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$EVWUDFW−:H LQYHVWLJDWHG WKH PROHFXODU VLPXODWLRQV EDVHG RQ WKH *LEEV HQVHPEOH 0RQWH &DUOR PHWKRG� ZKLFK ZDV

SUHYLRXVO\ DSSOLHG WR WKH FROORLGDO VXVSHQVLRQV FRQILQHG ZLWK D QDUURZ SRUH� 7KH ORQJ�UDQJH HOHFWURVWDWLF LQWHUDFWLRQV

EHWZHHQ WKH SDUWLFOH DQG WKH DGMDFHQW ILEHU DQG EHWZHHQ SDLUV RI SDUWLFOHV DUH HYDOXDWHG E\ DGRSWLQJ WKH HDUOLHU PHWKRGV�

)RU XQFKDUJHG FDVHV� WKH SDUWLWLRQ FRHIILFLHQW ZLWK QRQ�GLOXWH SDUWLFOH FRQFHQWUDWLRQ GHFUHDVHV ZLWK LQFUHDVHV LQ WKH

UDWLR RI SDUWLFOH UDGLXV WR ILEHU UDGLXV� )RU FKDUJHG V\VWHPV ZLWK FRQVWDQW VXUIDFH FKDUJHV RI ERWK WKH SDUWLFOH DQG WKH

ILEHU� WKH HOHFWURVWDWLF LQWHUDFWLRQV UHVXOW LQ D GLIIHUHQW EHKDYLRU DFFRUGLQJ WR WKH YDULDWLRQV RI SDUWLFOH FRQFHQWUDWLRQ�

1RWH WKDW WKH SDUWLFOH FRQFHQWUDWLRQ LV DVVRFLDWHG ZLWK WKH HIIHFWV RI VWHULF H[FOXVLRQ DV ZHOO DV SDUWLFOH�SDUWLFOH LQ�

WHUDFWLRQ� %\ GHYHORSLQJ DQ HIIHFWLYH DGMXVWLQJ WULDO� WKH SDUWLFOH FRQFHQWUDWLRQ LQ WKH EXON UHJLRQ KDV EHHQ NHSW DV D

FRQVWDQW GXULQJ WKH VLPXODWLRQ� 7KH SUHGLFWHG GHQVLW\ SURILOHV RI FROORLGV DURXQG D ILEHU LQGLFDWH WKDW� ZKHWKHU WKH SDU�

WLFOHV DUH XQFKDUJHG RU FKDUJHG� WKH SDUWLFOH�SDUWLFOH LQWHUDFWLRQ SOD\V D VLJQLILFDQW UROH�

.H\ ZRUGV� *LEEV (QVHPEOH 0RQWH &DUOR� (OHFWURVWDWLF ,QWHUDFWLRQ� (TXLOLEULXP 3DUWLWLRQLQJ� )LEURXV 0HGLD� 5DGLDO

'HQVLW\ 3URILOH
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&ROORLGDO VXVSHQVLRQV FRQILQHG ZLWK VROLG ZDOOV DUH D IUHTXHQWO\

