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Abstract — The ‘general dynamic’ equation (GDE) has been numerically solved to simulate the growth of ultrafine
particles (UFPs) in a tubular aerosol reactor, approximating the particle size distribution by a lognormal function. The
GDE includes all the terms describing diffusion, thermophoresis, nucleation, condensation and coagulation. We have
also considered the efficiency of liquid-like coagulation to primary particles. The data calculated from our model
were compared with those from the previous model and also with some experimental results from a TiO, UFP gen-
erator. The condensation term, which we split from a single coagulation term in the previous model, well described
the monomer contribution to the particle growth. Introduction of one adjustable parameter, the efficiency of coag-
ulation, was successful in limiting the growth of primary particles and fit the experimental data.
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INTRODUCTION

The general dynamic equation has been used for simulating
the growth of ultrafine particles in a tubular aerosol reactor.
Approximating the particle size distribution by a lognormal func-
tion, the GDE, the integrodifferential equation, is transformed
into three ordinary differential equations [Pratsinis and Kim,
1989]. The ordinary differential equations are solved, along with
the mass balances of reactant (precursor) and monomer (product)
in known temperature and velocity fields. The previous model,
in which coagulation was included as the only growth term,
however, had some drawbacks. In the model, monomers were
considered as critical nuclei and their size was used as a lower
limit of the integral in moment transformation. However, the
model would not reasonably predict particle behavior in the
early stage of growth when the monomer concentration is high
compared to that of larger particles so the size distribution hard-
ly follows the lognormal function [Landgrebe and Pratsinis,
1990]. On the other hand, primary particles in the coagulation-
only model grow without the limit of their size. In fact, the
primary particles can grow only to a certain size that is deter-
mined by the sintering rate of colliding particles. The model
also could not explain some experimental results showing that
the primary particle size decreased with the reactor temperature.

We revived the condensation term in its original form of
the GDE in order to overcome the drawbacks of the previous
model. In this study, the critical nuclei were assumed dimers
and, therefore, the rate of nucleation was expressed as the rate
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of dimer formation. Our model was compared with the pre-
vious one and also with the experimental data obtained from
the aerosol reactor which produced the TiO, particles from the
oxidation of TiCl, [Chang et al., 1995]. We also introduced one
adjustable parameter, the efficiency of coagulation, in order
to limit the primary particle growth.

MODELING AND SIMULATION

1. Fundamental Equations

The equations necessary to simulate the particle behavior in
a tubular aerosol reactor include the continuity equation, mo-
mentum (Navier-Stokes equation) and energy balances in gas
phase, mass balances for precursor vapor and product monomer,
and general dynamic equation (GDE) of the particles in the gas.

Here, we assumed that the chemical reaction and particle be-
havior do not influence the velocity and temperature profiles of
the carrier gas. The profiles were then found by solving simul-
taneously the continuity, Navier-Stokes and energy balance e-
quations all in steady-state forms. When w, v, and T are the axial,
radial velocities and temperature of the carrier gas, respectively,
the boundary conditions are given as follows :

u=0and T=T, at r=R and O<z<z,

M
@
where 1 and z are the radial and axial coordinates, respectively,
and R and z; are the radius and length of the reactor. T,, u,
and T, are the temperature of the reactor wall, velocity and tem-
perature of the carrier gas at the reactor inlet, respectively. The
boundary condition at the exit of the reactor is given by the con-
dition that mass flow rate of the carrier gas there is equal to that

u=uy, v=0 and T=T, at z=0
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at the reactor inlet. Then the three equations were solved with
TEACH code. The conversion tests were made whether the nor-
malized residual-source sum is sufficiently small (0.005).

The precursor vapor mass balance inside the reactor tube is:

V. (pVC)=V - ()DVC)—RXN 3)

where p and V are the density and velocity of the carrier gas,
and D and C are the diffusion coefficient and mass concentra-
tion of the precursor vapor component. The second RHS term
represents the reaction rate for the precursor.

