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Abstract—A mathematical model is proposed to describe the effects of boundary layer resistance and interfacial
reaction on the time lag in supported liquid membranes for metal ion separation. The model shows that the presence
of boundary layer resistance and interfacial reaction delays the time-lag, compared with the limiting case that rapid
equilibrium at the interfaces and negligible boundary layer resistance are assumed. Calculated result describes the
expected trend and the model equation allows one to predict the lumped parameters which represent the ratios
of the diffusion time in the membrane to the characteristic time for boundary layer transfer and interfacial reactions.
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INTRODUCTION

Time-lag is the time required to reach the steady state in mem-
brane processes. The time-lag solution given by Crank [1975]
has been widely used as a method to obtain the diffusivity by
analyzing the transport phenomena through a membrane. It as-
sumes negligible boundary layer resistance, constant concentra-
tions of feed and strip solutions on both sides of memibrane, and
rapid equilibrium at the membrane/fluid interface during the oper-
ation. Resulting expression shows that the amount of solute trans-
ported approaches to the steady-state asymptotically after a long
time and the time-lag, t;, is related to the diffusivity for the mem-
brane thickness of L by the relationship:
1 _Dt

6 L*

L= 1
where D is the diffusivity in the membrane and t is the time
estimated from experiments. The time, t, is obtained from the
intercept of the asymptote of the solute accumulation transported
to the strip solution through the membrane [Crank, 1975]. How-
ever, this approach may lead to an error, since Eq. (1) neglects
the effects of both boundary layer resistance and interfacial reac-
tion between membrane and fluid phases on the mass transfer.
Specifically, the performance dependence of supported liquid mem-
branes on the operating conditions has been reported. The dif-
fusion process through the supported liquid membranes was the
rate determining step for the fresh membranes [Chiarzia et al,
19831, while the interfacial chemical reactions were the rate de-
termining step for the aged membranes [Largman and Sifiniades,
1978; Kataoka et al,, 1982]. Also, theoretical analyses of the sup-
ported liquid membranes have been reported for the limiting ca-
ses of fast chemical reactions at the interfaces [Cianetti and Da-
nesi, 1983; Danesi et al, 1983] or of negligible solute concentra-
tion in the strip solution [Danesi et al, 1981]. However, experi-
mental results show that aqueous film diffusion, interfacial reac-
tions, and membrane diffusion simultaneously control the flux
through the supported liquid membrane~ [Yi and Tavlarides,

*To whom any correspondences sh. ... be addressed.
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1992; Juang, 1993].

In the supported liquid membrane process, solutions of che-
lating agent are impregnated into the pores of a solid matrix sup-
port. The forward extraction reaction occurs on the feed side
and the reverse stripping reaction occurs on the receiving side.
In the pores of the membrane, the chelated molecules are trans-
ported to the receiving side and regenerated ion exchange mole-
cules diffuse in the opposite direction to renew the process. It
is difficult to completely remove experimentally the effect of the
external mass transfer resistance from the kinetics at the inter-
faces between membrane and contacting fluids by increasing the
flow rate of liquid streams for membrane module applications.
Hence, in order to estimate the correct diffusion coefficient in
the supported liquid membranes, a time-lag model should take
into account mass transfer limitations in the boundary layers along
with reaction kinetics at the interfaces.

In this study, a model equation is proposed to describe the
effects of boundary layer resistance and interfacial reaction on
the time lag in the supported liquid membrane processes. The
case system considered is copper ion extraction from acidic solu-
tion employing LIX84 (Henkel Co.) as a chelating agent impreg-
nated in ceramic membranes, since the kinetic behavior of the
systems ‘has been characterized [Yi and Tavlarides, 1992].

MODEL EQUATION FORMULATION

A schematic of the supported liquid membrane process for the
separation of copper ion from the feed solution is shown in Fig.
1. Copper ion in feed solution is transported from the feed to
the strip solution through the intervening membrane. The copper
ion experiences a series of resistances as: transport through the
boundary layer in the feed-side, reversible reaction at the mem-
brane/feed solution at the interface, diffusion across the membrane,
stripping reaction at the membrane/strip solution. The fluids in
feed and strip chambers could be processed either in the batch
or continuous flow mode and are assumed well mixed, isothermal
and with constant densities. One dimensional transport is as-
sumed to occur across the membrane.

As depicted in Fig. 1, the mass conservation equation for che-
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Fig. 1. Schematic of membrane process with boundary layers and inter-
facial reactions.

Copper ion

lated molecules with copper ion in the supported liquid membrane
can be given as:

T _ =aCkx)
ot Xt

where C and D are the concentration and diffusivity of chelated
molecules in the membrane, respectively.

