Regression

�� AB; ��� ��5 ÃÁ �Ä^ ûY�D �[ f3g ��

�	
5 P�[6 lm 9)4 ��. AB, lm�D �� �� 

RPLS �:8�	 Helland �[5]5 �[ CI 9��. PLS $% AB;

V^ µ�Ä �D �[6 ||Y-XC||2, µ�Ä�D �� Ĉ  �W� a	

/` \ ��.

CPLS=(XTX)+XTY=W(PTW)−1BQT (6)

ÕD6 W! Xp Y J	� ¹�^ �-È! weighting ]Ë	�. f

3g �	
 {X 1, Y1}, 	�[6 D¡5 �ÿ PLS AB, lm` E

J�9! ®Ê ]Ë; � (7)� a�. � (7)� ]Ë, �U: PLS $

% �\ ]Ë, /�D �[ � (6), 	��� � (8)� a; $% �

\ ]Ë, /` \ ��.

(7)

(8)

T� ±&	 63 orthonormal �: TTF=0 	w3 �W� a	 � \

��[4].

XTX=PTTTPT=PPT (9)

XTY=PTTTBQT+PRTF=PBQT (10)

� (8), (9) �8: � (10)5 �[ $% �\ ]Ë; �W� a�. 

(11)

� (8)� (11)� yó^ �[, f3g �	
^ 	�� RPLS� AB l

m; �W ®Ê ]Ë5 �[ \]K�.

(12)

Q, PLS3 AB, lm` E! U* �	
p f3g �	
^ 	��

U�, RPLS! U* PLS AB� f3g �	
^ 	���. �26 f

3 /+K ®Ê ]Ë� �D� ¿D EF5 PLS AB, ��!� M

�� �: �x ��	 �á9! 	£	 ��.

2-3. Block-wise RPLS

RPLS �:8�; � ̈ � f3g ~�	 &)o� AB, lm��. �

U� ¯C ��5" �	
� kÑ� ¾	 A	�� ��� Î �Ä�

�, EðU AB, lm�U �, \� ��. �26 � ¨� ~�>

� �� �	
 \� }; ÆÇ� ¨	, J���[4]. f3g �	


ÆÇ	 &) h, E, D¡� PLS AB� f3g ÆÇ, 	�[ �Þ

PLS AB, 	�[ AB, �Þ�. f3 �&)� AB5 �� ®Ê ]

Ë	 ÆÇ, 
á� á� AB	:, ÆÇ ®X! }; ~�&3 /+9

) �D EF5 RPLS>� AB lm, ®Ì �U �T� K�. AB5

J�ý ®Ê ]Ë; �W� a�.

(13)

ÕD6 PTp BQT! D¡� PLS AB56 �i ]Ë	:, P1
T� B1Q

T
1

; f3g ÆÇ� PLSAB56 �i ]Ë	�. �� D¡ ÆÇ� AB

� f3g ÆÇ5 H� AB, �q� ]Ë3 AB, lm�! u	�.

2-4. Block-wise RPLS with a moving window and forgetting factors

AB5 J�K ÆÇ&� \^ ���(window)j �!�, 	 ���

�D^ ���t °U��6 âv �£� ÆÇ� U* ÆÇ&� AB

5 forgetting factorŝ  U\Ð\ 
3 ����6 �[ ��. Forgetting

factors� ¿,\Ç U* �	
^ �8 �!�. ��� ��� �D^

°U�D �[6 f3g ÆÇ� AB5 H� ]Ë	 &)o� �' o

2K ÆÇ� AB5 H� ]Ë, ø��. 	�� ��; ij  k56

AB, lm�!� �q��. �W; 	 ��5 J�9! ®Ê ]Ë,

�-. u	�.

(14)

  Input matrix  Output matrix

ÕD6 λ! forgetting factor, S! âv� ÆÇ	: W! ���È Æ

Ç&� \	�. 	 ��; �� D�� �	
�, 	��w3 M��

�x¥� ¢�56 �' }; '£, �U: ��. 

2-5. ���

ÆÇ&� °J+ �>  k¹¹�^ ûY�! U\^ ���! ��

� 	 U\^ ABÆÇ&� forgetting factor3 ���! ��; �W�

a�.

�. ABN5 Â�� ��� �D^ · ÆÇ
3 °U��6 f3g

ÆÇ, ª¢��. ABN5 J�K · ÆÇ ÍÍ� sub-model, PLS3

ABN ��.

�. · PLS AB5 �[ /[� loading ]Ë� ���\(R2)̂  	�

[ �W� a	 /��. 	 �56 J�K �; element-by-element

multiplication	�.

