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Abstract−The wavelet transform based on localized wavelet functions is applicable to analysis of pressure fluctuation
signals from different flow regimes of a three-phase fluidized bed, which usually is nonlinear or nonstationary. The
pressure fluctuation has been analyzed by resorting to the discrete wavelet transform such as wavelet coefficients,
wavelet energy, and time-scale plane. The dominant scale of wavelet coefficients and the highest wavelet energy in
the bubble-disintegrating regime are finer than ones in the bubble-coalescence regime. The cells corresponding to fine
scale of time-scale plane in bubble-disintegrating regime are more shaded and energetic, while the cells correspond-
ing to coarse scale in bubble-coalescence regime are more energetic. Therefore, the wavelet transform enables us to
obtain the frequency content of objects in a three-phase fluidized bed locally in time.
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INTRODUCTION

Three-phase fluidized beds have been adopted widely for vari-
ous chemical, pharmaceutical and biochemical systems as reactors,
contactors and separation units since they exhibit high heat and mass
transfer rates due to efficient contact between the phases during con-
tinuous operation [Fan, 1989; Kang et al., 1999]. Since the heat and
mass transfer as well as hydrodynamic properties such as phase hold-
up and bed porosity, bubble properties, and mixing characteristics
show very different characteristics as the flow regime changes, many
authors have studied the flow regime transition in three-phase fluid-
ized beds. The identification of flow regime is a fundamental basis
of fluid dynamic analysis for reactor modeling. However, the lack
of more complete knowledge of the three-phase fluidized bed fluid
dynamic behavior causes several operational difficulties and design
uncertainties. Therefore, several investigators [Han, 1990; Han and
Kim, 1993; Kwon et al., 1994] have examined the bubble proper-
ties and its flow behavior by analysis of pressure fluctuations ob-
tained from the three-phase fluidized bed.

The characteristics of the pressure fluctuations have been stud-
ied by several analysis methods such as statistical analysis, Fourier
transform and deterministic chaos analysis based on fractional Brow-
nian motion [Park, 1989; Kwon et al., 1994; Kim and Han, 1999;
Lee et al., 2001]. The Fourier transform and its inverse establish a
one-to-one relation between the time domain and the frequency do-
main, which is a classical analysis tool widely used. This transform
uses sine and cosine as its bases to map a time domain function into
frequency domain. Thus, the spectrum shows the global strength
with which any frequency is contained in the function. However,
the Fourier transform does not show how the frequencies vary with
time in the spectrum. Nevertheless, time-varying frequencies are

quite common in natural phenomena, e.g., seismic signals and non-
stationary geophysical process [Farge, 1992; Wornell, 1993]. To
investigate such phenomena, we need a transform that enables us
to obtain the frequency content of a process locally in time.

Wavelet analysis is an emerging field that has provided new tools
and algorithms suited for the types of problems encountered in sig-
nal processing and process monitoring. In wavelet analysis, we can
use linear combinations of wavelet functions to represent signals.
Some characteristics which make the wavelet approximations re-
markable and useful are: wavelets are localized in time and are good
building block functions for a variety of signals, including signals
with features which change over time and signals which have jumps
and other non-smooth features.

In this study, we applied both Fourier transform and wavelet trans-
form to pressure fluctuation signals in different flow regimes of a
three-phase fluidized bed, and then compared the two techniques.
We proposed the wavelet transform as a new alternative tool for
identification of bed properties in three-phase fluidized bed reactor.

THEORETICAL

In this section, only a brief introduction to Fourier transform and
wavelet transform is provided. The interested reader may refer to
the referenced review articles and books for further details [Otnes
and Enochson, 1978; Chui, 1992; Motard and Joseph, 1994; Wick-
erhauser, 1994; Mallat, 1998].

The aim of signal analysis is to extract relevant information from
a signal by transforming it. The natural stationary transform is the
well-known Fourier transform. The analysis coefficients  de-
fine the notion of global frequency f in a signal. As shown in Eq.
(1), they are computed as inner products of the signal with sine-
wave basis functions of infinite duration.