At the interface as in Fig. 1, it is assumed that interfacial reac-
tions between the feed solution and membrane take place and
are represented by RF and RS, Accordingly, the boundary condi-
tions at the interfaces applicable for Eq. (2) can be given as:

2

—ﬁ%g= RF at x=0 (3a)
—ﬁ%g:Rs at x=L (3b)

A kinetic model for the interfacial reaction expressions, Rf and
RS, can be derived, based on a series of elementary reactions
as described elsewhere [Yi and Tavlarides, 1992] as:

RE=kC0t)—k“C©, t)
RS=K CL, )—-k3Cs*(t)

(4a)
(4b)

where k! are k' the forward and backward reaction rate coeffi-
cients at the i-side, i=Feed or Strip, respectively. Cs* and Cs*
are the interfacial concentrations of the copper ion at the feed
and strip solution side, and C(0, t) and C(L, t) are the concentra-
tions of chelated agent with copper ion in the membrane at the
feed-side and strip-side, respectively.

For the mass-transfer flux through boundary, the film model
assumes the transfer occurs through the fluid film formed at the
boundary layers between the fluid and membrane. The flux
through the boundary layer can be given by:

JF: k/{:{(CF_ Cr®)
JS = k_ff(cs‘ —Cy

(5a)
(5b)

where k,, is the mass-transfer coefficient at boundary layer, C,
is the bulk concentration and C*(i=F and S) is the concentration
at the interface between the fluid and membrane. Using Eq. (4)
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Table 1. Dimensionless terms
g=C/C® f=CHt)/KFC;® u=Cyt)/K5C;°
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__diffusion time of chelated molecules in the membrane

characteristic time of boundary layer transport
and interfacial reaction
i=F or S

and (5), the interfacial concentrations of ¢;* can be calculated and
are related both the flux through the boundary layer and the
flux due to the reaction at the interface [Yi and Tavlarides, 1992].
After substituting ¢* into Eq. (4), Eq. (2) and (3) can be written
in dimensionless forms as:

08 _ '8

08 - 08 6
ot on ©
9B _Brg—f)  at n=0 (7a)
an '

__CE:BS(qu) at n=1 (7b)
an

g=g at t=0

Here, f and u are the dimensionless concentrations in the feed
and strip solutions, respectively. The dimensionless terms which
arise above can be given in Table 1. Note that B, i=F or S,
is the ratio of diffusion time in the membrane to the characteristic
time of boundary layer transport and interfacial reaction.

Equations of the lag time for solute transpcrt can be derived
through the amount of solute transported from the feed to the
membrane, M/ (at n=0), or from the membrane to the strip solu-
tion, M# (at n=1), during the operation time of t as:

M [ a_g) :
w5 ®
M: [ a_g) .
Vo~ fo( peg . (8b)

where M,, represents the maximum amount of solute that would
be retained in the membrane after an infinite period of time,
as defined by A,LC;’. After Laplace transform of Eq. (6) with
the boundary conditions of Eq. (7), Eq. (8) can be given as:

M/ } _ BBSucosechy/s — B"{(y/s+ BScothy/s)

L{ M. )~ /SIBFF B cothy/s+ (s+ BBY)} ©a)
L{ M }: BSu(y/s+BF cothy/s)— BB cosech\/s ©b)
VSI(BF+BS)/s cothy/s+ (s+ B B9}

M.

where s is the Laplace time variable. f and u are the Laplace
transform of f and u, respectively. For the long time operation
of T, s is very small compared to one, and the hyperbolic functions
in Eq. (9) may be approximated by the power series [Spiegel,
1968
1 S
coth\/§:~\/—g —AGL (10a)
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cosechy/s= -\—/L: + )§ (10a)

Thus, Eq. (9) can be written as

M/l v—ws
L{M,}—sms+® (1)
M#]_ v+w's
L{Mxk_ﬁm+q) (11b)
s £y RS
where v=BB%(u—1), w= BF{—B—U+(1+B_)f} p:—‘i’i-FL
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REL RS . B
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The time-lag for the membrane process can be derived from
M//M, expression after extrapolation back to M//M. of zero,
i=f or u. Inversion of Eq. (11) gives the M//M, and M*/M,
expressions as a function of time, t, and allows one to estimate
the time lag in the presence of the resistances by the boundary
laver and interfacial reactions.

RESULTS AND DISCUSSION

As a model case, consider a continuous flow system that the
feed concentration is constant during the operation and the strip
concentration is negligible, because of large flow rate. T and u
can be given as: f(t)=f,=constant and u(t)=0.

