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Abstract−Bi-disperse Electrorheological (ER) suspensions of two polarizable particles of the same size are inves-
tigated to understand the ER behavior of poly-disperse suspensions composed of various polarizable particles. The
electrostatic polarization model is employed to describe ER suspensions, and solutions to the equation of motion are
obtained by dynamic simulation. Even with the applied electric field, metastable structures and sheared configura-
tions at a shear rate of 0.01 and 10 s−1 show no inhomogeneous higher polarizable particle distributions (no higher
polarizable particle cluster formation) regardless of the ratio of the two types of particles. The shear stress in-
creases with the increase of the higher polarizable particle concentration both in the electrostatic force and hy-
drodynamic force dominant regions.
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 INTRODUCTION

The electrorheological (ER) response is defined as the dramat-
ic change in rheological properties of a suspension of small par-
ticles due to the application of a large electric field transverse
to the direction of flow. The structure is altered by the field-
induced formation of fibrous aggregates aligned with the electric
field. These effects are both rapid and reversible. The observa-
tion of a large ER effect was first reported by Winslow [1949].

The simplicity of engineering designs based on ER materi-
als has facilitated the development of specifications for a broad
range of devices, such as active engine mounts, shock absorb-
ers, clutches, brakes, and adaptive structures [Winslow, 1949].
Although many ER devices have been brought successfully to
the prototype stage, and despite much industrial activity in the
U.S. and abroad, there are currently no commercially available
devices. The main limitation of ER technology development is
a lack of effective fluids [Weiss and Carlson, 1993]. Our inabil-
ity to design effective fluids stems largely from insufficient un-
derstanding of the underlying mechanisms that control ER be-
havior. Understanding the phenomena underlying the ER effect
and how each variable influences these phenomena as well as
macroscopic behavior, will facilitate formulation of ER sus-
pensions that satisfy application requirements.

In this paper, we investigate the ER behavior of bi-disperse
particle suspensions composed of two different polarizable par-
ticles of the same particle size, employing the electrostatic po-
larization model.

 MODEL AND SIMULATION METHOD

 The microscopic model used here to describe ER suspen-

sions has been presented in more detail elsewhere [Klingen-
berg et al., 1989; Klingenberg and Zukoski, 1990; Parthasara-
thy et al., 1996]. This model and other similar formalisms have
been employed to demonstrate such aspects of ER as the for-
mation of particulate chains that span the electrode gap, as well
as the large increase in the apparent viscosity with increasing
field strength [Klingenberg et al., 1989; Klingenberg and Zuko-
ski, 1990; Parthasarathy et al., 1996]. Here we extend this model
to account for polydisperse particle suspensions composed of
various polarizable particles of the same particle size.

ER suspensions are treated as neutrally buoyant, hard, and
uncharged dielectric spheres (complex dielectric constant εp

*)
immersed in a dielectric Newtonian continuous phase (com-
plex dielectric constant εc

*, viscosity ηc). All the spheres pos-
sess the same diameter, but can have different polarizabilities.
Application of an electric field polarizes the spheres in differ-
ent degrees depending on their polarizabilities, inducing elec-
trostatic interactions between them, and between each particle
and electrodes. The continuous phase is regarded as continuum ;
its presence influences only the magnitude of the electrostatic
interactions and hydrodynamic resistance on each sphere. For
large particles under large electric fields, colloidal and Brown-
ian forces are negligible [Marshall et al., 1989].

Ignoring inertia terms, the motion of sphere i not near an
electrode is governed by

Fi({Rj})=0, (1)

where Fi({Rj}) is the resultant force acting on sphere i due to
the contributions described above, which depends on the posi-
tions of all of the spheres. Eq. (1) represents a coupled set of
equations governing the motion of all the spheres not near elec-
trodes. Solution of these equations requires explicit expressions
for the forces.

Electrostatic forces are considered in the point dipole-limit.
Employing the Maxwell-Wagner theory [Dukhin, 1970] for the
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polarization of the disperse phase particles, the time averaged
electrostatic force on sphere i at the origin of a spherical coor-
dinate system due to sphere j at Rij, θij (see Fig. 1) is given
by

Fij
el (Rij, θij)=F0[Real (βi

*kβj
* l )] (d/Rij)

4 [(3 cos2θij−1) er

+sin 2θij eθ] (2)

where

F0 =(3/16) πε0εcd
2E0

2, (3)

ε0=8.8542×10−12 F/m, and β *=(εp
*−εc

*)/(εp
*+2εc

*). ε*=ε−jσ/ε0ωE

is the complex dielectric constant, where ε is the dielectric con-
stant, σ is the conductivity, d is the particle diameter, and ωE is
the angular frequency of the applied electric field, E=E0 exp
(jωEt)ez. The superscript on β is the particle polarizability index
indicating each polarizable particle in a polydisperse suspen-
sion. For a bi-polarizable particle system, the index denotes
either the higher or the lower polarizable particles.

