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Abstract — The three-dimensional model of isothermal flow of power-law fluid in a coat-hanger die has been devel-
oped using finite element method. The shape of coat-hanger die used in the present model was determined according
to the previous analytical design equation which is based on one-dimensional flow mode! in the manifold and the slot.
Because uniform flow rate across the die outlet is most important to achieve uniform thickness of extruded polymer
sheet or film, flow rate distribution is mainly examined to determine the valid process condition for the design equation
as the design parameters are changed. The effects of fluid property in terms of power-law index and process parame-
ters not considered in one-dimensional design equation such as die inlet size and the presence of land were analyzed.
Results show that the manifold angle is the most influencing design parameter on flow rate distribution. When the
material of different power-law index from design value is processed, the change of power-law index affects the

uniformity of flow rate appreciably.
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INTRODUCTION

The coat-hanger dies are widely used in the polymer process-
ings for the production of sheets and films. Both the geometrical
and material quality of the products is governed by the uniformity
of flow rate and residence time distributions. To satisfy these
conditions, the optimal design of the coat-hanger dies has been
a major research interest for many years.

The first attempt at the optimal sheet die was made through
the T-dies with the horizontal manifold [ Carley, 1954, 1956; Mat-
subara, 1980a; McKelvey and Ito, 1971; Pearson, 1964]. Many
of these works on the T-dies revealed the necessity of the more
versatile dies with the tapered manifold of varying cross-sectional
area and the tapered slot section because T-dies were not able
to provide sufficient flow uniformity for the production of the
wide sheets and films. The design problem of the coat-hanger
dies was studied by many investigators [Klein and Klein, 1973:
Lee and Liu, 1989; Liu et al., 1988; Matsubara, 1979, 1980b, 1983:
Procter, 1972; Tadmor and Gogos, 1979; Winter and Fritz, 1986 ].
The designs of T-die and coat-hanger die were mainly carried
out by analytic method under the assumptions that both the flows
in the manifold and the slot are fully-developed in the machine
direction and have no interactions, using power-law fluid for the
polymer melts. Most of these analyses can be termed as the one-
dimensional models of the flow in the manifold and the slot, which
neglect the interaction between two flows. Although the derivation
is straightforward, the analytic approaches are physically too re-
strictive in assumptions and cannot provide sufficient information
on the flow fields. In order to get a detailed and realistic descrip-
tion on the flow fields in the dies, numerical analysis based on
model of higher dimension should be conducted.

Most of the numerical approaches were carried out based on
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the two-dimensional flow model and the lubrication approximation
[Arpin et al., 1992; Booy, 1982; Gutfinger et al., 1975; Tadmor
et al., 1974; Vergnes et al., 1984; Vrahopoulou, 1991]. The two-
dimensional analysis need relatively lower lcad of computation
and can be applied easily. But application of the two-dimensional
analysis to coat-hanger dies is not satisfactory because two-dimen-
sional analysis cannot take account of the geometrical features
of the die inlet and the manifold where distribution of the flows-
the major function of the coat-hanger dies-is accomplished. Thus,
the flows in the coat-hanger dies should be modelled as three-
dimensional for more realistic interpretation.

Among the several numerical analysis techniques for the fluid
flow simulation, finite element method is considered as the pow-
erful tool by the ability to easily deal with the complex geometry
and boundary conditions. Recently there have been efforts to ap-
ply three-dimensional finite element method to the flow in the
coat-hanger die by Wang [1991a, b] and fish-tail die by Huang
et al. [1993]. In these works several points are noted which can
degrade the accuracy of the results. They applied twenty-node
brick finite element that has been proved to be inadequate for
the solution of Navier-Stokes equation [ Fortin, 1981]. Boundary
conditions are unphysical at the die wall and exit. Also, they used
elements of too large aspect ratio in slot region. They did not
consider the design problem of the coat-hanger die and did not
investigate the effects of the design parameters on the die perfor-
mance thoroughly.

In this study, flow analysis has been conducted to examine
the validity of the die design. Model of the die for the analysis
was determined using the analytical design equation previously
developed through one-dimensional analysis. Among several de-
sign equations, Liu et al’s result [1988] was selected because
their approach can be applied to the manifold of various cross-
sectional shape while most of the other works on the coat-hanger
die design assumed circular cross-section. For the numerical sim-
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Fig. 1. Geometry of linearly tapered coat-hanger dic.

ulation of the polymer flows in the coat-hanger die, the three-
dimensional finite element code was developed based on mathe-
matical model. By the results of flow rate distribution calculated
from numerical simulation, the one-dimensional desigr. equation
was examined to what degree it achieves the design objectives
and under what process condition it can be applied safely. This
study mav provide the basic results concerning the coat-hanger
die design in various situations.