The monomer mass balance is :

V - (pVC) =V - (pD,VC))+RXN - [ Txv(x)(x ~x*)dx
~ [ 0(x, Cyn(x, P dx )

The third and fourth RHS terms represent consumption rates
of the monomers due to nucleation and condensation, respec-
tively. In the equation C, and D, are the mass concentration
and the diffusion coefficient of monomer vapor, respectively.
W(x) in the third RHS term accounts for the formation rate of
the nuclei with mass x and x* is the mass of the critical nuclei,
the dimer in this study. ¢(x, C,) represents the growth rate of
the particles with mass x and n(x, T) represents the size distri-
bution function of particles with mass x and at the location 7.
The general dynamic equation of the particles [Brock, 1983]
is:

V- [pvn(x, D] =V - [pD, Vn(x, D+ V;n(x, 1]
V8- x W5 - {6, Cnx, D)

+ % J I‘ 7b(x—x', X)n(x —x', Hdx'

—n(x,?)'[: Nb(x', x)n(x', Tdx’ ®)

The first RHS term accounts for the particle transport by Bro-
wnian diffusion and drift flow by external forces, where D, and
vr are the diffusion coefficient and drift velocity of particles,
respectively. The second and third RHS terms represent the
rates of nucleation and condensation, respectively. The fourth
and fifth RHS terms account for the rate of coagulation, where
b(x, x') represents the coefficient of coagulation between two
particles with the masses, x and x', respectively. 7 in the terms
represents the efficiency of coagulation, the occurrence proba-
bility of the liquid-like coagulation between the two colliding
particles.
The initial conditions for the equations above are :

C=C,, C,=0 and n(x)=0(forallx) at z=0 ©)
3¢ _ 9 _ 00 g )
i (forallx)=0

at r=0 and for 0<z<z; @)
aC _ aC, _ _
%~ o =0 and n(x)=0(for all x)

at r=R and for 0<z<z; ®)

2. Expressions of Rates of Nucleation and Condensation

In general the solid materials composing the particles have
very low vapor pressures at the temperature of the reactor where
they are produced. Therefore, the vapor molecules (monomer),

as they are produced by the reaction, show very high super-
saturation, which results in very small size of nuclei and very
high rate of nucleation. The size of the critical nuclei calculated
from the classical nucleation theory is, usually, less than that of
single molecule. Kim and Pratsinis [1989], therefore, assumed
a nucleus as a molecule (x;). Then, the nucleation term in GDE
is represented by the monomer formation, which is, in turmn, the
rate of reaction. The condensation term disappeared in their
model, since the condensation of monomers on the particles
was included in the coagulation as far as the monomers were
considered as the smallest particles. Therefore, the only growth
term in their model was the coagulation term. However, the con-
densation and coagulation must be differentiated in the growth
simulation for the solid-phase particles. The coagulation be-
tween such particles is completed only after complete sinter-
ing occurs and the identities of the two particles are lost. This
coagulation process needs some time, which may be longer
than the residence time of the particles in the reactor. On the
other hand, the condensation of monomers can occur instanta-
neously due to its high mobility in the particle. The assumption
of lognormal distribution including monomers also has some
problem. The monomer number concentration is high at least
in the inlet of the reactor, where the reaction occurs vigorously.
However, in the lognormal distribution, the concentration of the
monomers, the smallest particles, becomes very low, just as
particles grow, due to the characteristics of the distribution. In
this study, a nucleus was assumed as a dimer (x,) [Kim and
Brock, 1987], so that we can treat the condensation and coagula-
tion independently to make up for the drawbacks of the pre-
vious model.

The rate of nucleation is then expressed as the collision
rate of two monomers :

VX)8(x —x) = b(xy, x)C{/x} &)

Here, x, and x* are the mass of monomers and dimers, respec-
tively, and b(x;, x;) is the coefficient of the collision between
two monomers and expressed in free molecule regime as:

3 ve
b, )= (;,;J (6KT)? ;> 42 x}" (10)

In the equation above, k is the Boltzmann constant, T the tem-
perature of the carrier gas, p, the density of the particles and x,
is the mass of monomer.

On the other hand, the rate of particle growth by condensa-
tion of monomer is [Brock, 1983]:

73 2
o Cy=n{ -2 x| BT | ¢, 1+Kn
4mp, %, 1+1.71Kn +1.333Kn?