Under the conditions, inversion of Eq. (11) gives

f —
e e (e e S
- -B—F+T33—+l
1 1
where [3:*4‘13—q

At the long times of T for much greater than one, the exponential
term will be very small and thus the lag-time is given by setting
M:/=0 (i=f or u) as:

Tr =5 — (138)

+2 (13b)

where t' (i=f or u) is the time-lag solution estimated based on
the amount of solute transported from the feed to the membrane
[Eq. (13a)] and from the membrane to the strip solution [Eq.
(13b)]. Also, Eq. (13) implies that the time lag of the membrane
process depends on the ratio of diffusion time in the membrane
to the characteristic time of boundary layer transport and interfa-
cial reaction.
The slope of Eq. (12), S, after long time t, is given by

fo

= 1 1 14)

The lumped parameters of B and B® can be obtained from the
time lag of Eq. (13) and the slope S of Eq. (14).
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Fig. 2. Graphical representation of the total amount of solute trans-
ported from the membrane to strip solution (M.*/M,.) for the
limiting case and the general case.
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Fig. 3. Graphical representation of the total amount of solute trans-
ported from the feed to membrane (M//M,,) and from the mem-
brane to strip solution (M:*/M,) as a function of the dimen-
sionless operating time.

For the limiting case calculation, Eq. (13b) may be compared
with the time-lag expression shown by Crank [1975] for the mem-
brane process that rapid equilibrium occurs at the interfaces and
negligible boundary layer resistances are assumed. In this case,
Bf and Bf approach to infinite, since the diffusion time through
the membrane is very large compared with the characteristic time
for boundary layer mass transfer and interfacial reaction. Conse-
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quently, the time lag (t;*) of 1/6 agrees with the result by Crank
[1975] as seen in Eq. (1).

Fig. 2 shows the comparison of M*/M,, for the limiting case
(B® and Bf—>) with the general case (BS and Bf =finite values).
The slope and intercept (x/*) are shifted to the large values, when
the effects of boundary layer resistance and interfacial kinetics
on mass transport are not negligible. As expected, the presence
of boundary layer resistance and interfacial reaction delays the
time lag. Also, the lumped parameters of Bf and BS can be estimat-
ed from the intercept [Eq. (13b)] and slope [Eq. (14)] of M*/M,,
plot against the operating time, as seen in Fig. 2.

Fig. 3 represents how the time-lag of t;' (1={ or u) is determin-
ed from M//M_ (i=f or u) plot. Note that v, is negative and
the slope of tangential line of M//M,. plot is parallel to that of
M#/M,, plot for t—w, as expected from Eq. (12).

CONCLUSIONS

One of the commonest ways to estimate the diffusivity of solute
in the membrane was the use of time-lag solution as of v, =1/6.
This approach assumes negligible boundary layer resistance and
rapid equilibrium at the membrane/fluid interface. However, the
complete removal of those resistances may not be easy in the
supported liquid membrane process operation.

In this work, a time-lag solution is derived with the considera-
tion of the effects of boundary layer resistance and interfacial
reaction on the mass transport across the supported liquid mem-
brane. The resulting equation shows that both of the boundary
layer transport and interfacial reaction shift the time lag to the
large value. The model equation also allows one to estimate the
lumped parameters of B' (i=F or S) from the intercept and slope
of tangential line of M,*/M_ plot against the operating time for
t=w. It should be noted that B’ is the ratio of diffusion time
in the membrane to the characteristic time of boundary layer
transport and interfacial reaction.

Model equation for the time lag estimation reported herein
could provide the basis for a method to select more promising
chelating agent and a desirable operating condition for high sepa-
ration flux.
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NOMENCLATURE

: membrane area

: the ratio of diffusion time of solute containing species in
the membrane to the characteristic time of boundary layer
transport and interfacial reaction

: bulk concentration

: interfacial concentration

: concentration of the chelated agent in the membrane

: maximum concentration in the membrane

: diffusivity in the membrane

: dimensionless feed concentration

: Laplace transform of f

: initial dimensionless feed concentration

: dimensionless concentration in the membrane

J : flux

ky  :mass transfer coefficient at the boundary layer
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: forward reaction rate coefficient

: backward reaction rate coefficient

: equilibrium constant

: membrane thickness

:the amount of metal ion transported to/from the mem-
brane

: the maximum amount of solute that would remain in the
membrane after an infinite period of time

:expression in Eq. (11c)

: expression in Eq. (11c)

: interfacial reaction rate expression

: Laplace time variable

: slope in Eq. (14)

: time

: dimensionless strip concentration

: Laplace transform of u

: expression in Eq. (11¢)

: expression in Eq. (11c)

:expression in Eq. (11¢)

: axial distance
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Greek Letters
B : expression in Eq. (12)

A : mass transfer resistance by boundary layer and interfacial
reaction in Table 1

n : dimensionless axial distance

T : dimensionless time

v :time lag derived by Crank [1975]

' :time lag based on the amount of solute transported to
the membrane from the feed solution (i=f) and to the
strip solution from the membrane (i=u)

Superscripts

i : feed or strip phase

f : dimensionless feed concentration

F : feed phase

S : strip phase

* : interface

Subscripts

F : feed phase
S : strip phase
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