MATHEMATICAL FORMULATION

1. Die Design

Model of the coat-hanger die used in this study was designed
according to the design equation developed by Liu et al. [1988].
The schematic of the linearly tapered coat-hanger die with the
circular manifold 1s given in Fig. 1. They derived the design equa-
tion for the linearly tapered coat-hanger die with the manifold
of various cross-sectional shape to obtain uniform flow rate distri-
bution at the die exit in the transverse direction. Polymer melt
flow is assumed to be laminar, isothermal, and incompressible.
The non-Newtonian behavior of the polymer melt is considered
by the power-law model because the material of interest such
as LDPE, PMMA, ABS follows this model in wide range of shear
rate. To allow the analytic derivation, flows in the manifold and
the slot were assumed to be one-dimensional in the main flow
direction and to have no interactions each other. They accounted
for non-circular manifold. which is suitable for most of non-circu-
lar coat-hanger dies used in industry.

Combining the pressure drop/flow rate equations for the flows
in the manifold and in the slot and the mass conservation equation
in the manifold, they got the following two equations that deter-
mine the geometrv of the manifold;
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In these equations, h is the characteristic length of the manifold,
which is chosen as a square root of the cross-sectional area of
the manifold, and h, is the value of h at die inlet. The shape
factor, A, in Eq. (2) depends on the power-law index, n and the

shape of manifold cross-section from the pressure drop/flow rate
equation in the manifold. Shape factor, A, can be approximated
by the following equation Liu, 1983].

An)= [aw{—g + c)} ' €h)

where the constants a, b, and ¢ are functions of the cross-sectional
shape of the manifold. If the equilateral triangular manifold is
adopted for example, a=4.38, b=1.04, and ¢=6.88. The other
design parameters appearing in Eq. (1) and (2) are half the width
of die L, the slot thickness W, the manifold angle 8, and the pow-
er-law index n. Under the assumption of one-dimensional flow
i the manifold and the slot respectively, we can construct coat-
hanger die aimed at uniform flow rate distribution using ahove
design equations.
2. Three-dimensional Model

The flow in the coat-hanger die is three-dimensional by nature
because manifold and slot section have different cross-sectional
shapes. To get precise and detailed description of flow field in
the die, it 1s necessary to analyze based on three-dimenisonal
model. Again, the polymer melt flow is assumed to be incompres-
sible, creeping, and isothermal. Under these assumptions, the con-
servation equations of mass and momentum can be written as

Veu=0, (5)
and
V-o=0. 6)

As in the die design analysis, the polymer melt is assumed to
be a power-law fluid. Then, the constitutive equations that relate
stress tensor to deformation tensor are

o= —pl+u(Vu+vu'), (7
where
“:K:{n l' (8)

The three-dimensional model is completed with the following
boundary conditions. At the die inlet, only the axial velocity com-
ponent exists and is assumed to have fully-developed velocity
profile. Since the axial direction is x in Fig. 1, the governing equa-
tion for the velocity profile at die inlet can be written as

[ 22 2,2 o

Additionally, the total flow rate, that is a surface integral of the
axial velocity in the die inlet plane, is set to be 150 cm'/sec in
all cases. At the solid wall, no-slip condition is applied, ie.,

u=20. (10)

On the symmetry plane, the normal stress vector and the normal
component of velocity vector are zero, ie.,

n'g=0, n-u=0. (1

At the die exit, the normal component of the normal stress vector
is zero and the pressure is assumed to be constant at the die
exit as the reference value of zero, ie.,

n-(n-o)=0, p=0. (12)

3. Finite Element Formulation
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Table 1. Design parameters used in the simulation

Parameter Value
w 3 cm, 4 ¢m, 5 cm
0 10°, 15°, 20°, 30°
1y 1.0, 05, 04
l, o 4 cm, 6 cm, 8 cm

Our numerical approach 1s to apply Galerkin/finite element meth-
od to the governing equations of the three-dimensional model.
General principles of finite element method can be found in many
texts such as one by Zienkiewicz [1989]. There are two finite
element formulation schemes, mixed and penalty formulation, for
the solution of velocity and pressure variables from Navier-Stokes
equation. The mixed formulation is more rigorous and is used
in this study. The coat-hanger die is discretized using three-di-
mensional Lagrangian element. The velocity and pressure varia-
bles are approximated by triquadratic basis function, ¢, and discon-
tinuous piecewise linear basis function, ¥, respectively. In Galer-
kin weighted residual formulation, the weight functions for the
continuity and momentum equations are basis functions for the
pressure and velocity respectively. Then the weak forms of conti-
nuity and momentum equations are

