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Abstract—The LEA model has been analyzed by comparing to other chromatographic theoretical approaches. In
the LEA model a layer of equilibrium adsorption, L., serves as an effective kinetic constant. For the layer L. the
concentration issuing from this layer is in equilibrium with the average value of adsorption on the whole layer at
any moment of time. The value of L, is determined from all factors which broaden the chromatographic zone. Such
an approach permits us to combine the features of the mass balance (solute continuity in a chromatographic column),
of the mass transfer phenomenon, and of the adsorption isotherm into a single first order differential equation. Apart
from other layer-by-layer models, the LEA model supposes that over the whole column a continuous (real) distribution
of adsorption a (L, t) and concentration ¢ (L, t) is observed. The usefulness of the LEA model in developing a chromato-

graphic theory has been discussed.
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INTRODUCTION

A development of the phenomenological theory for chromatog-
raphy (solute movement in a chromatographic column) is neces-
sary for optimization, control and prediction of regularities of pre-
parative chromatography, and for physicochemical application of
chromatography to estimate properties of solutes, characteristics
of solids (adsorbents and catalysts), and etc. The theory of chro-
matography deals with one of the significant branches of total
mass- and heat transfer theory which concerns the solute ex-
change between the mobile and the stationary phases. The chro-
matographic theory is mainly formulated as the determination
for a correlation between the distribution functions of the concen-
tration c¢==c¢ (L, t) in the mobile phase and the adsorption a=a
(L, t) on the stationary phase along the chromatographic column
of length L at any time t and the adsorption isotherm with the
kinetic constants and experimental conditions.

The theory of non-ideal, non-linear (or real) chromatography
has been inadequately developed [Giddings, 1965]. This can ea-
sily be accounted for by the lack of a direct solution of the system
of equations for the arbitrary adsorption isotherms. In estimating
the problem of single-component chromatography for arbitrary
adsorption isotherms as a whole, one can agree with the view
that the particular analytical or numerical solutions exists or have
been developed so far. The present work examines the utility
of the layer of equilibrium adsorption (LEA) model [ Larin, 1983a],
which is based on nonlinear adsorption isotherms and a simplified
kinetic expression which has only an effective constant.

APPROACHES DEVELOPING THE CHROMATOGRA-
PHIC PLATE THEORY

The plate theory uses the ordinary differential equation and
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as an example we demonstrated the equation from [Ha et al,
1987] with small changes:

V(da/dt)+ Vu(de/dt)=v(c 1~ ) M

where 1 notes the number of theoretical plate, v is the mobile
phase flow rate, V; and V,, are the volumes of the stationary and
mobile phases of column that length equals to theoretical plate,
respectively.

To obtain the solution for any initial conditions it is necessary
to solve a set of N Egs. (1) when the adsorption isotherm is linear.
This way is identical to obtain both numerical and analytical solu-
tions [Larin, 1983b]. It must be noted that for the solution of
non-ideal chromatographic problem in the case of non-linear ad-
sorption isotherms the ordinary differential equation like Eq. (1)
was used very rarely [Sakodynsky, 1973].

Simultaneously with the plate theory, the concept of the equili-
brium achievement step was proposed. This concept [Gluekauf,
1955; Vink, 1964] assumes that the equilibrium to a theoretical
plate is achieved either during the discontinuous step of duration
or during the corresponding push of the mobile phase. It was
applied to the so-called layer-by-layer method which extended
plate theory to a description of non-linear chromatography [ Gapon
and Gapon, 1948; Rachinskii, 1953; Smit, 1980]. The chromatog-
raphic constants were taken as the experimental constants in the
partial differential mass balance equation. The physical meaning
of the dimensionless chromatographic constants, defined as the
ratio of the elementary volume of the mobile phase to the elemen-
tary volume of the stationary phase, was not determined. Using
another scales it may be noted that the two scales AL and At
have been used for characterization of adsorption kinetics in the
layer-by-layer method. In general the same approach using the
partial differential solute material balance equation and two scales
AL and At for characterization of adsorption kinetics were pro-
posed in [Rouchon et al., 1985] for numerical simulation of peak
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profiles in non-linear adsorption chromatography.