The hydrodynamic force on sphere i is represented by Stokes'
drag,

Fi
hyd(Ri) = 3πηc d (u∞(Ri)−dRi/dt), (4)

where u∞(Ri) is the ambient velocity. The hard-sphere inter-
actions between particles and between particles and electrode
wall are approximated by short-range repulsive forces, as re-
spectively,

 Fij
rep (Rij)=−F0[Real(βi

*kβj
*l)] exp (−κ(Rij−d)/d) er, (5)

 Fi, wall
rep (Ri)=−F0[Real(βi

*kβi
*k)] exp (−κ (Hi−d/2)/d) n, (6)

where κ −1 is the range of the repulsive force, Hi =Lz/2−|zi|, Lz

is the electrode gap width, and n is the unit normal vector
directed from the electrode into the suspension. For the results
discussed below, κ=102.

Incorporating these forces into Eq. (1), the equation of motion
for sphere i is written

(7)

The primes in the second summation indicate the electrostatic
force between sphere i and the image of sphere j ; these forces
are summed over all images of all spheres, including those of
sphere i. The double prime in the third summation indicates
that repulsive forces are evaluated between sphere i and all
spheres j≠i, as well as between sphere i and the electrodes. Eq.
(7) governs the motion of spheres not near an electrode sur-
face. Spheres within δw = 0.05d of an electrode are considered
stuck and assume the lateral velocity of the electrode. This stick-
ing condition is based on experimental observation [Klingenberg
and Zukoski, 1990].

The equation of motion is made dimensionless with the fol-
lowing length, force, and time scales :

lscale =d, Fscale = (3/16) πε0 εc d
2 βbase

2 E0
2,

tscale =16ηc/(ε0 εcβbase
2 E0

2),

where β 2 ≡ β * β *, β * is the complex conjugate of β *, and βbase
* is

the effective relative polarizability of the base particles. The equa-
tion of motion in dimensionless form for sphere i not near an
electrode is written

(8)

where the asterisks denote dimensionless quantities. The equa-
tions governing the motion of stuck spheres are written

(9)

(10)

where uk is the kth component of the electrode velocity. Here,
we consider start-up of steady shear flow,

(11)

where γ ο∗ is the dimensionless shear rate. We also limit discus-
sion to the cases where the electrostatic and deformation time
scale are decoupled, i.e., γ ο∗<<ω*

E or ω*
E = 0 (dc), where ω*

E is
the dimensionless electric field frequency.

Eqs. (8)-(10) are solved by the dynamic simulation technique.
N spheres are placed between electrodes at z*=±L*

z/2, and within
periodic boundaries at z*=±L*

z/2, x*=±L*
x /2, y*=±L*

y /2. Simula-
tions in two dimensions are performed by placing all spheres
in a plane, y* =constant. Spheres are placed randomly or in a
prescribed configuration. Eqs. (8)-(10) are integrated numerically
for each sphere by using Euler's method, with a time step ∆t* ≤
10−3. Forces are evaluated within cutoff radius r*

c =L*
z /2, em-

ploying a neighbor list with a cutoff radius r*
l =r*

c + 0.2 [Allen
and Tildesley, 1989]. For rheological simulations, a static meta-
stable structure is first obtained by integrating the equations of
motion under no flow until motion ceases. After the metasta-
ble structure is obtained, simulation under the desirable flow
is begun.

Once the sphere positions have been determined as a func-

3πηcd dRi dt⁄ Fij
el

j i≠∑ Rij θij,( ) Fij
el

j∑ R′ij θ ′ij,( )
+ Fij

rep R′ij θ ′ij,( )j i≠
″∑ 3πηcd u∞ Rj( ).+

+=

dri
*/dt* fij

el*
j i≠∑ f ′ijel*

j∑ fij
rep*

j i≠
″∑ u∞* ri

*( ),+ + +=

dxi
* dt*⁄ ux elec,

*= ,    dyi
* dt*⁄ uy elec,

*=

dzi
* dt*⁄ fz ij,

el*
j i≠∑ f ′z ij,

el*
j∑ fz ij,

rep*
j i≠
″∑ uz elec,

* ,+ + +=

u∞* ri
*( )

0
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
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Fig. 1. Schematic diagrams showing the geometries of the shear-
ed suspensions and sphere pairs. The bottom electrode
is held fixed and the top electrode is displaced in the
x-direction. Rij is the center-to-center separation and θij

is the angle between the line-of-centers and the applied
electric field.
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tion of time, the rheological properties can be evaluated. The
total stress is conveniently expressed as a sum of direct elec-
trostatic and hydrodynamic contributions [Klingenberg, 1993]

(12)

This distinction between the contributions is arbitrary. Since elas-
ticity arises only from non-hydrodynamic forces [Russel et al.,
1989], we consider only the direct electrostatic contribution to
the shear stress,

(13)

where σ*
xz(t

*) is the dimensionless time-dependent shear stress
acting in the x-direction on a plane normal to the z-direction,
fxi

total* ({r*
j (t

*)}) is the total dimensionless electrostatic plus short-
range repulsive force acting on sphere i in the x-direction, and
V* is the dimensionless suspension volume.