(15)

(16)

ÕD6 1� 2! AB5 J�K · ÆÇ, r1� r2! Í ÆÇ� AB5 H

� LVs� \, m; �\� \, E-R2Y! Ì+��3 »âK Y5 H�

R2 ± �
^ �\ \�� �'� ]Ë	:(ri�m); ]Ë� �D^ �

-.�.

�. � (15)p (16); Í �\�3 
áK �>  �W� a; �
3

�#K�.

(17)

(18)

j. � (17)� (18)� elements; Í ÆÇ� �\ �>^ 
á� ì&

	�. 	 ÆÇ&5 H� k¹+ �>^ �D �[ · �
� k¹�\

(r)̂  /��. 	 k¹�\! AB5 J�K · ÆÇ� k¹¹�^ �-

Èw3 · ÆÇ
3 ABN ` E, 	 ì, forgetting factor3 J���

Xnew

X

X1
   and  Ynew

Y

Y1
==

Cnew
PLS X

X1

T X

X1
 
 

+ X

X1

T Y

Y1
=

Cnew
PLS PT

X1

T
PT

X1 
 
 +

PT

X1

T
BQT

Y1

=

Xnew
PT

X1

   and  Ynew
BQT

Y1

==

Xnew

PT

P1
T

   and  Ynew

BQT

B1Q1
T

==

PS
T

λPS 1–
T

.

.

λW 1– PS W 1+–
T

BSQS
T

λBS 1– QS 1–
T

.

.

λW 1– BS W 1+– QS W 1+–
T

,

P1 r1 m×( )
T E R2Y r1 m×( )–× AA r1 m×( ) ajk[ ]= =

P2 r2 m×( )
T E R2Y r2 m×( )–× BB r2 m×( ) bjk[ ]= =

aj1
j 1=

r1

∑ aj2
j 1=

r1

∑ aj3
j 1=

r1

∑ … ajm
j 1=

r1

∑ aa1 m×( )=

bj1
j 1=

r2

∑ bj2
j 1=

r2

∑ bj3
j 1=

r2

∑ … bjm
j 1=

r2

∑ bb 1 m×( )=
���� �41� �5� 2003� 10�
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K�. Q, · ÆÇ � �� ÆÇ5 k¹�\^ ��: âv5 �ðg Æ

Ç5 1, �[6 ®Ê ]Ë, �Þ �W, � ®Ê ]Ë, 	�[6 PLS

AB, \]��. k¹�\� ¿
� ��� · ÆÇ� k¹+	 ¿�

! u	w3, ª¢�! ÆÇ� k¹+� Ó)Û u	�. Ãj6 AB Æ

Ç � µP ÆÇ5 weight̂  < �t Ì:, kH�
3 �� ÆÇ5

weight̂  ¿t ��. · ÆÇ	 k¹+	 ��! u; ��� �W Æ

Ç� k¹+	 � ��+	 ¬
w3 · ÆÇJ	� weight �	^ ¿

t [6 µH� �>^ }	 �U: ª¢��Ç ��. 	p a	 k¹

�\^ forgetting factor3 J�[6 AB, ��! u; AB ÆÇ5 H

� �>3M
 ª¢ ÆÇ5 H� �>^ µH� ûY��Ç �D EF

5 >� G; ª¢«, �� AB, �& \ ��! '£, �U: ��.

3. �
��

3-1. �� ��

Hk ��; �°�'� �� ��âk EF5 ��3 mùK new

crude charge heaterp air preheater system
3 crude charge heater unit

p combustion air preheater unit3 /+9) ��. �p a; ���;

crude charge heater56 °³9! flue gas� �±, $\, >� ¬; z

{, ë�� D ��Õ flue gas steamk5 :i� flue gasp �±3

� ©��D� ±ó¶, �� air preheater̂  ù!� 
�, �±356

� ©�5 Â�� �D! air stack, �[6 FDF(forced draft fan)5 �

[ �D ª±D5 �"K�. �D ª±D56 ª±K hot air! #° �

±356 �D ª±D^ �[ �o! ©��� i�� µV 170oC 	

k, °U�D �[ Â�5 Ãj by-pass line, �[ �D ª±D^ �

!U �: $O #° �±35 �"9)��. #° �±356 ©Êp

�D! Ð% ©� 9) �� °X5 ±, =&� æ �'U ±�	 �

D ª±D56 ©��Dp ±ó¶ 9� IDF(induced draft fan)5 �[

(� ùy  multi-cyclone, �[ �±3 stack
3 ²³K�. )�

natural draft g=� ��! FDFp IDF̂  �U�è æ5 �D ª±D^

�!U �: $O �±3 stack
3 ²³K�. #° �±3! ©Ê36

fuel oil� fuel gaŝ  A· J�  ̀\ �! combination type
3 ��56

�*
3 atomizing �è�[13]. 	 ��� ¨+�^ Fig. 15 �-È�

�. �� �\! ,- �\ 25̈ p .¥ �\ 1̈ 3 /+9) ��. ,

- �\! °�, i�, 
«� ¹÷K �\	:, .¥ �\! ij  �

�D5 �[ ¢�9! NOx ²³ ´� ì	�. ~�; ¯�� �	
/

	�(RTDB)3M
 #�! ��0� �s1 \ ��. ABN5 J�K

~�N -õ; 2�� �	
^ 	�` \ �: ABN ��^ yó�

mã` \ �! 2�, ����. ABN, �D �[ J�K �	
!