(1)
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The Fourier transform yields the energy density in an individual
frequency range. As can be seen in power spectrum of a time series,
the Fourier basis function is localized only in the frequency but not
in time because the estimation is performed throughout the time
series. Moreover, a coefficient with a small value would be masked
by other coefficients with large values.

Wavelets are a new family of localized basis functions that have
found many applications in quite a large area of science and engi-
neering [Motard and Joseph, 1994; Mallat, 1998]. Wavelets, or an-
alyzing wavelets, are the building blocks of wavelet transforms,
just as trigonometric functions of different frequencies are the build-
ing blocks used in Fourier transforms. Wavelets are generated by
the dilation and the translation of a single prototype function called
the mother wavelet. The mother wavelet is an absolutely integrable
function and is denoted as Ψ(t). Performing scaling and translation
operations on this mother wavelet Ψ(t) creates a family of scaled
and translated versions of the mother wavelet function. Thus, the
family of functions defined by

(2)

where a, b∈R and a≠0, are wavelets; a is called the dilation pa-
rameter, and b the translation parameter. The scaling operation of
the mother wavelet can be used to catch the different frequency in-
formation of the function to be analyzed. The “compressing” ver-
sion is used to fit the high frequency needs, and the “stretching” ver-
sion is for low frequency requirements. The translation operation,
on the other hand, involves “shifting” of the mother wavelet along
the time axis. Then the translated version is used to catch the time
information of the function to be analyzed. In this way, a family of
scaled and translated wavelets is created according to the different
scaling and translation parameters a and b, which serve as the base,
the building blocks, for representing the function to be analyzed.

Like Fourier transforms, where a function is projected onto trigo-
nometric functions with different frequencies, the wavelet transform
projects a function onto analyzing functions with different dilation
and translation parameters. The wavelet transform maps a time do-
main function onto the two-dimensional time-scale domain. The
wavelet transform involves computation of the inner products be-
tween the function and the wavelets. The inner products are called
the wavelet coefficients and are defined as:

(3)

EXPERIMENTS

The experimental facilities, shown in Fig. 1, consisted of an as-
sembly of a three-phase fluidized bed, a measuring assembly, and a
calculating/recording assembly. All experiments were performed
in a Plexiglas column at room temperature (25o±1 oC) under atmo-
spheric pressure. The columns inside diameter was 0.376 m, and
its height was 2.1 m. A perforated plate with 786 evenly spaced
holes, 3 mm in diameter, served as the liquid distributor. Air was
fed to the column through a grid of feed pipes, each with an inside
diameter of 6.4 mm; the grid was provided with 232 horizontally
drilled holes, 1 mm in diameter. Pressure taps to measure the static
pressure with a liquid manometer were mounted flush along the

wall of the column; they were axially distributed, and the distance
between any pair of adjacent taps was 0.14 m. The fluidizing liquid
and gas were water and oil-free compressed air, respectively. The
fluidized solid was spherical glass beads with a density of 2,500 kg/
m3. They had a diameter of 1.0 mm, 2.3 mm and 6.0 mm, respec-
tively. The pressure tap for measuring pressure fluctuations was lo-
cated at 0.4 m above the distributor. The differential pressure trans-
ducer generated an output voltage proportional to the pressure fluctu-
ation signal. The signal was stored in a data acquisition system (Data
Precision Model, D-6000) and processed by a personal computer.

In each experimental run, the particles were suspended in the bed
by the fluidized gas at a flow rate within the range between 0 and
0.10 m/s, and the fluidized liquid at a flow rate within the range be-
tween 0 and 0.10 m/s. Once a steady state was reached, the fluctu-
ating voltage-time signals, corresponding to the fluctuating pres-
sure-time signals, from the differential pressure transducer were sam-
pled at a rate of 0.01 s and stored in the data acquisition system. The
overall data acquisition time was 41 s, thereby yielding a total of
4100 data points. The signals were transmitted to the computer. Wave-
let transform of the pressure fluctuation using the S+Wavelet soft-
ware (MathSoft Inc.) was calculated from the digitized data ac-
quired. We used Coifman wavelet as mother wavelet.