RESULTS AND DISCUSSIONS

Simulations are performed to investigate the ER behavior of
bi-disperse suspensions of bi-polarizable particles of the same
size and to relate the ER behavior to the particle distribution
change. Sakurai et al. [1996] observed a significant dip in the
shear stress under a dc electric field as the concentration of
the higher conductivity particles increased. They explained the
reduction in the shear stress by the higher conductivity parti-
cle cluster formation (i.e., inhomogeneity in particle distribu-
tions). In their experiments, the Mason numbers under their ex-
perimental conditions were less than 1 (i.e., the electrostatic force
is dominant over the hydrodynamic force).

When the hydrodynamic force is dominant over the electro-
static force (Mason number > 1), particles will be uniformly dis-
tributed without the higher polarizable particle cluster forma-
tion in bi-disperse suspensions. The shear stress will increase
with the increase of the higher particle concentration. When
the electrostatic force is dominant over the hydrodynamic force
(Mason number < 1), we can speculate that if particle distri-
butions are not uniform (higher polarizable particle cluster for-
mation) due to the different induced dipole interactions between
particles of different polarizabilities, the shear stress may show
an abnormal behavior (such as a dip in the shear stress as the
higher conductivity particle concentration increases as observed
by Sakurai et al.). Otherwise, the shear stress will increase with
the higher polarizable particle concentrations.

Steady shear flow simulations in two dimensions (N = 250,
L*

x = 50, L*
z = 10, γ ο∗ = 0.01 or 10.0) were performed with six

initial configurations of the various higher polarizable particle
concentrations (i.e., 0, 20, 40, 60, 80, and 100 % of the higher
polarizable particles). Suspensions are composed of bi-polar-
izable particles (having either different dielectric constants or
conductivities) of the same particle size. The particles having
the higher polarizability (dielectric constant or conductivity) are
referred to as the higher particles and those having a lower one
are referred to as the base particles. As mentioned, we limit
discussion to the cases where the electrostatic and deforma-
tion time scale are decoupled, i.e., γ ο∗ <<ωE

* or ωE
* = 0 (dc). In

these limits, the effective relative polarizability, β*, is determin-

ed by the mismatches of either dielectric constants [β *= (εp−
εc)/(εp+2εc) when γ ο∗ <<ωE

* or ωE
* → ∞] or conductivities [β *=

(σp−σc)/(σp+2σc) when ωE
* = 0 (dc)]. In either case, the ER

behavior is the same if the dielectric constant ratio and the
conductivity ratio between the higher and base particles are
the same. The dielectric constant ratio (or conductivity ratio)
between the high and base particles is 8.98 in this discussion.

Initially, six random configurations of different higher parti-
cle concentrations are generated. A static metastable structure
for each random configuration is first obtained by integrating
the equations of motion under no flow until motion ceases.
After the metastable structure is obtained, simulation under the
desirable flow is begun. Simulations are performed on two di-
mensionless shear rates (0.01 and 10 s−1) for six metastable
structures. The shear rate of 0.01 s−1 is chosen to investigate
the ER behavior when the electrostatic force is dominant over
the hydrodynamic force (Mason number << 1), while the shear
rate of 10 s−1 is chosen to investigate the ER behavior when
the hydrodynamic force is dominant (Mason number >> 1).

Figs. 2 and 3 present configurations of bi-disperse suspen-
sions of 20 % and 60 % higher particle concentrations, re-
spectively : (a) initial random structure, (b) metastable structure
under an electric field, and (c) sheared structures under the
shear rates of 0.01 and (d) 10 s−1. Both metastable structures
[Fig. 2(b) and Fig. 3(b)] evolved from initial random struc-
tures do not show any particular inhomogeneity in the higher

σ total σ E σ H.+=

σxz
* t*( ) 1 V* zi

*fxi
total* rj

* t*( ){ }( )
i∑⁄ ,–=

Fig. 2. Configurations of 20 % higher particle concentration.
(a) initial random configuration, (b) metastable structure
under an electric field, (c) at the shear rate of 0.01 s−1,
and (d) at the shear rate of 10 s−1. Black spheres are the
higher polarizable particles and hollow ones are the base
particles.