)
Here, Kn accounts for the Knudsen number, expressed as A/d,,
where A is the mean free path of the carrier gas molecules.
3. Experiment and Simulation
In this study the target particle was chosen as TiO, prepared
by the reaction between TiCl, and O,. The experimental ap-
paratus and results were given elsewhere [Chang et al., 1995].
In brief, the reactor made of quartz tube was a tubular reactor
with a diameter of 0.03 m and a length of 0.75 m. The reac-
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tants [TiCl, vaporized and O,] and inert carrier gas (N,) were
introduced in well-mixed state at a predetermined preheating
temperature. The reactor was heated externally in an electrical
furnace. The TiCl, concentration in the inert gas, preheating
temperature, furnace (reactor) temperature, and oxygen and car-
rier gas flow rates were chosen as process variables. Table 1
shows the process variables they used.

The rate of the oxidation of TiCl, is expressed as first order
with respect to TiCl, and zeroth order to oxygen, and its rate
constant is [Akhtar et al., 1991]:

k(T) = 8.29 x 10*s! exp(8.88 X 10%/8.314T(K)) (12)

The size distribution function is transformed to k-th moment,
M, by integration [Lee et al., 1984] :

M@= J::xk n(x, 7) dx 13

By this definition, all the terms in Eq. (5) can be transformed
to form an ordinary equation. Three ordinary differential equa-
tions are obtained for k=0, 1 and 2, respectively. In order to
include the condensation term in the transformation, we ex-
panded the last bracket in Eq. (11) in terms of the inverse
of the Knudsen number (1/Kn) by Taylor series :

1+Kn = 1.000528—0.371706 | ——
1+1.71Kn + 1.333Kn? Kn
2
1
+0.020874[ -1

Standard error in the approximation above was within 0.0015.
Fractional moments in transformed equations were expressed
in terms of the zeroth, first and second moments by assuming
the size distribution of particles lognormal [Kim and Pratsinis,
1989].

Now we have five equations including the mass balance e-
quations for the precursor vapor, TiCl, and the monomer, TiO,,
respectively, and three equations transformed from GDE for k=0,
1 and 2. They were solved simultaneously with the initial-value
problem solver, LSODE for each set of the experimental condi-
tions (Table 1). For each set, two solutions were obtained : one
for perfect coagulation (n=1), designated by Model CC, and the
other for limited coagulation (7<1) designated by Model CC-L.
In the latter case, the efficiency of coagulation, 17, was chosen
as 0.1 by adjusting to get the same particle diameter with the
experiment under the reference condition given in Table 1. The
value chosen implies that only 10 % of the collisions are effec-
tive for growth as primary particles. It was fixed for the cal-
culations for other sets of the conditions. We then compared
our new models (Models CC and CC-L) with the previous co-
agulation-only model (Model C) and the experimental data on

Table 1. Variation in process variables

Process variables Values
Reaction temperature (K) 1173*, 1273, 1373
Inlet TiCl, concentration (mol %) 0.05, 0.1, 0.5*
Inlet O, concentration (mol %) 12.4, 37.3, 49.75*
Carrier gas flow rate (X 10™° m%s) 5.00, 6.67*, 8.34

*reference condition.
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the TiO, UFPs [Chang et al., 1995).
RESULTS AND DISCUSSION

1. The Role of Monomers and Comparisons of the Models

Fig. 1 shows the mass concentrations of the precursor (TiCl,),
monomer (TiO,), and particles along the reactor axis in Models
CC and CC-L in logarithmic scale in order to investigate the
early-stage particle formation. Both models have little difference
in the values shown in the figure. We see that the concentration
of TiO, monomers increases up to 10™* m from the reactor in-
let and then decreases while the total mass concentration of the
particles (here, those greater than the dimer) increases contin-
uously surpassing that of the monomers around the point of
the maximum monomer concentration.

Fig. 2 shows the axial distributions of the zeroth moments
(total number concentration of the particles) calculated with
various models. It is no wonder that the concentration of Model
CC is lower than that of Model C, since the monomer con-
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Fig. 1. Axial distribution of mass concentrations of TiCl, TiO,
monomer and the first moment of the particles from
Models CC and CC-L.