So, the methods [ Gluekauf, 1955; Vink, 1964; Gapon and Ga-
pon, 1948; Rachinskii, 1953; Smit et al., 1980; Rouchon et al,
1985] are suitable for numerical solutions of direct chromatogra-
phic problem with non-linear adsorption isotherms, including the
chrcmatography of mixtures [ Streltzov et al., 1974]. Nevertheless,
an additional introduction of the time scale At greatly complicate
the description of real chromatography and reduces a value of
this approach. In our opinion, the combined use of both scales
AL and At for an expression of kinetic constants does not allow
a solution based on the layer-by-layer method to be regarded
as reliable. Therefore this does not permit one to pass on to the
prediction of the peak profiles and to solve the inverse problem
of chromatography.

A new variant of the layer-by-layer method based on an equilib-
rium adsorption layer had been proposed by in [Larin, 1983a].
The use of the LEA model for solving direct and inverse chroma-
tographic problems has led to a good agreement between the
calculated and experimental results obtained in different modes
of non-linear, non-ideal chromatography. The LEA model utilizes
the main idea of plate theory, in which the effective kinetic coeffi-
cient is characterized by the height equivalent to a theoretical
plate (HETP). For each HETP, the solute distribution between
two phases (adsorption and concentration) is linear at any moment
of time [Keulemans, 1957]. It means that time t serves only as
the independent variable.

The original equation of the LEA model is an ordinary first
order differential equation which may be written as

da/dt+dc/dt=(v/Ly) [cz—f}(@a)] @

where a and c are the average solute concentrations in the station-
ary and mobile phases of the column bulk of length L, respec-
tively, v is the mobile phase flow rate, the layer of equilibrium
adsorption L, is an effective kinetic constant, cg is the concentra-
tion entering to the layer L, f"}(a) is the concentration issuing
from this layer and also the analytical expression of the adsorption
isotherm, and t is the time.

In the LEA model it is proposed that the constant which charac-
terizes the solute mass transfer kinetics and the longitudinal mass
transfer should only be expressed in terms of the adsorbent layer
length. This method of depicting the kinetic constant, which em-
ploys the principle of the superposition of broadening factors, ari-
ses from the theory of van Deemter [van Deemter et al., 1956]
and has been repeatedly demonstrated on the linear chromatogra-
phy experiments. So, in the LEA model the constant of the indivi-
dual kinetic stages is expressed only in terms of a column length
scale. By analogy with a definition given for HETP in [van Deem-
ter et al, 1956], an effective kinetic constant L, represents the
sum of separate terms that express the constants of the elemen-
tary kinetic (mass-transfer) stages, including the longitudinal
(axial) dispersion.

LAYER OF EQUILIBRIUM ADSORPTION

The layer of equilibrium adsorption L., for which the outlet
concentration at any instant is equal to the concentration f'(a)
appertaining by equilibrium to the average adsorption value, a,
for the whole layer, is determined as an effective kinetic constant
in the LEA model. Let us consider a geometrical illustration of
L., taking an actual calculation of the frontal variant of chromatog-
raphy as an example from [Larin, 1990]. Fig. 1 shows the distri-
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Fig. 1. Schematic description of a layer of equilibrium adsorption.
[Curves: 1—a(L, t*), 2—c(L, t*), 3—cil(L, t*)]

bution of the solute between the mobile and the stationary phase
at time t* =20 minutes as can be calculated according to any mod-
els of linear chromatography [Streltzov et al., 1974; Gubkina et
al, 1985; Forsythe et al, 1988; Row, 1988; Larin, 1984; Dubinin
et al., 1980]. The conditions were as follows: Henry's adsorption
isotherm coefficient equal to 15.7 //g; initial concentration, cy=5
mg/l; L,=05 cm (or m,=0.706 g, where m, is a mass of adsorbent
situated in a fixed bed of length equal to L.); mobile phase (air)
flow rate=1.57 I/min; internal cross-section of fixed-bed holder,
$=3.14 cm’