RESULT AND DISCUSSION

Typical pressure fluctuations at different flow regimes, bubble-
coalescence regime and bubble-disintegrating regime, in a three-

Ψa b, t( ) = a − 1 2⁄ Ψ t − b
a

--------- 
 

f t( ) Ψa b, t( ),〈 〉  = a − 1 2⁄ f t( )Ψ t − b
a

--------- 
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∞
∫

Fig. 1. Schematic diagram of experimental apparatus.
1. Main column 7. Liquid reservoir
2. Distributor 8. Air compressor
3. Calming section 9. Flowmeter
4. Weir 10. Pressure transducer
5. Pump 11. Data acquisition system
6. Flowmeter 12. PC
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phase fluidized bed are shown in Fig. 2. As can be seen, it fluctu-
ates very randomly over the entire experiment time. Through the
signals for these pressure fluctuation signals with time we might
know the difference of amplitude of the signals between bubble-
coalescence regime and bubble-disintegrating regimes. But we can-
not recognize the existence and movement of the objects in the bed.
Thus, it is difficult to classify into the flow regimes by this pressure
time signals. Therefore, to get some information about properties of
pressure fluctuation in frequency domain, many researchers have cal-
culated a power spectral density function using a Fourier transform.

The power spectral density functions of pressure fluctuation in
three-phase fluidized beds are calculated and presented in Fig. 3. A
peak or peaks in the spectrum correspond, respectively, to a major
periodic component or components in the random variable [Lee
and Kim, 1988; Park, 1989]. Note that in Fig. 3, a distinct peak ap-
pears between 0 and 10 Hz in the power spectra. These peaks in-
dicate the existence of corresponding objects of the frequencies,
usually, bubbles. The Fourier transform yields the energy density
in an individual frequency. As shown in this figure, the major peaks
move to lower frequency in the bubble-coalescence regime than in
the bubble-disintegrating regime. Since the bubble coalescing may
be enhanced in the bubble-coalescence regime, the bubble size is
bigger in the bubble-coalescence regime than in the bubble-disinte-
grating regime [Han, 1990; Kim and Kang, 1996]. It is known that
the bigger the bubble size, the lower the peak in a power spectrum.

However, the Fourier basis function is localized only in the fre-
quency but not in time. Even though the spectral density function
indicates that the major frequency is generated by bubbles, it can-
not reveal the movement of those bubbles in the bed over time. This
is a disadvantage of the Fourier transform, which is unable to permit
time localization.

Fig. 2. Typical pressure fluctuation signals at different flow re-
gimes, (A) bubble-disintegrating regime (B) bubble-coales-
cence regime.

Fig. 3. Power spectra obtained from Fourier transform at differ-
ent flow regimes, (A) bubble-coalescence regime (B) bub-
ble-disintegrating regime.

Fig. 4. Plot of coefficients of discrete wavelet transform of a pres-
sure fluctuation signal at a bubble-disintegrating flow re-
gime.
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The coefficients of discrete wavelet transform (DWT) of pres-
sure fluctuation at different regimes are computed and plotted in
Figs. 4 and 5, respectively. The original signal is plotted in the top
row. The wavelet coefficients are plotted in the remaining rows,
going from the fine scale d1 coefficients in the second row to the
coarse scale coefficients d8 and s8 in the bottom two rows. The co-
efficients are plotted as vertical lines extending from zero. The fine
scale features (the high frequency oscillations) are captured mainly
by the fine scale detail components d1 and d2. The coarse scale com-
ponents d8 and s8 correspond to lower frequency oscillations, that
is, large bubbles. In Fig. 4 the dominant scale in the over the ex-
periment time is d4 scale, which is finer than d7 in Fig. 5 in bubble-
coalescence regime. Thus, this can indicate that the bed in the bub-
ble-disintegrating regime has a smaller bubble than in the bubble-
coalescence regime. Also, from the change of the pattern over the
time we may estimate the passage of the bubbles in the three-phase
fluidized beds. Therefore, it is available for knowing the change of
bed properties of three-phase fluidized bed such as bubble phe-
nomena over the time.

