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Abstract — Transient two-dimensional model of the growth of BGO crystal by heat exchanger method has been de-
veloped. A finite element method with nonorthogonal mapping technique for the solution of the moving boundary prob-
lem is developed where the melt/solid interface shape changes from hemispherical to planar. The moving boundary prob-
lems for the melt/solid interface location and the temperature field were solved by two mapping rule method which en-
ables the computation of interface shape changing from hemispherical to planar. The maximum deflection of interface is
shown when the melt/solid interface meets the corner of crucible. As the excess heating temperature and the heat ex-
changer temperature were increased, more growth time for whole process is required but the quality of BGO crystal may
be improved. The ratio of the height to the radius of crucible hardly affects the deflection of BGO melt/solid interface
when it is greater than 1.5. As the cooling zone radius is decreased, maximum deflection is decreased. The heat transfer
between the crucible and the heating element should be suppressed to maximize planarity of the interface shape.
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INTRODUCTION

Since Weber and Monchamp [1973] measured the lumines-
cence spectra and decay properties of bismuth germanate (Bi.-
Ge;0,;) and predicted it to be a new scintillator material, the
research on growth, performance and application of BGO has
been developed successfully. Bridgman [Fan et al., 1991; Kawano
et al,, 1993}, Czochralski [Takagi and Fukazawa, 1986; Berkowski
et al.,, 1991] and float-zone [Quon et al., 1993] techniques have
been employed to grow BGO single crystals which have great
potential for technological application in solid-state devices.

The Heat Exchanger Method (HEM) is a process which con-
trols both the heat input and the heat extraction independently in
a crystal growth furnace. The HEM furnace has a well-insulated
heating element in which there are no intrinsic temperature gra-
dient. At the base of the crucible, the heat exchanger provides
the control of heat extraction, allowing precise control of the
temperature gradients necessary for crystal growth. The schemat-
ic diagram of a HEM furnace is shown in Fig. 1(a).

In the HEM, the melt is nearly kept at constant temperature
while growth of the crystal is controlled by the thermal gra-
dient within the solid provided by the helium flow in the heat
exchanger. The melt/solid interface at the beginning of the so-
lidification takes a hemispherical shape and the temperature of
melt/solid interface is constant at any given point. Since the dis-
tance between the crucible and the melt/solid interface is chang-
ed as the growth continues, the temperature gradient in the
melt is varied [Kaldis, 1985]. This leads to the convex melt/sol-
id interface. A flat melt/solid interface can be achieved by con-
trolling both the heat input and extraction.
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Many numerical methods have been used to solve the steady-
state free-and transient moving-boundary problems [Lynch and
Gray, 1980; Gelinas, 1981; Saito and Scriven, 1981; Ettouney
and Brown, 1983; Gallagher et al., 1984; Ungar et al., 1988]. Et-
touney and Brown [1983] classified the numerical methods for
solving free-boundary problems and presented especially the
Isotherm-Newton algorithm. Several finite element techniques
have been proposed for moving clements and these are re-
viewed by Lynch and Gray [1980]. Ungar et al. [1988] built the
time-integration methods for solution of the transient moving-
boundary problem that describes microstructure formation based
on the finite-element-Newton algorithm by Ettouney and Brown
[1983] for solution of steady-state free-boundary problem. Al-
though many free- and moving-boundary problems have been
solved by using the original coordinate system with the moving
meshes or transforming the problem to a fixed domain, the tran-
sition of the interface shape from hemispherical to planar cannot
be simulated by these methods.

In this paper, the model for heat transfer in the HEM for
growth of BGO crystal was developed. This model includes
melt/solid BGO, heat exchanger and heating eclement. A re-
liable numerical method for transient simulation of the tran-
sition of melt/crystal interface shape has been developed and a
nonorthogonal mapping technique designed for computing it is
introduced. With the mathematical model and the numerical
method, the effects of the various growth parameters were ex-
amined on the interface shape and the temperature field.

MATHEMATICAL MODEL

The HEM model for the growth of BGO crystal has been de-
veloped to stmulate the heat transfer process. The solutions
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Fig. 1. A typical HEM furnace and the numerical domain of the
model.

from the model include the location of the melt/solid interface
and temperature field in the crucible. The interface location of
melt/solid is determined simultaneously by the equilibrium (iso-
therm) condition along the interface [Ettouney and Brown,
1983].

The thermophysical properties of the solid and liquid BGO
are assumed to be same and the latent heat effect is neglected.
The hottest liquid is on the top and coolest on the bottom dur-
ing the crystal growth by HEM. This minimizes convection in
the melt due to the stabilizing temperature gradient [Schmid et
al., 1994]. Prandtl number of BGO is about 0.1 [Kawano et al,,
1993; Shigematsu ct al., 1994] that the convective heat transfer
in the melt is neglected.