Additionally a hypothetical function of solute concentration in
the mobile phase-a concentration ci(L, t) is introduced. For this
function we shall assume that the local equilibrium ¢, (L t*)=f *
[a(L, t*)] is observed. Then we can choose an arbitrary abscissa,
i.e. a coordinate A to which, for a given moment of time t*, the
concentration ¢4 on the c(L, t*) curve corresponds. From an axio-
matic standpoint, it will always be possible to find a single coordi-
nate on L axis (in our case the coordinate B) and, correspondingly,
a single adsorbent layer length L.=BA, for which the average
adsorption value a determined as:

é:[LB a(L, t)dL)/AB=[ f [', a(L, t9dL1/L. )

will be in equilibrium with the concentration c, issuing from the
layer L.

Hence, it follows that for real convective mass exchange in
the adsorbing medium one can always define an element of the
layer, called the layer of equilibrium adsorption L. [Larin, 1983a],
for which the following equality applies:

L
er=@=t ([ al, t)LIL] @

From Egs. (3) and (4) it follows that the material balance equa-
tion (equation of solute continuity in chromatographic column)
for an element of the adsorbent layer length L. can be presented
in the form of an ordinary differential equation. Eq. (2) is correct
for any position of the layer L, along the column length L. If
there is considered the total case, Eq. (2) can be presented as
the following form

da/dt+de/dt=(v/L)c, - —f '(a)] (6))

where i denotes the i-th equilibrium adsorption layer.
Egs. (4) and (5) combine the material balance and the adsorp-
tion mass transfer kinetics in the form of the effective kinetic
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Fig. 2. Ethyl chloride elution curves (peak profiles) measured on acti-
vated carbon in air at 423 K.
[The length of adsorbent column is 0.7 cm. Sample size: (1)
0.1 and (2) 1.0 mg. The points are experimental data, the solids
are theoretical data.]

constant L, and the adsorption isotherm equation f~'(a).

APPLICATIONS TO A DEVELOPMENT OF CHROMATO-
GRAPHIC THEORY

The assumption dc/dt<da/dt makes the solution of a set of
Eq. (2) rather simple and is valid for all convex adsorption iso-
therms. Some deviations in the final results may be occurred
in the concave adsorption isotherms but in a region corresponding
to very low concentrations, which themselves do not determine
totally a form of either the breakthrough or the elution curves.
The application of the LEA model involves the solution of a set
of N equations, Eq. 2) or Eq. (5), where N=L/L, is the relative
column length or the number of theoretical plates, and L is the
actual column length.

The analytical solution for a linear adsorption isotherm under
the plate theory approach was analyzed previously [Ha et al,
1987; van Deemter et al, 1956; Gubkina et al., 1985; Forsythe
et al, 1988; Row, 1988; Larin, 1984; Dubinin et al, 1980]. For
elution mode of chromatography this solution can be presented
in the next form

¢ =(a/Diat) 'exp(—at)/(i— 1! )

where a=v/(1+I)L, and T is Henry's constant, a,=g/L.S, S is
the cross-section of chromatographic column, and q is the solute
size introduced.