HQFRXQWHUHG VLWXDWLRQ� DOWKRXJK PRVW VWXGLHV KDYH IRFXVHG RQ FRO�

ORLGV LQ XQERXQGHG VSDFHV >/DUVRQ� ����@� $PRQJ WKH FRQILQHG V\V�

WHPV� WKH ILEURXV PHGLD KDYH UHOHYDQFH WR PDQ\ SURFHVVHV VXFK DV

JHO FKURPDWRJUDSK\� JHO HOHFWURSKRUHVLV� ILEURXV PHPEUDQHV� FRQ�

WUROOHG GUXJ GHOLYHU\� DQG PDQ\ NLQGV RI WKHUDSHXWLF RU SK\VLRORJL�

FDO GHYLFHV >-RKQVRQ HW DO�� ����� 7RQJ DQG $QGHUVRQ� ����@� 2QH

RI WKH EDVLF SURSHUWLHV RI FROORLGDO VXVSHQVLRQ ZLWKLQ ILEURXV PHGLD

LV WKH FRQFHQWUDWLRQ GLVWULEXWLRQ EHWZHHQ WKH ILEHU PDWULFHV DQG WKH

EXON� 7KLV VWDWLF SURSHUW\ LV FKDUDFWHUL]HG E\ WKH SDUWLWLRQ FRHIIL�

FLHQW >%XFN HW DO�� ����@� ZKLFK LV QHFHVVDU\ WR WKH HVWLPDWLRQ RI

G\QDPLF SURSHUWLHV�

2YHU �� \HDUV DJR� WKH HDUOLHVW VWXG\ SURYLGHG D WKHRUHWLFDO UH�

VXOW RI WKH HTXLOLEULXP SDUWLWLRQLQJ RI D VSKHULFDO SDUWLFOH LQ D UDQ�

GRPO\ RULHQWHG DUUD\ RI VWUDLJKW� F\OLQGULFDO ILEHUV >2JVWRQ� ����@�

6WDWLVWLFDOO\ FRQVLGHULQJ RQO\ VWHULF LQWHUDFWLRQV ZLWK LQILQLWHO\ GLOXWH

V\VWHP� WKH SDUWLWLRQ FRHIILFLHQW . GHILQHG E\ WKH UDWLR RI WKH DYHU�

DJH SDUWLFOH FRQFHQWUDWLRQ LQ WKH ILEURXV PHGLD WR WKDW LQ WKH EXON

ZDV JLYHQ E\

� ���

+HUH� φI LV WKH ILEHU YROXPH IUDFWLRQ� DQG US DQG UI DUH WKH UDGLL RI

WKH VSKHULFDO SDUWLFOH DQG WKH F\OLQGULFDO ILEHU� UHVSHFWLYHO\� ,W ZLOO

EH GLVFXVVHG ODWHU WKDW WKH VWHULF HIIHFW RI SDUWLFOHV WKHPVHOYHV DS�

SHDUHG WR SOD\ DQ LPSRUWDQW UROH RQ WKH SDUWLWLRQLQJ�

7KH SDUWLWLRQ FRHIILFLHQWV IRU WKH FRQFHQWUDWHG XQFKDUJHG SDUWL�

FOHV ZHUH REWDLQHG E\ HPSOR\LQJ ERWK GHQVLW\ IXQFWLRQDO WKHRU\ DQG

JUDQG FDQRQLFDO 0RQWH &DUOR VLPXODWLRQV >)DQWL DQG *ODQGW� ����D�

E@� $SSO\LQJ D VXSHUSRVLWLRQ DSSUR[LPDWLRQ WR WKH GHQVLW\ SURILOH RI

SDUWLFOHV DURXQG D VLQJOH ILEHU� WKH SDUWLWLRQ FRHIILFLHQW DW ORZ WR

PRGHUDWH ILEHU YROXPH IUDFWLRQV LV JLYHQ E\

� ���

+HUH� O LV WKH OHQJWK RI ILEHU SHU XQLW YROXPH� W GHQRWHV D UDGLDO GLV�

WDQFH IURP D ILEHU D[LV WR D VSKHUH FHQWHU� DQG JR
VI LV WKH VROXWH�ILEHU

SDLU FRUUHODWLRQ IXQFWLRQ� 8QGHU GLOXWH FRQGLWLRQV� (T� ��� EHFRPHV

LGHQWLFDO WR (T� ��� IRU XQFKDUJHG V\VWHPV� $V PHQWLRQHG LQ WKHLU

SDSHU� KRZHYHU� WKLV PHWKRG SURYLGHV WKH XSSHU OLPLW RI WKH SDUWL�

WLRQ FRHIILFLHQW RI WKH V\VWHP LQVWHDG RI WKH H[DFW YDOXH� 0RUHRYHU�

WKH VXSHUSRVLWLRQ DSSUR[LPDWLRQ FRXOG EH LQYDOLG LQ WKH V\VWHP KDY�

LQJ UDQGRPO\ RYHUODSSHG ILEHUV DQG HYHQ LQYROYLQJ ORQJ�UDQJH HOHF�

WURVWDWLF LQWHUDFWLRQV EHWZHHQ SDLUV RI SDUWLFOHV DQG EHWZHHQ WKH SDU�

WLFOH DQG WKH ILEHU�

5HFHQWO\� WKH SDUWLWLRQLQJ EHKDYLRU LQFOXGLQJ WKH HIIHFW RI HOHF�

WURVWDWLF LQWHUDFWLRQV EHWZHHQ D SDUWLFOH DQG D JHO ILEHU ZDV VWXGLHG

>-RKQVRQ DQG 'HHQ� ����@� 7KH\ PRGLILHG 2JVWRQ¶V PRGHO E\ LQ�

WURGXFLQJ WKH %ROW]PDQQ SUREDELOLW\ GLVWULEXWLRQ RI HQHUJ\ VWDWHV�

7KH SDUWLWLRQ FRHIILFLHQW IRU DQ LQILQLWHO\ GLOXWH V\VWHP ZDV SUR�

YLGHG DV

���

ZKHUH λ LV WKH UDWLR RI SDUWLFOH WR ILEHU UDGLXV� US�UI� K GLPHQVLRQOHVV

VXUIDFH�WR�VXUIDFH GLVWDQFH EHWZHHQ D SDUWLFOH DQG D ILEHU GLYLGHG E\

WKH ILEHU UDGLXV� ( WKH HOHFWURVWDWLF LQWHUDFWLRQ HQHUJ\� DQG N7 WKH

%ROW]PDQQ WKHUPDO HQHUJ\�

9HU\ UHFHQWO\� WKH HIIHFW RI VROXWH FRQFHQWUDWLRQ RQ WKH HTXLOLE�
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6LPXODWLRQV RI WKH &ROORLGDO 6XVSHQVLRQV :LWKLQ 'LOXWH )LEURXV 0HGLD ���

.RUHDQ -� &KHP� (QJ��9RO� ��� 1R� ��

ULXP SDUWLWLRQLQJ RI FROORLGDO VROXWHV ZDV H[DPLQHG ZLWK ERYLQH

VHUXP DOEXPLQ �%6$� DQGα�ODFWDOEXPLQ LQ DJDURVH K\GURJHOV >%XFN
HW DO�� ����@� 7KHLU WKHRUHWLFDO UHVXOWV IRU WKH SDUWLWLRQ FRHIILFLHQW

EDVHG RQ WKH LQWHJUDWLRQ HTXDWLRQPHWKRG VKRZHG GLVDJUHHPHQW ZLWK

WKHLU H[SHULPHQWDO UHVXOWV IRU WKH VHFRQG YLULDO FRHIILFLHQW� ,W LV RE�

YLRXV� WKHUHIRUH� WKDW D PRUH ULJRURXV DSSURDFK LV QHFHVVDU\ WR YHULI\

WKH H[SHULPHQWDO UHVXOWV IRU WKH ZLGH UDQJH RI H[SHULPHQWDO FRQGL�

WLRQV ZKHUH WKH HOHFWURVWDWLF LQWHUDFWLRQV DUH LQFOXGHG�

,Q ZKDW DSSHDUV WR EH WKH UHOHYDQW VWXG\ WR GDWH� D *LEEV HQVHP�

EOH 0RQWH &DUOR �*(0&� VLPXODWLRQ ZDV SHUIRUPHG IRU WKH SDUWL�

WLRQLQJ RI VSKHULFDO FROORLGV ZLWKLQ WKH FRQILQHG VSDFHV RI VOLW�OLNH

SRUHV >&KXQ DQG 3KLOOLSV� ����@ DV ZHOO DV F\OLQGULFDO SRUHV >&KXQ

HW DO�� ����@� 7KH DGYDQWDJH RI WKH *(0&PHWKRG LV WKDW LW SUHGLFWV

H[SOLFLWO\ WKH SDUWLWLRQLQJ IRU WKH FDVHV RI FKDUJHG VROXWHV HYHQ DW

QRQ�GLOXWH FRQFHQWUDWLRQV� 1RQHWKHOHVV� OLWWOH LQVLJKW KDV EHHQ SUR�

YLGHG LQWR WKH MXVWLILFDWLRQ RI WKLV PHWKRG� $ UDQGRP DUUD\ RI ILEHUV

LV GLVRUGHUHG DQG LQGHHG FRPSOLFDWHG� +RZHYHU� ZKHQ WKH ILEHU FRQ�

FHQWUDWLRQ LV GLOXWH� WKH HIIHFW RI ILEHU�ILEHU LQWHUDFWLRQV LV QHJOLJL�

EOH� $V D UHVXOW� ZH FDQ IDYRUDEO\ DSSO\ D *(0& VFKHPH WR WKH GL�

OXWH ILEURXVPHGLD FRQVLGHULQJ WKH GHQVLW\ SURILOHV RI SDUWLFOHV DURXQG

D VLQJOH ILEHU DV ZHOO DV WKRVH ZLWKLQ WKH EXON UHJLRQ� 7KH SXUSRVH

RI WKH SUHVHQW PROHFXODU VLPXODWLRQ VWXG\ LV WR LQYHVWLJDWH WKH HI�

IHFWV RI SDUWLFOH FRQFHQWUDWLRQ� WKH UDWLR RI SDUWLFOH WR ILEHU UDGLXV�

DQG HOHFWURVWDWLF LQWHUDFWLRQ� 6LPXODWHG UHVXOWV RI WKH SDUWLWLRQ FRHI�

ILFLHQW DUH SUHVHQWHG ZLWK GHQVLW\ SURILOHV� DQG ZH GLVFXVV WKH HQ�

FRXQWHUHG EHKDYLRU�
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)RU LQILQLWHO\ GLOXWH FKDUJHG V\VWHPV� LW LV VWUDLJKWIRUZDUG WR FDO�

FXODWH WKH SDUWLWLRQ FRHIILFLHQWV E\ XVLQJ (T� ���� :H FRQVLGHU WKH

HOHFWURVWDWLF UHSXOVLRQ DORQH DV D ORQJ�UDQJH LQWHUDFWLRQ� $QRWKHU

ORQJ�UDQJH LQWHUDFWLRQ RI YDQ GHU:DDOV DWWUDFWLRQ LV QRW FRQVLGHUHG�

VLQFH LW FDQQRW DFW RSHUDWLYHO\ LQ WKH VXVSHQVLRQV RI ELR RU SRO\PHU

FROORLGV ZLWK WKH FRQGLWLRQ RI VROXWLRQ LRQLF VWUHQJWK DSSOLHG LQ WKH

SUHVHQW VWXG\� 7KH HOHFWURVWDWLF LQWHUDFWLRQ HQHUJ\ EHWZHHQ WKH SDU�

WLFOH DQG WKH ILEHU ZDV GHWHUPLQHG E\ XVLQJ WKH SUHYLRXVO\ UHSRUWHG

PHWKRG >-RKQVRQ DQG'HHQ� ����@� %DVHG RQ D ILQLWH HOHPHQW PHWK�

RG WR VROYH WKH OLQHDUL]HG 3RLVVRQ�%ROW]PDQQ HTXDWLRQ� WKH HQHUJ\

LQ WHUPV RI D TXDGUDWLF IXQFWLRQ RI WKH VXUIDFH FKDUJH GHQVLWLHV RI

WKH ILEHU DQG WKH VSKHULFDO SDUWLFOH �L�H�� σI DQG σS� LQ UHVSHFW� FDQ

EH GHWHUPLQHG� 2QH ILQGV WKDW

���

ZKHUH ψ LV WKH GLPHQVLRQOHVV HOHFWURVWDWLF SRWHQWLDO� ε WKH GLHOHFWULF
FRQVWDQW� H WKH HOHPHQWDU\ FKDUJH� DQG ERWK 6I DQG 6S WKH VXUIDFH

DUHDV VFDOHG E\ US
�� 7KH FRHIILFLHQWV $�� $�� DQG $� LQ (T� ��� DUH D

IXQFWLRQ RI SDUWLFOH�WR�ILEHU GLVWDQFH� SDUWLFOH UDGLXV� DQG λ� ZKRVH
FRUUHFW YDOXHV DUH SURYLGHG LQ WKH OLWHUDWXUH >-RKQVRQ DQG'HHQ� �����

����@� 7KH UHVSHFWLYH GLPHQVLRQOHVV VXUIDFH FKDUJH GHQVLWLHV DUH

JLYHQ E\

�IRU ILEHU�� ��D�

�IRU SDUWLFOH� ��E�

ZKHUH .� DQG .� DUH PRGLILHG %HVVHO IXQFWLRQV RI WKH VHFRQG NLQG�

DQG ψI�∞ DQG ψS� ∞ GHQRWH WKH LVRODWHG VXUIDFH SRWHQWLDOV QRUPDOL]HG

E\ N7�H� 7KH VXUIDFH SRWHQWLDOV RI ERWK WKH SDUWLFOH DQG WKH ILEHU

JLYHQ DV �����P9 �L�H�� N7�H� DUH ORZ HQRXJK WR DSSO\ WKH OLQHDU�

L]HG 3RLVVRQ�%ROW]PDQQ HTXDWLRQ� 6ROXWLRQ LRQLF VWUHQJWKV RI �� ��

��� ��� DQG ���P0 ��� W\SH HOHFWURO\WH FRUUHVSRQG WR WKH GLPHQ�

VLRQOHVV LQYHUVH'HE\H OHQJWKV �L�H��κUS� RI ������ ������ ������ ������
DQG ������ UHVSHFWLYHO\�

7KH LQWHUDFWLRQ HQHUJ\ EHWZHHQ SDLUV RI VSKHULFDO SDUWLFOHV ZDV

FDOFXODWHG E\ XVLQJ D VLQJXODULW\ PHWKRG >3KLOOLSV� ����@� DQGPRUH

GHWDLOHG GHVFULSWLRQV FDQ EH IRXQG WKHUHLQ� $Q DFFXUDWH VROXWLRQ DW

VHSDUDWLRQ GLVWDQFH K FDQ EH REWDLQHG E\ LQWHJUDWLQJ WKH HOHFWURVWDWLF

IRUFH DFWLQJ RQ WKH VSKHUH ZLWK VXUIDFH 6 LQ D UHOHYDQW �\� GLUHFWLRQ

DV IROORZV�

� ���

+HUH� 7LM LV WKH0D[ZHOO VWUHVV WHQVRU� H\ D XQLW YHFWRU LQ \�GLUHFWLRQ�

DQG QM D XQLW QRUPDO YHFWRU� 2QFH WKH HOHFWURVWDWLF SRWHQWLDO LV RE�

WDLQHG� WKHQ WKH 0D[ZHOO VWUHVV WHQVRU FDQ EH GHWHUPLQHG IURP WKH

HOHFWULF ILHOG YHFWRU �L�H�� −∇ψ� DV ZHOO DV WKH RVPRWLF SUHVVXUH� 7KH
SUHYLRXV VWXG\ VXJJHVWHG WKDW WKH SDLUZLVH DGGLWLYH SULQFLSOH ZRXOG

EH OHJLWLPDWH IRU WKH PXOWL�SDUWLFOH LQWHUDFWLRQV LQ WKH FDVH RI SURSHU

'HE\H OHQJWKV VXFK DV κUS≥���� $FFRUGLQJO\� RXU VLPXODWLRQV IRU
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)LJ� �� (OHFWURVWDWLF HQHUJ\ SURILOHV DV D IXQFWLRQ RI VXUIDFH�WR�VXU�

IDFH GLVWDQFH RI �D� SDUWLFOH�SDUWLFOH DQG �E� SDUWLFOH�ILEHU
LQWHUDFWLRQV IRU GLIIHUHQW LQYHUVH 'HE\H OHQJWKV�
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FKDUJHG V\VWHPV DUH GHVLJQHG WR VDWLVI\ WKLV FRQGLWLRQ�

)LJ� � VKRZV WKH HOHFWURVWDWLF HQHUJ\ SURILOHV ERWK EHWZHHQ SDLUV

RI SDUWLFOHV DQG EHWZHHQ WKH SDUWLFOH DQG WKH ILEHU FDOFXODWHG E\ XVLQJ

WKH DERYH PHWKRGV� $V H[SHFWHG� WKH LQWHUDFWLRQ HQHUJLHV GHFUHDVH

ZLWK LQFUHDVLQJ RI WKH LRQLF FRQFHQWUDWLRQ GXH WR DQ LRQLF VFUHHQLQJ

HIIHFW E\ WKH HOHFWURO\WHV VXUURXQGLQJ WKH SDUWLFOHV DQG WKH ILEHU� )LJ�

� SUHVHQWV WKH SDUWLWLRQ FRHIILFLHQWV IRU FKDUJHG V\VWHPV ZLWK LQIL�

QLWH GLOXWLRQ E\ XVLQJ (T� ���� ZKHUH �î��� GDWD SRLQWV XS WR WKH

PD[LPXP GLVWDQFH EHWZHHQ WKH SDUWLFOH DQG WKH ILEHU ZHUH DSSOLHG

VR DV WR REWDLQ D FRQYHUJHG SDUWLWLRQ FRHIILFLHQW� $V H[SHFWHG� WKH

SDUWLWLRQ FRHIILFLHQWV IRU FKDUJHG DV ZHOO DV XQFKDUJHG V\VWHPV LQ

GLOXWH OLPLW GHFUHDVH ZLWK LQFUHDVLQJ RI λ GXH WR WKH HQKDQFHG VWHULF

H[FOXVLRQ� ,Q DGGLWLRQ WR WKH HIIHFW RI VWHULF H[FOXVLRQ� WKH HOHFWUR�

VWDWLF LQWHUDFWLRQV EHWZHHQ WKH SDUWLFOH DQG WKH ILEHU LQ WKH FKDUJHG

FDVH FDXVH WKH SDUWLWLRQ FRHIILFLHQWV WR IDOO EHORZ WKH XQFKDUJHG FDVH�

$V WKH LQYHUVH 'HE\H OHQJWK κ �RU LRQLF FRQFHQWUDWLRQ� LV GHFUHDVHG�

WKH SDUWLWLRQ FRHIILFLHQWV DUH GHFUHDVHG�
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�� 7KH 6WDWLVWLFDO 3UREDELOLW\ DQG *(0& 6FKHPH LQ WKH )LEHU�

%XON 6\VWHP

7KH EDVLF SULQFLSOH RI *(0& FDQ EH UHDGLO\ IRXQG LQ WKH OLWHUD�

WXUH >6DGXV� ����@� 7KH *(0& VLPXODWLRQ FRQVLVWV RI WKUHH NLQGV

RI SURFHVVHV RI SDUWLFOH GLVSODFHPHQW� �197�� SDUWLFOH H[FKDQJH

�µ97�� DQG YROXPH H[FKDQJH �137�� ,Q RULJLQ� WKH *(0& WHFK�

QLTXH ZDV SUHYLRXVO\ GHYHORSHG LQ WKH SUREOHPV RI SKDVH HTXLOLE�

ULD >3DQDJLRWRSRXORV� ����D� 3DQDJLRWRSRXORV HW DO�� ����@ DQG DG�

VRUSWLRQ SKHQRPHQD >3DQDJLRWRSRXORV� ����E@� $V GHVFULEHG DERYH�

UHFHQW VWXGLHV VKRZHG WKDW WKH *(0& VLPXODWLRQ FDQ EH VXFFHVV�

IXOO\ DSSOLHG WR WKH SDUWLWLRQLQJ SUREOHP ZLWK WKH ZHOO�GHILQHG JHR�

PHWULHV RI FRQILQHG SRUHV >&KXQ DQG 3KLOOLSV� ����� &KXQ HW DO��

����@� 1RWH WKDW WKH *(0&PHWKRG DOORZV RQH WR VLPXODWH WKH FR�

H[LVWLQJ VXEV\VWHPV FRQVLVWLQJ RI D FRQILQHG VSDFH DQG D EXON VSDFH�

ZKHUH WKH H[FKDQJHV RI WKH YROXPH EHWZHHQ WKH WZR UHJLRQV GR QRW

QHHG WR EH LQFOXGHG�

,Q D VLPLODU ZD\� ERWK WKH 197 DQG WKH µ97 SURFHVVHV DUH SHU�
IRUPHG LQ WKH FRPSXWDWLRQDO F\FOH RI WKH SUHVHQW VWXG\� 7KH SURED�

ELOLW\ FULWHULD IRU WKH DFFHSWDQFH RI WKH QHZ FRQILJXUDWLRQV LQ WKH

SURFHVVHV DUH DV IROORZV�

197 �FDQRQLFDO HQVHPEOH� 0HWURSROLV� SURFHVV�

� ���

µ97 �JUDQG FDQRQLFDO HQVHPEOH� SURFHVV�

� ���

,Q (TV� ��� DQG ���� ∆( � (QHZ−(ROG� LQGLFDWHV WKH FKDQJHV LQ LQWHUDF�

WLRQ HQHUJ\ FDXVHG E\ UDQGRP PRYHV� DQG WKH VXSHUVFULSWV G DQG U

LQGLFDWH WKH VXEV\VWHPV GRQDWLQJ D SDUWLFOH DQG UHFHLYLQJ D SDUWLFOH�

UHVSHFWLYHO\� ,I WKH SUREDELOLW\ LV XQLW\� WKH WULDO ZLOO EH DOZD\V DF�

FHSWHG� :KHQ WKH SUREDELOLWLHV HYDOXDWHG IURP (TV� ��� DQG ��� DUH

OHVV WKDQ XQLW\� D FRPSDULVRQ ZLWK D UDQGRP QXPEHU LV QHHGHG� 7KH

UHVSHFWLYH PRYHV DUH DFFHSWHG LI WKH SUREDELOLWLHV DUH ODUJHU WKDQ

WKH UDQGRP QXPEHU JHQHUDWHG EHWZHHQ � DQG ��

,Q RUGHU WR WUHDW WKH ILEHU�EXON V\VWHP� WZR VLPXODWLRQ FHOOV UH�

SUHVHQWLQJ ERWK WKH EXON DQG WKH ILEHU UHJLRQV DUH FRQVWUXFWHG DV

VKRZQ LQ )LJ� �� 7KH SHULRGLF XQLW FHOO RI WKH EXON UHJLRQ LV D FXEH

ZLWK &DUWHVLDQ FRRUGLQDWHV� ZKHUH ERWK WKH QXPEHU RI SDUWLFOHV DQG

WKH SDUWLFOH FRQFHQWUDWLRQ GHWHUPLQH WKH GLPHQVLRQ RI XQLW FHOO� 7KH

SHULRGLF XQLW FHOO RI WKH ILEHU UHJLRQ LV VTXDUH�VKDSHG LQ [ DQG \�

FRRUGLQDWHV� LQ ZKLFK D F\OLQGULFDO ILEHU LV YHUWLFDOO\ ORFDWHG DW WKH

FHQWHU� )RU WKH XQLW FHOO RI WKH ILEHU UHJLRQ� WKH OHQJWK IURP WKH FHQWHU

WR WKH SHULRGLF ZDOO LV GHWHUPLQHG E\

� ���

+HUH WKH KHLJKW RI WKH XQLW FHOO GHWHUPLQHG E\ WKH SDUWLFOH FRQFHQ�

WUDWLRQ LV HTXDO WR WKH ILEHU OHQJWK� 6LQFH WKH SHULRGLF ERXQGDU\ FRQ�

GLWLRQV DUH LPSRVHG IRU DOO GLUHFWLRQV� WKH ILEURXV PHGLD FDQ EH IDLUO\
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)LJ� �� 3DUWLWLRQ FRHIILFLHQWV RI XQFKDUJHG DQG FKDUJHG V\VWHPV DW
LQILQLWH GLOXWLRQ DV D IXQFWLRQ RI λ�

)LJ� �� *(0& VFKHPH IRU WKH VLPXODWLRQ RI FROORLGDO VXVSHQVLRQ

ZLWKLQ ILEURXVPHGLD� SHULRGLF ERXQGDU\ FRQGLWLRQV DUH UH�
SUHVHQWHG E\ GRWWHG OLQHV� (DFK F\FOH FRQVLVWV RI UDQGRP

SDUWLFOH GLVSODFHPHQWV LQ HDFK UHJLRQ �197� DQG SDUWLFOH
LQWHUFKDQJH EHWZHHQ WKH WZR UHJLRQV �µ97��
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UHJDUGHG DV D UHJXODU DUUD\ RI F\OLQGULFDO VWUDLJKW ILEHUV� 7KH UHDO