The geometry of the mathematical model for HEM growth
of BGO crystal is shown in Fig. 1(b). The computational
domain is crucible which contains the melt and solid BGO.

The energy equation [Bird et al., 1960] is

aT _1 ad JT o’T
9 o =28 _ 1
a T (’ar]J'azz} M

where « is the thermal diffusivity of BGO. The interface lo-
cation of melt/solid BGO is obtained by the equilibrium con-
dition along the interface

T=Ta (2

where T, is the melting temperature of BGO.

The solutions of the transient second-order partial differential
equation require the initial condition and boundary conditions.
The initial condition is

T, z. 0)=Tw + AT (3)

where AT is the excess heating temperature which is defined as
the difference between the initial melt temperature and the melt-
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Table 1. The growth parameters

Growth .
Meaning Values
parameters
T Melting temperature of BGO 1050°C
43 Thermal diffusivity of BGO 0.3077 cm’/sec
R Crucible radius 1.5 cm
AT Excess heating temperature of melt 25-150°C
R, Cooling zone radius 0.15-0.375 ¢m
H Crucible height 1.5-4.5 cm
Bi Dimensional Biot number 0-10 ' cm '
T, Heat exchanger temperature - 250-750°C
ing temperature of BGO.
The boundary conditions are
dT(0,zt)
=) 4
p 4)
ITR.2Y _gir -1 (5)
or
T(r,0,t)=T,, 0<r<Re (6)
_()T_(T’Q’l),:(), R. <r<R N
0z
I H.Y (8)
oz

where the dimensional Biot number Bi is used for considering
the conductive and convective heat transfer between the cru-
cible and the heating element. Bi has the dimension of [cm '].
T. is the temperature of heating element and the initial melt
temperature is (T,+AT). T, is the temperature of heat exchanger.
The growth parameters used for calculations are summarized in
Table 1.

Egs. (1)-(8) define a moving-boundary problem for the tem-
perature fields in melt and crystal and the shape of melt/crystal
interface. The solutions of the equation set can be obtained easi-
ly when the melt and solid BGO are assumed to be in the sin-
gle phase. Solutions for the single phase case is used as a base
for comparison with two phase solution having melt/solid in-
terface. In this paper, the interface locations are computed
simultaneously as a part of solution.

NUMERICAL METHOD

The moving boundary problem for the melt/crystal interface
shape and the temperature field is solved using finite element
Isotherm-Newton method. The problem is mapped to a fixed
domain using the transformations shown in Table 2. Transient
HEM model is reduced to the residual equations by applying
the Galerkin finite element method. The Newton iteration sche-
me was used for solving the nonlinear algebraic equation set
and the implicit Euler algorithm was used for the time in-
tegration [Finlayson, 1980]. The resulting set of linear equations
were solved using frontal solver developed by Hood [1976].

1. Transformation Rules

The moving boundary problem of Eqgs. (1)-(8) is mapped to

the coordinate system (§, M) to explicitly 2xpress the non-
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Table 2. The mapping rules used in finite element formulations

Mapping 1
Region A E=p/h,, n=26/n (solid)
Region B E=(p-h)th-h)+1, n=26/n (solid)
Region C E=(p-hy/(L-h)+2, n=26/r (melt)
Mapping I
Region E E=r, n=zl./2h (solid)
Region F E=r, n=[1-(1/2}L-2)/(L-h)]L (melt)
Y
Region C
_—
Region F
—_— 3
L
Region B R
3 Region E L .
Region A
Y
RC )|
(a) “(b)

Fig. 2. Schematics of two mapping rule and used symbols (a)
Mapping 1 and (b) Mapping II.

linearities caused by the unknown shape of the melt/crystal in-
terface.

Using only one mapping rule used in the previous works can-
not simulate the transition from hemispherical to planar in-
terface, so that two mapping rule method should be used. The
relationship between the transformed and the original coor-
dinate system is shown in Table 2. The mapping I and the map-
ping II techniques use radial and rectangular Cartesian coor-
dinate system, respectively. The mapping I and the mapping II
are used for the computation of the hemispherical and the
planar melt/crystal interface. In region A at the mapping I, h, is
used for imposing the essential boundary condition at the heat
exchanger. The symbols and the mapping regions used in Table
2 are shown in Fig. 2.