From the Eq. (6) it follows the next expression for a peak pro-
file at the end of the first layer, L.

a1 = (@/Dexp(—at), or Ln(c)=Ln(ay/)—vt/[(1+DL,] )

To examine such an unusual expression for peak profiles in
non-idea! linear chromatography, the experimental study was per-
formed on the column of relative short length [Larin et al., 1994],
where the elution chromatography of ethyl chloride on active car-
bon have been studied under different temperature conditions,
when the adsorption isotherm is linear. Fig. 2 shows the calculated
peak profiles, which are in a good agreement with the experimen-
tal data for columns of length L-L.. The peak profiles for this
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Fig. 3. Breakthrough curves corresponding to the frontal adsorption
chromatography of ethyl chloride on active carbon at 293 K.
(The curves refer to the time of half-concentration emergence,
tos. The corresponding values of L. were: 1-0.2; 2-0.5; 3-0.7;
and 4-0.9 cm, respectively. The curves which were calculated
from the LEA model are depicted by the solid lines, while
the points denote experimental data of [Dubinin et al., 1980].)

case correspond to Eq. (7).

To obtain an analytical solution in non-ideal chromatography
the general approach will be the next. For elution chromatography
it can be assumed that a short impulse sample is introduced into
the column. It is suggested here that the whole quantity of the
introduced substance, g, is distributed in the first equilibrium
adsorption layer, L, situated at the column inlet under t=0. Then
proceeding from Eq. (2), the solution reduces to a simple integra-
tion

[ tawr @)1= -, ®

where a,=q/L.S [see explanations in Eq. (6}].
In frontal chromatography the next equation is integrated for
the first equilibrium adsorption layer (i=1)

[Haarta-t @11=-w ®

where ¢ is initial solute concentration.

The expressions obtained for the cg (c) functions of by use
of Egs. (8) and (9) in the case of non-linear adsorption isotherms
are extremely cumbersome for the second and subsequent layers.
Therefore numerical methods are preferred for solution of the
system of N equations, Eq. (2) or Eq. (5) in the case of long col-
umns. This involves successive integration of Eq. (2) or Eq. (5)
by the finite difference method and is carried out according to
an order suggested in [Larin, 1983b; Larin, 1984].

Below the examples of the calculation of frontal and elutive
chromatography of vapours on active carbons are presented using
the Dubinin-Radushkevich adsorption isotherm equation in the
following form:

a=k,exp[ — kalog?(ks/c)] (10)

where a is the adsorption, mg/g; c is the concentration, mg//;
k;, k; and k; are the coefficients.
Experimental data for frontal chromatography (adsorption dy-
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Fig. 4. Breakthrough curves for a convex adsorption isotherm.
(All conditions are the same as on Fig. 3. Numbers on the
right side of curves denote the relative column length, L/L,,
where L,=0.5 cm.)

namics) with non-linear adsorption isotherms are extensively re-
ported in the literature. The data from systematic precision meas-
urements of break-through curves on microporous adsorbents
over a broad range of concentration and column length are of
particular importance. Fig. 3 illustrates the break-through curves
calculated for different values of L, at the parallel transfer stage
for the conditions applying during the frontal adsorption chroma-
tography of ethyl chloride on active carbon, using the data of
[Dubinin et al, 1980]: k, =285 mg/g; k.=0.159; k;:=3529 mg/l;
¢=>5 mg/l; and the mobile phase flow rate equals to 1.57 //min.
The temperature was 293 K.

Calculations with different values of L, have been performed
with the aim of determining the value of the effective kinetic
constant (L,) for a given adsorption system. It is seen (Fig. 3)
that the most satisfactory approximation with experimental data
(within experimental error) is observed for the break-through
curve calculated for L,=0.5 cm, or the corresponding adsorbent
mass m,=0.706 g.

The results obtained demonstrate that the calculat.on of break-
through curves in accordance with the LEA model, based on Eq.
(10) for the adsorption isotherm and involving only one effective
kinetic constant L,, is in good agreement with experimental data.
This illustrates both the reliability of the LEA mcdel and the
correctness of involving the principle of broadening factor super-
position with non-linear adsorption isotherms. As the length of
the adsorbent fixed-bed is increased (see Fig. 4), the break-
through curves plotted using log(c/c;) versus t coordinates demon-
strate the characteristic properties observed experimentally [Du-
binin et al., 1980], i.e. an initial unsteady-state stage in the frontal
chromatography followed by paralle! transport of the adsorption
front, etc. A feature of the proposed model is the absence of an
instantaneous break-through stage as suggested by Eq. (2) or Eq.
(5), where f~'(a)=0 when t=0.