V\VWHP KDV D UDQGRP QHWZRUN RI ILEHUV DQG HYHQ WKH RYHUODS EH�

WZHHQ ILEHUV WR VRPH H[WHQW� 8QOLNH WKH GLIIXVLRQ SKHQRPHQD� KRZ�

HYHU� WKH RULHQWDWLRQ RI ILEHUV GRHV QRW KDYH D VLJQLILFDQW HIIHFW RQ

WKH HTXLOLEULXP SDUWLWLRQLQJ LQ WKH FDVH RI ORZHU ILEHU YROXPH IUDF�

WLRQ� ,Q WKLV FDVH� ERWK WKH RULHQWDWLRQ HIIHFW DQG WKH GHJUHH RI RYHU�

ODS EHWZHHQ ILEHUV EHFRPH QHJOLJLEOH� ,W LV HYLGHQW WKDW WKH ILEHU YRO�

XPH IUDFWLRQ WDNHQ WR �YRO � LQ WKLV VWXG\ LV VXIILFLHQWO\ ORZ WR H[�

SODLQ WKLV FRQGLWLRQ >)DQWL DQG *ODQGW� ����D@�

7KH LQWHUDFWLRQ HQHUJ\ DW DUELWUDU\ VHSDUDWLRQ GLVWDQFHV LV LQVWDQ�

WDQHRXVO\ GHWHUPLQHG E\ LQWHUSRODWLQJ ZLWK 1HZWRQ�*UHJRU\ IRU�

ZDUG SRO\QRPLDOV RI GHJUHH QLQH >&KXQ DQG 3KLOOLSV� ����@� 7KH

QXPEHU RI WDEXODWHG SRLQWV IRU WKH LQWHUSRODWLRQ ZDV ��� 7RWDO HQ�

HUJLHV RI ERWK UHJLRQV DIWHU SDUWLFOH GLVSODFHPHQWV DQG LQWHUFKDQJHV

DUH HYDOXDWHG E\ XVLQJ D SDLUZLVH DGGLWLYH SULQFLSOH� )LEHU UDGLL DUH

WDNHQ WR EH RI �� ��� ��� ��� DQG ��QP ZLWK VHWWLQJ WKH SDUWLFOH UD�

GLXV RI �� QP� DQG ILYH SDUWLFOH FRQFHQWUDWLRQV DUH DGRSWHG DV �� ��

��� ��� DQG �� YRO ��

�� $GMXVWLQJ WKH 3DUWLFOH &RQFHQWUDWLRQ LQ WKH %XON

'XH WR WKH VXFFHVVLYH SDUWLFOH H[FKDQJHV EHWZHHQ WKH EXON DQG

WKH ILEHU UHJLRQ GXULQJ WKH *(0& VLPXODWLRQ� D FRQVWDQW SDUWLFOH

FRQFHQWUDWLRQ LV KDUGO\ PDLQWDLQHG LQ WKH EXON UHJLRQ XQOHVV WKH SDU�

WLFOH FRQFHQWUDWLRQ LQ WKH EXON LV KLJK HQRXJK� )RU WKLV UHDVRQ� DQ

DGMXVWLQJ WULDO LV UHTXLUHG LQ RUGHU WR PDLQWDLQ WKH SDUWLFOH FRQFHQ�

WUDWLRQ LQ WKH EXON ZKDW ZH ZDQW� %DVLFDOO\� WKH SUREOHP FRXOG EH

DFFRPSOLVKHG E\ WKH UDQGRP DGGLWLRQ �RU UHPRYDO� RI SDUWLFOHV ZKHQ

WKH SDUWLFOHV LQ WKH EXON DUH UHPRYHG �RU DGGHG�� 7KH FRPSXWDWLRQ

WLPH VKRXOG EH LQFUHDVHG� KRZHYHU� EHFDXVH DQ DGGLWLRQDO UHOD[�

DWLRQ SURFHVV PLJKW EH QHHGHG VXEVHTXHQWO\ LQ WKH EXON� 7KHUHIRUH�

D PRUH HIIHFWLYH DOJRULWKP LV DSSOLHG LQ WKH SUHVHQW VWXG\� :KHQ D

SDUWLFOH QHHGV WR EH UHPRYHG IURP WKH EXON� WKH SDUWLFOH VXSSOHPHQWHG

DW D SUHYLRXV FRQILJXUDWLRQ LV VHOHFWHG�:KHQ D SDUWLFOH QHHGV WR EH

DGGHG WR WKH EXON� WKH HPSW\ VLWH LV VHOHFWHG DV D UHVHUYHG VLWH�:LWK

WKLV DOJRULWKP� D FRQILJXUDWLRQDO GLVWXUEDQFH RFFXUULQJ IURP WKH DG�

MXVWPHQW LQ WKH VLPXODWLRQ LV PLQLPL]HG DV PXFK DV SRVVLEOH� ,Q DG�

GLWLRQ� WKH SUREDELOLW\ FULWHULD SURYLGHG LQ (TV� ��� DQG ��� GR QRW

QHHG WR FKDQJH VLQFH WKH FKHPLFDO SRWHQWLDO LQ WKH EXON LV DOZD\V

FRQVWDQW GXULQJ WKH VLPXODWLRQ�

6,08/$7,21 5(68/76 $1' ',6&866,21

��&RQFHQWUDWLRQ 3DUWLWLRQLQJ RI 1RQ�'LOXWH &KDUJHG &ROORLGV

2YHU ��� SDUWLFOHV ZHUH LQLWLDOO\ DUUDQJHG LQ IDFH�FHQWHUHG FXELF