2. Finite Element Formulation

The temperature field T(r, z, t) and the interface location h(r,
z, t) are represented in expansions of finite element basis func-
tions and unknown coefficients, such as,

TC20=TENY=3, 6O @ En ©
I(h(n,t):lgﬁ,-(t)?“(n) (t<t)
hir,z, t)= M ‘ (10)
bED=3 BO¥ @ (20

where N and M are the numbers of basis functions associated
with unknown coefficients in each expansion. Lagrangian bi-
quadratic {@'} and quadratic {¥'} finite element basis func-
tions are used for representing temperature and melt/crystal in-
terface shape, respectively. In Eq. (10), t. is the time for chang-

ing the interface shape. The coefficient oft), B{t) are de-
termined by the solutions of residual equations. The energy
equation [Eq. (1)] and the boundary conditions [Eqs. (4)-(8)]
are combined to form a set of Galerkin weighted residual
equations. The weak form of the conservation equation is form-
ed by summing these equations.

dT(r, 7, t
RY) =] 1@ L2049, 9,75 1, 01) g dédn
+fan ¥ Bi(T - T.)dl, i=1, - N. (11)

where g; is the determinants of the matric tensors associated
with coordinate transformations [Aris, 1962]. Subscript & is
used to denote the different mapping region. The total time deri-
vative in the weak form of conservation equations is shown
due to the fixed interface location in the transformed coor-
dinate system. The motion of the interface location in the ori-
ginal coordinate system can be considered as followed.

dT(r,z,t) _ dT( .0  dT(E n,t) o  IT( n.0) 9n
T T

In the mapping rule, the fixed coordinate system (§, m) is re-
lated with time. For example, at the solid region in the map-

ping II

an__a o
ot 2h? ot

(13)

The thermal equilibrium condition [Eq. (2)] is converted to
Galerkin weighted residual equations using the one-dimension-
al Lagrangian basis function defined on the melt/crystal in-
terface.

Rl,j:J.aD Y (T-Tn)dl, j=1,- M. (14)

3. Time-Integration Methods

For time-dcpendent calculations, implicit Euler method is used
because no time derivatives appear in the residual equations form-
ed from the thermal equilibrium condition. This singularity pre-
vents the use of traditional explicit time integration methods
[Ungar et al., 1988; Finlayson, 1980].

When the transition of the interface shape is occurred from
hemispherical to planar, the temperature field in the transform-
ed coordinate using mapping Il is approximated with it using
mapping 1 through the temperature field in the original coor-
dinate system. The interface location at this time is also ap-
proximated. The interface location h(R, 0, t) at the mapping II
cannot be defined exactly, so very small number ¢ is used and
the values of € is 10 .

NUMERICAL ANALYSIS

The efficiency and the accuracy of this numerical method
were studied by comparing the results from proposed nu-
merical method with the results from only temperature field.
Newton iteration are continued until the largest change in any
component of the correction vector is less than 10 *. The
model problem was not linear when viewed as a moving bound-
ary problem, so multiple iterations were necessary for each

Korean J. Ch. E.(Vol. 13, Ne. 5)
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Fig. 3. Typical finite element meshes projected into the original
coordinate system (a) Mapping I and (b) Mapping II.

time step to converge to the solution. Several iterations are need-
ed and quadratic convergence is attained.

A typical finite element meshes mapped back to the original
coordinate system are shown in Fig. 3. To compare the solu-
tions of moving boundary problem with single phase solution,
the thermal energy (E) is defined in the original coordinate sys-
tem.

E=f T-Tua (15)

In this case, the heat exchanger temperature T, is — 250°C and
the excess heating temperature is 100°C. The dimensional Biot
number Bi is zero, the height of crucible H is 3.0 cm and the
cooling zone radius R, is 0.375 cm. The comparison of the ther-
mal energy and the maximum temperature (T,.) in the whole
calculation domain was shown together in Fig. 4.

The temperature field and the location of moving boundary
at several time step are shown in Fig. 5 for this case. As
shown in Fig. 5, the hemispherical interface shape of solid/melt
BGO becomes planar.

To investigate the curvature of interface, the deflection of the
melt/crystal interface A at each time step is defined as

A=max(h.) ~min(h:), i=1,--, M. (16)

where h, is the distance for z-direction of the interface location
shape function h. The deflection of melt/crystal interface is
shown in Fig. 6. The maximum deflection A,.. is shown at time
t, when the interface shape changes from hemispherical to
planar.

RESULTS AND DISCUSSION

Calculations were performed using the growth parameter val-
ues in Table 1. The effects of the growth parameters on the in-
terface shape and the temperature field were investigated. In
standard case, the heat exchanger temperature T, is —250°C
and the excess heating temperature is 100°C. The dimensional
Biot number Bi is zero cm ', the height of crucible H is 3.0 cm
and the ratio of the crucible radius to the cooling zone radius
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Fig. 4. Comparison of (a) the thermal energy and (b) the max-
imum temperature in the whole calculation domain. The
solid line and the dotted line are the results of the model
without and with the moving boundaries, respectively.