.f‘”"‘l"v-u dvV=0, (13)

and
J’J'J‘rd)‘v-o dvV=0. (14)

Application of the relation of V+(®'c)=Vd'-c+P'V-c and di-
vergence theorem to Eq. (14) gives

JLV@ondA —'Iffl_v¢‘-od\’:0. (15)

Discretization of Egs. (13) and (15) by finite element method
and integration using Gauss-Legendre quadrature give the resi-
dual equation, which is a set of nonlinear algebraic equations by
the use of power-law model. The Newton-Raphson iteration
scheme is then used to solve nonlinear algebraic equation set.

The set of linear equations obtained from Newton iteration has
been solved using frontal algorithm developed by Hood [1976].
The number of linear equations to be solved is well over 20,000
and Hood’s frontal scheme is attractive over full matrix solver
in that the core memory is much less used.

In order to get flow field corresponding to the power-law index
less than one, analytic continuation has been used starting from
flow index of 1.0.

RESULT AND DISCUSSION

The cross-sectional shape of the manifold was modelled as
equilateral triangle to simulate the real coat-hanger die used in
industry. Among the design parameters determining the geometry
of the coat-hanger die shown in Fig. 1, the values of half the
die width L and the land length [, have been set as 50 cm and
10 cm, respectively. Several values of other design parameters
influencing on the performance of the die used in the simulation
are given in Table 1, where /, is half the width of the die inlet.
Two kinds of flow indices, n, and ng.q. are used to denote a pow-
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Fig. 3. Effect of slot thickness on (a) flow rate and (b) residence time
distribution with ng=0.5, n,=0.5, 0=15°, and /;)=4 cm.

er-law index for the design equation and for the fluid property,
respectively. The bird's-eye view of the three-dimensional mesh
used in the simulation is shown in Fig. 2. Only a quater of a
die is chosen as a domain of numerical analysis due to the sym-
metry of the coat-hanger die. The total number of finite element
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Fig. 4. Effect of manifold angle on flow rate distribution with W=4
cm, and /;=4 cm. (a) ngw=n= 1.0, (b) npu=n,={.5, (¢) npuis
=ng=04.

is 648 using 18 elements in x-direction, 12 in y-direction, and
3 in x-direction. For 648 finite elements, the total number of unk-
nowns to be solved is 22,017 that is sum of 19,425 for velocity
and 2,592 for pressure. Before applying to the die problem, com-
puter code was tested for the case of fully-developec flow in a

Prex/K = 31.6(sec™)
Pmio/K = 0.0(sec™)

A P/K = 2.0(sec™)

K : Power Law Constant

F'l'nln B

Fig. 5. Contours of pressure field with ng,=0.5, n,=0.5. B=15°,
W=4 cm. and ;=4 cm.

|
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Fig. 6. Pathlines on the x-y symmetry plane with ng,=0.5, n,=0.5,
0=15°, W=4 cm, and /;/=4 cm.

rectangular duct and compared with an analytical solution [ White,
1974] to validate the accuracy of the code.
1. Effect of Slot Thickness

The flow rate distributions in the transverse direction have
been calculated at the die exit for three different slot thickness
and are shown in Fig. 3(a). The flow rate is calculated by integra-
ting axial velocity from z=0 to W and normalized by the average
value for comparison. In this calculation, we set n,=0.5, 6=15°,
and /,-=4 c¢cm. The power-law index for fluid property ng.. 1s 0.5
which is the same as that for the design equation n, As slot
thickness increases, the region of uniform flow rate decreases
proportional to slot thickness, as shown in Fig. 3(a). The design
by one-dimensional design equation gives the uniform flow rate
around the center irrespective of the slot thickness but it cannot
guarantee the uniform flow rate across the ertire length of exit.