The peak profiles were calculated for the conditions of ethyl
chloride adsorption on active carbon [Dubinin et al, 1980]. In
this case the peak profile for a chromatographic column of length
L=L, (Fig. 5) is characterized by improvement in the maximum
with the velocity of the mobile phase and then by a decreasing
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Fig. 5. Peak profiles in elution chromatography for a convex adsorp-
tion isotherms.
(Details as in Fig. 4. Sample size=157 mg, ¢o=50 mg/l).
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Fig. 6. Elution peak for the ethoxylated isononylphenol adsorption
from n-decane on the silica layer with a mass of 0.218 g.
(The mobile phase flow rate is 1 ml/min. The solid lines are
the experimental data, and the dotted line is the calculated
curve. Sample size =42 mg)

function. The elution band profiles is gradually transformed upon
increasing the column length. The peculiarities of elution chroma-
tography have been examined by Larin [Larin, 1984]. In all cases,
the peak profiles calculated for column length of il. intersects
the maximum of the peak profiles calculated for the column length
of (i+1)L.

In the article [Larin et al., 1994], the adsorption isotherm and
elution peak profiles for the ethoxylated isononylphenol (the av-
erage degree of ethoxylation is 4)-n-decane-silica (with a specific
surface area of 120 m*/g and grain size of 0.20-0.36 mm) were
measured. The investigations were performed using column liquid
chromatography. The dried adsorbent of a given weight was pla-
ced in a glass column (inner diameter of 0.5 cm) with a porous
glass bottom. The bulk density of the adsorbent layer was 0.53
g/ml. Then the n-decane, degassed in helium, was pumped
through the silica layer to remove the air. Then, the introduced
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Fig. 7. Peak profiles calculated for a convex adsorption isotherm.
(Numbers on the curves denote the relative column length,
L/L.. IDEAL=the line from ideal chromatography. Column ad-
sorbent mass=0.96 g; Sample size=1 mg; Mass flow rate of
mobile phase=0.68 g/min)

solute was repeatedly treated by portions of fresh n-clecane. At
the column outlet, the solute content in solution fractions was
measured by spectrophotometric technique at a wavelength of
277 nm.

The adsorption isotherm of n-decane on silica is satisfactorily
approximated by the Freundlich equation:

a=106c"# 11

where a is the adsorption, mg/g; c is the concentration, mg/ml.

The experimental elution peak profile in this case (Fig. 6) was
approximated for different values of L. under the same conditions
(the adsorption isotherm, flow rate of mobile phase, and solute
sample size). The simulation was performed out so that L=L/N,
where L is the absolute column length, and N is a natural number.
The experimental curve was found to be satisfactorily approxima-
ted by the calculated curve when N=2 and L,=10.5 mm. The
calculated and experimental peak profiles are in a good agreement
in a wide range of experimental conditions, including the depend-
ences on sample size changes [Larin et al, 1994].

With regard to the average value of the adsorbent particle dia-
meter the relative effective kinetic constant L./d,, equal to -40
for ethoxylated isononylphenol-n-decane-silica system, is 2-3
times larger than the values of the relative HETP in HPLC. This
fact may be explained both by low density of the column packing,
and by the effect of micellization on the kinetics of the overall
process.