The wavelet energy, which is the percentage of energy of the an-
alyzed signal over scales obtained from coefficient of discrete wave-
let transform, is shown in Fig. 6. The wavelet energy is defined as
follows:

(4)

(5)

where  is the total energy of the signal. In Fig. 6 the scale
of the highest wavelet energy is moved from fine scale to coarse
scale as the change of major frequency in power spectrum from
Fourier transform.

The time-scale plot produces an easily interpretable visual two-
dimensional representation of signals, where each pattern in the time-
scale plane contributes to the global energy of the signal. The time-
scale plane is defined as the squared modulus of the wavelet trans-
form [Rioul and Vetterli, 1991]. As can be seen in Figs. 7 and 8,

time-scale planes of the pressure signal are obtained at different flow
regimes, respectively. In these figures, the x axis represents time,
while the y axis represents 1/scale and ranges from 0 (coarsest scale)
to 1 (finest scale). The level of energy of an individual time-scale
cell is indicated as a shade of gray. The darker the cell, the higher
the energy content of the time-scale cell. The cells corresponding
to fine scale are more shaded and energetic in Fig. 7, while the cells
corresponding to coarse scale are more energetic in Fig.8. It is known
that the bed in the bubble-coalescence regime has bigger bubbles
than in the bubble-disintegrating regime. Thus, the more often the
bubble coalescence, the greater the energy content of cells in the
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Fig. 5. Plot of coefficients of discrete wavelet transform of a pres-
sure fluctuation signal at a bubble-coalescence flow regime.

Fig. 6. Wavelet energy distribution of the pressure fluctuation sig-
nals at different flow regimes, (A) bubble-disintegrating re-
gime (B) bubble-coalescence regime.

Fig. 7. Time-scale plane of the pressure fluctuation signal at a bub-
ble-disintegrating flow regime.
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coarse scale range in the bubble-coalescence regime. This is con-
sistent with the result from evaluation of the power spectrum by Fou-
rier transform. Also, these figures show that the cells change over
time. It means that the time-scale plane obtained by wavelet trans-
form provides both the localization of scale and time, and makes it
possible to identify the status of the bed such as passage of bubbles.

CONCLUSIONS

The pressure fluctuations at different flow regimes in a three-
phase fluidized bed have been analyzed using the wavelet trans-
form analysis: the time series of pressure fluctuation signals have
been analyzed by means of wavelet transform coefficients, wavelet
energy and time-scale plane. The dominant scale of wavelet coeffi-
cients and the highest wavelet energy in the bubble-disintegrating
regime are finer than ones in the bubble-coalescence regime. Time-
scale plane shows the different pattern of the objects with fre-
quency and time domain at different bubble flow regimes. There-
fore, wavelet transform enable us to obtain the frequency content
of objects in a three-phase fluidized bed locally in time. These are
useful tools to identify the status of bed in the three-phase fluidized
bed. Consequently, the wavelet transform is expected to be useful
for analyzing the pressure fluctuation signals to understand the hy-
drodynamics in a three-phase fluidized bed.
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NOMENCLATURE

a : scale parameter
b : transition parameter
d : details of discrete wavelet transform at resolution 2− j

dp : particle diameter [mm]
E : wavelet energy
f : frequency [Hz]
s : approximation of discrete wavelet transform at resolution 2−j

Ug : superficial gas velocity [m/s]
Ul : superficial liquid velocity [m/s]

: Fourier transform of X(t)
X(t) : pressure signal in time domain

Greek Letters
Ψ : wavelets, mother wavelet
φ : scaling function

Subscripts
j : multiresoution level
k : time
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