(Tw=1,173 K, T,=1,173 K, TiCL=0.5 mole %, 0,=49.75
mole %, carrier gas flow rate=4x 10”° m*min)
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Fig. 2. Axial distribution of number concentrations of the par-
ticles and monomers for various models.
(T.=L,173 K, T,=1,173 K, TiCl,=0.5 mole %, 0,=49.75 mole
%, carrier gas flow rate=4x 10™* m’/min)
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centration is excluded in the former. However, even though the
number concentration of the monomers is added to that of the
particles, the total concentration is still lower than the particle
concentration of Model C, as shown in the figure. In addition,
in Model CC, the monomer concentration is always higher than
the total particle concentration. This is not true in Model C,
as described before. Therefore, the Model C, which regards the
monomer concentration as very low, cannot well simulate the
whole particle growth. The monomers have much higher mo-
bility for particle growth than larger particles. They condense
onto the surface of the existing particles much faster than the
particles coagulate with each other. Therefore, the total number
concentration of the particles plus monomers in Model CC
decreases faster than that of the particles in Model C.

As shown in the figure, the particle concentrations obtain-
ed in Model CC-L are between those of Models C and CC,
since the coagulation rate, the rate of particle number decrease,
is limited by the efficiency,.

The axial distributions of the total mass concentrations of
the particles are shown in Fig. 3. In Models CC and CC-L the
monomer mass concentration is negligible after passing a very
short distance from the reactor inlet, as shown in Fig. 1, even
though their number concentrations remain relatively high. The
three models, therefore, have no appreciable difference in mass
concentration. Fig. 4 shows the axial distribution of the second
moments of the particle size distribution, which is related to the
dispersion of particle sizes. Model C has the highest values
of the three models and Model CC-L the lowest. Since coag-
ulation is known to increase the particle polydispersity [Hinds,
1982], it is clear that the split of condensation from the coagula-
tion-only growth suppresses the increase in the second moment,
and the limited coagulation model further suppresses the poly-
dispersity of the distribution. In Fig. 5, the average diameters
of the particles are plotted along the reactor axis. Model C,
which has highest number concentration of particles for almost
the same mass source of particles, results in the smallest par-
ticles. The particles grow in similar fashion in models C and
CC, while the rate of the growth in model CC-L is more or
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Fig. 3. Axial distribution of mass concentrations of the par-
ticles for various models.
(T.=1,173 K, T,=1,173 K, TiCL=0.5 mole %, 0,=49.75
mole %, carrier gas flow rate=4X 10™> m’/min)
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Fig. 4. Axial distribution of the second moments of the particle
size distribution for various models.
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Fig. 5. Axial distribution of the average diameters and geomet-
ric standard deviations (GSD) of the particles for vari-
ous models.

(T»=1,173 K, T,=1,173 K, TiCL=0.5 mole %, 0,=49.75
mole %, carrier gas flow rate=4x 10> m’/min)

less flattened along the reactor axis. It is, therefore, expected
that Model CC-L best follows the limited growth of the pri-
mary particles. The geometric standard deviations increase rapid-
ly near the reactor inlet and then decrease after passing through
the maximum for all the models. Model C, the coagulation-only
model, again gives the highest deviation, while Model CC-L
has the lowest of the three. Moreover, in the latter model, the
rate of the decrease in the deviation fades out around the reac-
tor exit. It is confirmed that Model CC-L suppresses coagula-
tion, and, as a result, both the average diameter and GSD con-
verge to certain values, respectively, along the reactor axis, re-
spectively.
3. Comparisons of Modeling and Experimental Results

Fig. 6 shows the effect of reaction temperature on the av-
erage diameter and geometric standard deviation of the parti-
cles for various models. All the models make the average par-
ticle size increase with the reaction temperature while the ex-
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Fig. 6. Effect of reaction temperature on the average diameter
and geometric standard deviation (GSD) of the particles
for various models.

(T,=reaction temperature, T,=1,173 K, TiCL=0.5 mole %,
0,=49.75 mole %, carrier gas flow rate=4x 10™* m*min)