R/R, is 7.
1. Effects of the Excess Heating Temperature

The excess heating temperature AT is one of the important
growth parameters which affect the deflection of the melt/solid
interface. It was varied from 25 to 150°C, while values of other
growth parameters were set for the standard case. As the ex-
cess heating temperature was increased. t. increased but A, de-
creased as shown in Fig. 7. As it is increased, more growth
time for whole process is required but the gquality of BGO crys-
tal may be improved.
2. Effects of the Heat Exchanger Temperature

The heat exchanger temperature T, can be controlled by the
flow rate of helium gas through the heat exchanger. It is also
the important growth parameter. To investigate the effects of
heat exchanger temperature, it has been changed from -~ 250 to
750°C. In this case, other growth conditions were fixed at the
standard process. As the heat exchanger temperature was in-
creased, t, increased but A, decreased as shown in Fig. 8.
3. Effects of the Crucible Geometry

The ratio of the height to the radius of the crucible H/R has
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Fig. 6. The deflection of melt/solid interface predicted by twe
mapping method. The six points denote the time step
shown in previous figure.

been varied to examine the effect on the interface deflection. It
was varied from 1.0 to 3.0, for which the result is shown in
Fig. 9. As the ratio was increased, t. and A,,. kept almost con-
stant except for 1.0 case. The aspect ratio hardly affects the de-
flection of BGO melt/solid interface when it is greater than 1.5.
4. Effects of the Cooling Zone Radius

The effects of cooling zone radius R, were studied by chang-
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ing the ratio of the crucible radius to the cooling zone radius R/
R. from 4.0 to 10.0. As it is increased, the cooling zone radius

Korean J. Ch. E.(Vol. 13, No. 5)
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Fig. 10. The effects of R/R, on A, and t.. Fig. 11. The effects of Bi on 4.
ing element should be suppressed to maximize the planarity of
is decreased. As R/R. was increased, t, increased and A, de- the interface shape.
creased as shown in Fig. 10.
5. Effects of the Heat Transfer between the Crucible and NOMENCILATURE
the Heating Element
To investigate the conductive and convective heat transfer Bi : dimensional Biot number [cm ']
between the crucible and the heating element, the dimensional E  : thermal energy defined in Eq. (15)
Biot number Bi was changed from 0 to 0.1 cm . As it is in- h  : interface shape function [cm]
creased, the heat transfer between the crucible and the heating h. : pseudo interface shape function for imposing the essen-
element is increased. As the heat transfer was increased, the de- tial boundary conditions [cm}
flection at the latter time step increased suddenly as shown in h. : distance in z direction of interface shape function [cm]
Fig. 11. From these result the heat transfer between the cru- H  : height of crucible {cm]
cible and the heating element should be suppressed to max- M : number of basis functions associated with interface lo-
imize the planarity of the interface shape. cation
N : number of basis functions associated with temperature
CONCLUSION T : radial coordinate [cm]
R : radius of crucible [cm]
The HEM model for growth of BGO crystal has been de- R, : radius of cooling zone [cm]
veloped to simulate the heat transfer process. The moving bound- Ry, : residual equation for temperature
ary problems for the temperature field and the melt/solid in- R, : residual equation for interface location
terface location were solved using the two mapping rule meth- t : time {sec]
od which is a modification of the finite element isotherm-New- t.  : time for change the melt/solid interface shape [sec]
ton method. The finite element methods described here are ri- T  : temperature ['C]
gorous and effective to solve the moving boundary problems T, : melting temperature of BGO {C]
with the transition of the interface shape from hemispherical to T. : temperature of heating element [°C}
planar. With this numerical method, the interface location at T, : temperature of heat exchanger ['C]
each time step was obtained as a part of solution and the cur- z  : axial coordinate [cm]
vature of the interface could be investigated.
The effects of the various growth parameters were examined Greek Letters
on the interface shape and the temperature profile using this o : thermal diffusivity of BGO [cm’/sec]
model. The maximum deflection is shown at the time for chang- o, :unknown coefficient associated with temperature
ing the interface shape. As the excess heating temperature was B, :unknown coefficient associated with interface location
increased, more growth time for whole process is required but A : deflection of melt/solid interface defined in Eq. (16)
the quality of BGO crystal may be improved. As the heat ex- A... : maximum interface deflection
changer temperature was increased, t. increased but A, de AT : excess heating temperature ['C]|

: small number

: imaginary coordinate

: imaginary coordinate

: cylindrical coordinate [cm]

creased. The ratio of the height to the radius of crucible hardly
affects the deflection of BGO melt/solid interface when it is
greater than 1.5. As the cooling zone radius is decreased, A, is
decreased. The heat transfer between the crucible and the heat
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: cylindrical coordinate [rad]
: Lagrangian biquadratic finite element basis function
: Lagrangian quadratic finite element basis function

£ g @
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