20013 44M
 20023 44ðU� �	
	:, 114ðU� �	
!

Ì3 ABN, �� �� ��5 J�9�:, 1145M
 20023 44

ðU� �	
^ CI� ��
3 ABN�: 6�é� �.

3-2. NOx �	 
� ��
 �� ��� ��

NOx ²³ ´� �� AB, 3�U �	
 �ä&, �[ /+� �.

d 7e �ä �	
! NOx ²³ ´�� :´�(ñò 150-160 ppm)�

E� �	
	:, · 7e �ä �	
! V´�(ñò 110-120 ppm)�

E� �	
	�. 	& · �ä; � ÆÇ� �D^ 1Ì��� ~�\

3 �: f3g ÆÇ	 &)o! 1Ì�(~� \ D�) ��3 AB, l
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Table 2. Correlation coefficient(r) and RMSE (‘01. 11. 27-‘02. 1. 8)

Number of prediction blocks r (model blocks) λ=1 λ=r Min. Accuracy (%)

3(model blocks:1,2) 0.0844 17.5654 11.1224 11.1224 100
4(model blocks:2,3) 0.5158 12.2814 12.9181 11.7056 91
5(model blocks:3,4) 0.1382 12.0109 11.7261 11.4144 97
Total blocks 14.1849 11.9455 11.4166 96
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Fig. 2. NOx Concentration for the seventh block in the group I.

Table 3. Correlation coefficient(r) and RMSE (‘02. 2.5-‘02. 4. 10)

Number of prediction blocks r (model blocks) λ=1 λ=r Min. Accuracy (%)

3(model blocks:1,2) 0.5072 8.0975 8.0230 8.0230 100
4(model blocks:2,3) 0.7920 6.8223 6.5220 6.4233 98
5(model blocks:3,4) 0.6914 6.3937 6.5774 6.1595 94
6(model blocks:4,5) 0.6696 8.5597 8.4139 8.0352 95
7(model blocks:5,6) 0.1220 12.3775 8.7908 8.4313 96
8(model blocks:6,7) 0.4189 12.0530 12.5536 12.0530 96
Total blocks 9.3518 8.7162 8.4112 97

Fig. 3. NOx Concentration for the seventh block in the group II.
���� �41� �5� 2003� 10�
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AA : TRr1×n, matrix including information in sub-block I

ajk : elements of AA  matrix

aa : row vector including compressed information of variables in AA

B : diagonal matrix of inner model coefficients in X and Y

B1 : diagonal matrix of inner model coefficients in X1 and Y1

BB : TRr2×n, matrix including information of sub-block II

bjk : elements of BB matrix

bb : row vector including compressed information of variables in BB

C : model coefficient matrix

CPLS : regression coefficient matrix from PLS

Cnew
PLS  : updated regression coefficient matrix from PLS

E : residual matrix for X

F : residual matrix for Y

G : residual matrix for U

m : number of variables in X

P : loading matrix for X

P1 : loading matrix for X1
Q : loading matrix for Y

Q1 : loading matrix for Y1
Q2 : cross-validated coefficient of determination

R2 : coefficient of determination

r : correlation coefficient between model blocks

r1 : number of latent variables in PLS model of sub-block I

r2 : number of latent variables in PLS model of sub-block II

S : current block

T : score matrix for X

U : score matrix for Y

V : noise matrix

W : weighting matrix in PLS

W : number of block in a moving window

X : input data matrix

X1 : new input data matrix

Xnew : updated input data matrix

Y : output data matrix

Y1 : new output data matrix

Ynew : updated output data matrix

������

λ : forgetting factor

� �

T : transpose
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Table 4. Correlation coefficient(r) and RMSE (‘02. 2. 25-‘02. 3. 17)

Number of prediction blocks r (model blocks) λ=1 λ=r Min. Accuracy (%)

3(model blocks:1,2) 0.7348 4.8875 4.2543 4.0242 95
4(model blocks:2,3) 0.6092 4.6771 4.3217 4.3217 100
5(model blocks:3,4) 0.6832 5.7175 5.6604 4.5403 80
6(model blocks:4,5) 0.3601 6.6184 6.6058 6.4509 98
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