The residence time distribution, shown in Fig. 3(b), was calcula-
ted along the pathlins on the x-y symmetry plane, i.e. bottom
of numerical domain. Residence time in Fig. 3(b) is normalized
by the value along the centerline. The residence time distributions
for different slot thickness show negligible change near the center
plane but they begin to deviate from each other near the side
wall. Non-uniform flow rate distribution or deviation of residence
time distribution near the side wall is speculated to be a result
of no-slip boundary condition imposed at the side wall.
2. Effect of Manifold Angle

We next examined how the manifold angle, 6, in Fig. 1 affects
the flow rate and residence time distributions. Only the manifold

Korean J. Ch. E.(Vol. 12, No. 2)
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Fig. 7. Effect of manifold angle on (a) residence time distribution and
(b) total pressure drop with ngi,=0.5, n,=0.5, W=4 cm, and
;i=4 cm.

angle is varied while flow indices, ng.; and n, are set to have
the same value of 04, 0.5 or 1.0 with W=4 cm and //=4 cm.
The flow rate distributions for several manifold angles are shown
in Fig. 4(a) for ng.=1.0, Fig. 4(b) for nu.=05, and Fig. 4(c)
for ng..=04. For comparison, the flow rate distribution for the
fully developed flow (denoted as f.d.f) at the imaginary exit of
sufficiently long land is shown together.

In these figures, it is shown that the flow rate distribution is
very sensitive to the manifold angle. The flows are driven to the
die center as the manifold angle increases in all cases. Optimum
manifold angle, which maximizes the region of uniform flow rate,
varies as power-law index changes. The optimum manifold angle
increases from 10° to 20° as the power-law index is decreased
from 1.0 to 0.4. If the manifold angle greater than the optimum
value is used, flow is driven to the die center.

Pressure distribution and pathlines obtained for the most uni-
form flow rate distribution in Fig. 4(b), 6=15°, are shown in Figs.
5 and 6. Pressures shown in Fig. 5 is average values in z-direction
and pathlines in Fig. 6 are calculated on the x-y symmetry plane
as in Fig. 3(b). Pressure differences between isobars are uniform,
so that the pressure loss can be guessed by the number of isobars
between two points.
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Fig. 8. Effect of ng.s on (a) flow rate,(b) residence time distribution
and (c) total pressure drop with n,=0.5, 6=15°, W=4 cm,
and ;=4 cm.

Isobars in the slot section in Fig. 5 is nearly straight line parallel
to y-direction, implying the pressure gradient acts only in x-direc-
tion. This agrees with assumption used to derive the one-dimen-
sional design equation. Pathlines in Fig. 6 show that there are
no irregularities such as recirculating flow or dead spots on the
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Fig. 9. Effect of /; on (a) flow rate and (b) residence time distribution
with ng;=0.5, n;=0.5, 6=15° and W=4 cm.

x-y symmetry plane that is detrimental to the procuct quality
due to over heating.

Residence time distributions for ng,,=n,=0.5 are shown in
Fig. 7(a) with varying manifold angle. The uniformity of residence
time distribution improves consistently with the increzse of mani-
fold angle. However, the increase of the manifold angle is enabled
with a longer die, which requires higher duty of extrusion pres-
sure drop that is directly related to the process cost. The design
equation selected in this study does not include the uniform resi-
dence time distribution as a design objective. It is xnown that
die design results in a too long coat-hanger section if both the
uniform flow rate and residence time distributions are to be satis-
fied at the same time [Matsubara, 1979]. Consequently, there
can be a trade-off between uniform residence time distribution
and the die length. To demonstrate the increased pressure drop
with manifold angle, total pressure drop has been plotted in Fig.
7(b) with varying manifold angle, where ng.;—n,—=0.5. Total pres-
sure drop is shown to increase linearly with the manifold angle
as expected.

3. Effect of Fluid Property

Flow of the polymer melt with varying power-law index is sim-
ulated in the same die to analyze the performance of die when
the polvmer melt processed has a different power-law index from
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Fig. 10. Effect of land on flow rate distribution with ng,.;= 0.5, n,= 0.4,
0=15° and W=4 cm.

that used in the design. Die was designed according to one-dimen-
sional design equation to result in §=15°, W=4 cm, and /,=4
cm, for the material of n,=0.5. As can be seen in Fig. 8(a), the
use of polymer melt which has a power-law index other than
the design value can deteriorate the flow rate uniformity. Flow
of fluid with smaller power-law index than the design value tends
to increase near the center plane, while larger power-law index
fluid flows more near side wall.

The effect of power-law index on the residence time distribu-
tion is shown in Fig. 8(b). Residence time d:stribution is not so
sensitive to the change of power-law index as flow rate distribu-
tion. The total pressure drop in Fig. 8(c) shows linear relationship
with the power-law index variation. The change of total pressure
drop makes it necessary to control upstream pressure when using
polymer melt with different power-law index.