periment shows the opposite. More monomers are formed by
chemical reaction at higher temperature. Thus, in Model C,
since the monomers act as nuclei, the coagulation rate among
the nuclei increases with the temperature. On the other hand, sub-
sequent coagulation is also enhanced with the temperature due
to the temperature effect on the coagulation coefficient [Hinds,
1982). Therefore, Model C, the coagulation-only model, results
in the highest temperature effect on the particle size among the
models. The model gives the highest value of the deviation
since the coagulation broadens the distribution of particle sizes,
as described before. However, in model CC, more monomers
produced at higher temperature take part in the formation of
more nuclei (dimers) so fewer monomers are available for the
subsequent condensational growth of the nuclei. The effect of
the reaction temperature on the particle size is, as a result, less
pronounced than in Model C. In the figure, Model CC-L,
which suppresses the coagulation and, therefore, the temperature
effect on the particle size, gives the best agreement with the ex-
perimental data among the three. Again for the geometric stand-
ard deviations (GSD), the model CC-L gives the best fit to the
experimental results. Fig. 7 shows the effect of TiCl, concentra-
tion on the average diameter. The experiment and all the mod-
els show the same trend that the average size of the particles in-
creases with the concentration since the latter enhances the pro-
duction of monomers which are the sources of the particles.
The GSD was, however, little affected by TiCl, concentration
for the experiment and all the models. Fig. 8 shows the effect
of carrier gas flow rate on the average particle size and GSD.
The average size of the particles decreases with the carrier gas
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Fig. 9. Effect of the oxygen concentration on the average di-
ameter and geometric standard deviation (GSD) of the
particles for various models.

(T,=1,173 K, T,=1,173 K, TiCL=0.5 mole %, carrier gas
flow rate=4x 10> m*/min)

flow rate while the deviation slightly increases with it, all due
to the reduced residence time in the reactor. The oxygen con-
centration does not affect either the average diameter or GSD,
as shown Fig. 9, which coincides with the experimental trends.
This supports the validation of the zeroth order reaction with
respect to the oxygen concentration.

Figs. 6 through 9 all show that both the particle sizes and
standard deviations calculated from the Model CC-L are closest
to those from the experiment. The results come from the con-
sideration of the monomer concentration independently, which
enables us to simulate the condensational growth and limit the
liquid-like coagulational growth. The meaning of 0.1 as coagula-
tion efficiency is not yet understood and is under investigation.
We also had the same efficiency for the preparation of TiO,
particles by the vapor-phase hydrolysis of titanium tetraisopro-
poxide, which was carried out at relatively low temperatures
(~600 K) [Han, 1996].

CONCLUSION

The growth of ultrafine particles in an aerosol tubular reactor
was simulated by moment transformation of the general dy-
namic equation adding a condensation term and coagulation
efficiency. Our model enabled us to investigate the role of
monomers in particle growth and to limit the growth of pri-
mary particles. The results were compared with the experi-
mental data on the formation of TiO, ultrafine particles. By
an adjustment of the coagulation efficiency, the average dia-

meter and GSD calculated from the model well fit the data.
The model predicted more active growth of particles than did
the coagulation-only model. It reflected the roles of highly
mobile monomers in condensation, which was not counted
in the previous model. Introduction of the adjustable parame-
ter, coagulation efficiency, was very effective in simulating
the growth of primary particles, which would not grow infi-
nitely due to the limitation in the rate of sintering.
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NOMENCLATURE

: coagulation coefficient [collisions/m’s]

: TiCl, mass concentration in the gas [kg/m’)

- TiCl, mass concentration at the reactor inlet [kg/m’]
: TiO, mass concentration in the gas [kg/m3]

: diffusion coefficient of TiCl, [m’/s]

: diffusion coefficient of TiO, monomer [m’/s]

: diffusion coefficient of TiO, particles [m”/s]

: Boltzmann constant

: chemical reaction rate constant at a temperature T 571
: Knudsen number [-]

: k-th moment of the particle distribution function

: number distribution function of the particles [number/nm]
: radial distance in the reactor [m]

: radial displacement vector in the reactor [m]

: radius of the reactor [m]

: reaction rate [kg/m’s]

: temperature [K]

: temperature at the reactor wall [T]

: temperature at the reactor inlet [K]

: mass of the particles [kg]

: mass of TiO, monomer [kg]

: mass of dimer (nuclei) [kg]

: axial gas velocity [m/s]

: inlet axial gas velocity [m/s}]

: radial gas velocity [m/s]

: gas velocity vector [m/s]

: particle velocity vector [m/s]

: thermophoretic velocity vector of the particle [m/s]
: length from the reactor inlet [m]

: total reactor length [m]

: growth rate of particles [kg/s]

: coagulation efficiency [-]

: mean free path of the gas [m]

: gas density [kg/m’]

: particle density [kg/m’]

: nucleation rate [number/m’s]

*gp:e'slN§¢<¢<¢<gt:N*_gex;qi.—]._]gwmlﬂuggéwﬁcpc'g}g(‘)c‘
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