Fig. 3. Configurations of 60 % higher particle concentration.
(a) initial random configuration, (b) metastable structure
under an electric field, (c) at the shear rate of 0.01 s−1,
and (d) at the shear rate of 10 s−1. Black spheres are the
higher polarizable particles and hollow ones are the base
particles.
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particle distributions (i.e., no particular higher particle cluster
formation), indicating that non-uniform induced dipole interac-
tions between particles do not lead to an inhomogeneous high-
er particle distribution. However, it is observed that the higher
particles have more populations at the electrode wall compar-
ed to the initial higher particle concentrations for all suspen-
sions of various higher polarizable particle concentrations. The
phenomena seem to arise from the stronger interactions of high-
er polarizable particles with the electrode wall due to their high-
er polarizability than the base particles. The observed no inho-
mogeneous higher particle distributions in metastable structures
of bi-disperse suspensions suggest that the shear stress may in-
crease with the higher particle concentrations.

The sheared configurations at the shear rate of 0.01 s−1 [Fig.
2(c) and Fig. 3(c)] show no particular inhomogeneous higher
particle distributions, consistent with the metastable structures.
These no particular inhomogeneities in the higher particle dis-
tributions in metastable structures and sheared configurations
at the shear rate of 0.01 s−1 do not agree with Sakurai et al.'s
speculation of the high particle cluster formation, leading to the
notion that the observed shear stress reduction may not arise from
preferred interactions between the higher polarizable particles.

The shear stress as a function of strain at the shear rate of
0.01 s−1 is investigated for various higher particle concentra-
tions and presented in Fig. 4. For all bi-disperse suspensions
of various higher particle concentrations, the shear stress show-
ed an initial increase upon the applying of the shear of 0.01
s−1 and reached a steady state. The initial increase of the shear
stress arises from the rearrangement of particle configurations
under the applied shear rate. The steady shear stresses increase
with the higher particle concentrations, expected from the homo-
geneous metastable structures and sheared particle distributions
[Fig. 2(b) and (c), and Fig. 3(b) and (c)]. At a shear rate of
10 s−1, the spanned structures are completely destroyed by the
dominant hydrodynamic force, and particle distributions are ho-

mogeneous [Fig. 2(d) and Fig. 3(d)]. It is observed that the shear
stress also increases with the higher particle concentrations, con-
sistent with the homogeneous particle distributions.

The steady shear stress as a function of the higher particle
concentrations is summarized in Fig. 5 for both high and low
shear rates. Regardless of the applied shear stress, the shear
stress increases with the increase of the higher particle con-
centrations, showing no abnormal shear stress behavior, con-
sistent with the observed homogeneous metastable structures
and sheared particle distributions. To illustrate the linear ER be-
havior with the increase of the higher particle concentrations,
the viscosity as a function of the higher particle concentrations
is shown in Fig. 6. As expected, the bi-disperse suspension
viscosity increases linearly with the higher particle concentra-

Fig. 4. Shear stress as a function of strain at the shear rate
of 0.01 s−1 for several higher particle concentrations.

Fig. 5. Steady shear stress as a function of the higher parti-
cle concentration at the shear rate of 0.01 and 10 s−1.

Fig. 6. Apparent suspension viscosity as a function of the higher
particle concentration.
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tions.
The above results indicate that there is no distinct higher par-

ticle cluster formation (i.e., no inhomogeneous higher polari-
zable particle distributions) even if the electrostatic force is dom-
inant over the hydrodynamic force. The shear stress increases
with the higher particle concentrations both in the electrostatic
force and hydrodynamic force dominant regions, showing no
abnormal ER behavior due to the non-uniform induced dipole
interactions between various polarizable particles. Furthermore,
for Sakurai et al.'s system, β ≈1 for various dipole interactions
between the higher and base particles (i.e., induced dipole in-
teraction differences are almost negligible), suggesting that the
abnormal shear stress behavior may not arise from the elec-
trostatic polarization. For conducting particle systems, there is
another competing mechanism such as conduction through par-
ticle strands in addition to the electrostatic polarization [Kim
and Klingenberg, 1996, 1997].

 CONCLUSIONS

Bi-disperse ER suspensions of two polarizable particles of the
same size are investigated. Under the applied electric field, meta-
stable structures and sheared configurations at the shear rate of
0.01 and 10 s−1 show no inhomogeneous higher polarizable par-
ticle distributions regardless of the higher particle concentrations.
The shear stress increases with the increase of the higher polar-
izable particle concentration both in the electrostatic force and
hydrodynamic force dominant regions, showing no abnormal ER
behavior due to the mixing of various polarizable particles.
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