The Freundlich adsorption isotherm had been used for numeri-
cal simulation of peak profiles according to the conditions and
constant presented in [Larin, 1987; Chuduk and Eltekov, 1980],
where was studied the adsorption chromatography of anisole from
heptane using silica SCP as the stationary phase. Figure 7 depicts
a series of peak profiles calculated for different values of the
effective constant L, compared with the peak profile observed
in ideal chromatography. It follows from the results of these cal-
culations (Fig. 7) that the peak maxima do not coincide with the
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Fig. 8. Elution curves for a concave adsorption isotherm a=kc.
[Numbers on the curves denote the relative column length,
L/L.. ==the line calculated from Eq. (12).]

peak profile in ideal chromatography in the case of columns of
short length (L/L.=1, 2 and 4). However, the peak maxima appro-
ximate to the ideal chromatography peak profile with increasing
value of L/L.. The line for the ideal chromatography was calcula-
ted from the following equation,

ga/gt+ gc/ot—vi(gc/gly=0 (12)

and it connects the peak maxima for different sample sizes only
at a certain length of column.

Elution mechanisms for concave adsorption isotherm a=kc?
have been considered for the next conditions: k=1.41X10° ml
/mg, v=500 cm/min, L,=0.5 cm. Fig. 8 illustrates this result. In
both cases (see Fig. 7 and Fig. 8) peak profiles calculated for
different value of the relative column length L/L, are compared
with the corresponding peak profile calculated according to the
ideal chromatography theory using Eq. (12).

The results presented in Figs. 7 and 8 indicate that an increase
in the value L/L, leads to the peak profiles in non-ideal chromato-
graphy approaching the peak profile in ideal chromatography.
Thus, ideal conditions in chromatography are determined by in-
creasing the relative length of the column L/L. For adsorption
isotherms used in modelling peak profiles this means: at values
of L/L.>250 the real processes in the chromatographic column
can be described with sufficient accuracy on the basis of the
theory of ideal chromatography.

Indeed, if the ratio L/L, the relative length of a column, is
assumed to be sufficiently large, L. may be regarded as dL. By
the same token, the difference between the inlet and outlet con-
centrations also tends to a limiting value, i.e. using respectively
Egs. (6) and (9) and a scheme of Fig. 1, we have: [z~ Y@)]=
Lei-i—f7M@)] = (ca—ca) ~de.

If these approximations are taken into account, Eq. (2) or Eq.
(5) of the LEA model changes to the mass balance equation rela-
ting to solute continuity in ideal chromatography. This analysis
reveals a quantitative relationship between the ideal model and
the LEA model depending on the relative length of the column.
In other words, for columns of short relative length, Eq. (2) of
the LEA model is suitable for describing real chromatographic
processes when kinetic factors and axial dispersion are taken into
account.
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NOMENCLATURE

: adsorption on stationary phase, f(c) [mg/g]

: average adsorption value on a layer L,

: arbitrary coordinate on L axis

: coordinate on L axis

: concentration in mobile phase, {~'(a) [mg//, mg/ml, mg/g]
: initial solute concentration in frontal chromatography [ mg//]

: average concentration value on a layer L.

: concentration corresponding to coordinate A

cs :concentration corresponding to coordinate B

Ca :concentration corresponding to ideal conditions

d, :adsorbent particle diameter [mm]

f(c) and f~'(a): functions representing adsorption isotherms

i :number of layer L, or theoretical plate

k  :coefficient of concave adsorption isotherm [mi/mg]

ki, k2 and ks : coefficients of Dubinin-Radushkevich’s equation, Eq.
(10)

: column length [cm]

: effective kinetic constant, a layer of equilibrium adsorption
[em]

m, :adsorbent mass corresponding to layer L. [g]
N :total numbers of layers L. or theoretical plates
q :sample size [mg]
S

t

v

V

3 P

('1\9()

L

Ialw

: cross-section of chromatographic column [cm?]
:time [sec, min]
: mobile phase flow rate [cm®/min]
w Vs volumes of gas and liquid phases of one plate, respectively

Greek Letters

a=v/(1+TI)L : constant used in Egs. (6) and (7)

I' :coefficient of Henry’'s adsorption isotherm equation
AL, At :kinetic constants of layer-by-layer method
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