4. Effect of Die Inlet

In the analytic approachs on the coat-hanger dies, the die inlet
is generally considered as a point source. But the practical geore-
try of the die inlet is of some dimension although very small
in comparison to the total die width. Here. the effect of finite
die inlet is considered for the more robust analysis of the coat-
hanger die by varying half the width of the die inlet, [, assuming
rectangular cross-section. The other design parameters are set
as Nyee=0.5, n,=0.5, 0=15° and W=4 c¢m. The flow rate and
residence time distributions with the varying /, are shown in Fig.
9(a) and Fig. 9(b) respectively. Effect of the die inlet size on the
die performance is shown to be negligible if the ratio of the die
inlet size to the total die width is as small as 0.1, which is the
case n industry.

5. Effect of Land

The slot section of the coat-hanger die 1s divided into the pre-
land of triangular shape that is a part of the coat-hanger section
and the land that plays as a connector between the coat-hanger
section and the die exit. Practical coat-hanger dies are modified
by additional divices, such as choker bars and flexible lips, in
part of land to improve flow uniformity. The use of longer land
will give more developed flow at the die exit.

To see the effect of the presence of land on the uniformity
of flow rate, two kinds of flow rate distributions are calculated
and shown in Fig. 10. One is at the coat-hanger exit where mani-

Korean J. Ch. E.(Vel. 12, No. 2)
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fold section ends and the other is at the die exit where land
section ends. The design parameters are set as Ny, —0.4, n,=0.5,
0=15° and /,=4 cm. Different flow indices for design and pro-
cessed material are selected to amplify the nonuniformity of flow
rate. The land used in this calculation has a uniform thickness
of W=4 c¢m. As shown in Fig. 10, the presence of land does not
improve the uniformity of flow rate distribution. Although the
infinite length of land will give the more uniform, fully-developed
flow, short land with the length of one tenth of the total die width
does not contribute to the uniformity of flow rate.

CONCLUSION

Flow of non-Newtonian power-law fluid in the coat-hanger die
has been studied through the three-dimensional numerical simu-
lation using finite element method. This study has been focused
on the effect of design parameters on the die performance in
terms of flow rate distribution and residence time distribution
based on the design equation developed previously.

The slot thickness shows negligible effect on the flow rate dis-
tribution while the manifold angle is found to be the important
factor for maximizing the uniformity of flow rate. Optimum mani-
fold angle can be determined for each power-law index. The opti-
mum manifold angle increases from 10° to 20° as the power-law
index is decreased from 1.0 to 04. The flows tend to move to
the die center when the manifold angle is greater than the opti-
mum.

The effect of the fluid property in terms of power-law index
on the performance of the coat-hanger die was investigated to
provide the useful information when the process material has
to be changed for a given die. Numerical results indicate that
the fluid property greatly affects the flow rate distribution so that
flow of fluid with smaller power-law index tends to concentrate
near the die center.

With respect to the residence time distributions, there is a neg-
ligible effect of the slot thickness on the residence time distribu-
tion. The change of the power-law index does not affect the resi-
dence time distribution appreciably. The most influencing design
parameter on the residence time distribution is the manifold
angle. But it has also to be taken into account that the total pres-
sure drop increases with the manifold angle, which increases the
processing cost in turn.

Finally, the effect of the die inlet and the land were examined.
The die inlet with the small size compared to the total die width
shows negligible effect on both the flow rate and residence time
distributions. The role of the land of uniform thickness in improv-
ing flow rate uniformity seems to be insignificant.
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NOMENCLATURE
A :area [cm?)
a, b, c:constants in Eq. (4) [-]
h  :characteristic length of the manifold [cm]

h, :characteristic length of the manifold at the die inlet [cm]
I  :identity matrix [-]
K :power-law constant [g-cm 'sec” ]

April, 1995

L :half the die width [cm]

I, :half the die inlet width [cm]

I, :the land length [cm]

n :power-law index [-]

n, :power-law index for design equation [-]
nni : power-law index for processed fluid [-]
n :outward unit normal vector [-]

p :pressure [g-cm 'sec %]

u :velocity vector [cm-sec ']

u. u, ¥.:components of velocity vector [cm-sec ']
V  :volume [cm?]

W :slot thickness [cm]

X, ¥, z: global coordinates [cm]

Greek Letters

Y :magnitude of the rate of strain tensor [sec ']

0  :manifold angle [°]

A :shape factor [-]

u :viscosity [grem 'sec 1]

o :stress tensor [grem ! sec *]

@ :triquadratic basis functions [-]

¥’ :discontinuous, piecewise linear basis functions [-]
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