ODWWLFHV LQ WKH VLPXODWLRQ XQLW FHOOV� %HFDXVH WKH LQLWLDO FRQILJXUDWLRQ

RI SDUWLFOHV LQ WKH FHOOV UHVXOWV LQ XQUHOD[HG FRQILJXUDWLRQDO VWUHVVHV

LQ WKH V\VWHPV� ZH UDQGRPO\ GLVSODFHG WKH SDUWLFOHV LQ WKH ILEHU DV

ZHOO DV WKH EXON UHJLRQV ZLWK ��� F\FOHV� $IWHU WKH LQLWLDO UHOD[DWLRQ

SURFHVV� ���î��� F\FOHV ZHUH SHUIRUPHG WR DOORZ WKH V\VWHPV WR

UHDFK DQ HTXLOLEULXP VWDWH� 6XEVHTXHQWO\� ���î��� F\FOHV ZHUH SHU�

IRUPHG WR JHW WKH DYHUDJH SDUWLWLRQ FRHIILFLHQW� :LWK YLVXDOL]DWLRQ

VRIWZDUH 329�5D\709HUVLRQ ��� �FI�� KWWS���ZZZ�SRYUD\�RUJ�� )LJ�

� LOOXVWUDWHV WKH FKDQJHV RI SDUWLFOH FRQILJXUDWLRQV LQ WKH EXON DQG

WKH ILEHU UHJLRQV� UHVSHFWLYHO\� $V GHPRQVWUDWHG LQ )LJ� �� WRWDO ���î

��� F\FOHV ZHUH VXIILFLHQW WR JHW D VWDWLVWLFDOO\ UHOLDEOH SDUWLWLRQ FR�

HIILFLHQW� UHJDUGOHVV RI XQFKDUJHG RU FKDUJHG FDVHV�

)LJ� � SUHVHQWV WKH YDULDWLRQV RI WKH SDUWLWLRQ FRHIILFLHQW ZLWK λ
IRU GLIIHUHQW SDUWLFOH FRQFHQWUDWLRQV &S LQ WKH FKDUJHG V\VWHP� 1RWH

WKDW WKH FDVHV IRU &S RI �� DQG ��� DW λ RI ��� DQG &S RI ��� DW λ
RI � DQG � DUH H[FOXGHG LQ WKH VLPXODWLRQ EHFDXVH WKHLU FHOOV LQ WKH

)LJ� �� 6QDSVKRWV RI SDUWLFOHV LQ ERWK WKH EXON DQG WKH ILEHU UHJLRQV
E\ SHUIRUPLQJ RI *(0& VLPXODWLRQ IRU FKDUJHG V\VWHP

ZLWK λ ���� φI ����� DQG SDUWLFOH FRQFHQWUDWLRQ RI �� YRO��

)LJ� �� )OXFWXDWLRQV RI WKH SDUWLWLRQ FRHIILFLHQWV DV WKH *(0& VLP�
XODWLRQ SURFHHGV IRU λ ���� �D� XQFKDUJHG FDVH� SDUWLFOH FRQ�
FHQWUDWLRQV RI � DQG �� YRO�� DQG �E� FKDUJHG FDVH ZLWK
κUS ������ SDUWLFOH FRQFHQWUDWLRQV RI � DQG �� YRO��
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ILEHU KDYH DEQRUPDO GLPHQVLRQV GXH WR DQ H[WUHPHO\ VPDOO VL]H RI

WKH ZLGWK RU WKH KHLJKW� 7KH SDUWLWLRQ FRHIILFLHQW LV LQFUHDVHG ZLWK

WKH LQFUHDVH RI SDUWLFOH FRQFHQWUDWLRQ� ZKLFK FDQ EH UHDGLO\ XQGHU�

VWRRG E\ FRQVLGHULQJ WKH HIIHFW RI SDUWLFOH�SDUWLFOH LQWHUDFWLRQ� 7KH

LQFUHDVH RI WKH SDUWLFOH�SDUWLFOH LQWHUDFWLRQ WKUXVWV WKH SDUWLFOHV PRUH

IDYRUDEO\ LQWR WKH ILEHU UHJLRQ�

&RQVLGHULQJ WKH SORW IRU &S RI ��� RQH FDQ UHFRJQL]H WKDW RYHU D

FHUWDLQ YDOXH RI λ WKH LQILQLWH GLOXWLRQ SDUWLWLRQ FRHIILFLHQW LQFUHDVHV

VRPHZKDW ODUJHU WKDQ LV VHHQ LQ WKH FDVH RI &S RI ��� 7KLV SKH�

QRPHQRQ OHDGV XV WR VXSSRVH WKDW SDUWLFOH FRQFHQWUDWLRQ UHODWHV WR

DQRWKHU HIIHFW RQ WKH SDUWLWLRQLQJ� $V ERWK WKH SDUWLFOH FRQFHQWUD�

WLRQ DQG λ LQFUHDVH� WKH HIIHFW RI VWHULF H[FOXVLRQ EHWZHHQ SDUWLFOHV

ZRXOG EHFRPH JUHDWHU� ,W VKRXOG EH QRWHG WKDW WKHUH H[LVW WZR RSSR�

VLWH HIIHFWV DVVRFLDWHG ZLWK WKH SDUWLFOH FRQFHQWUDWLRQ� 2QH LV DQ LQ�

FUHDVLQJ HIIHFW RQ WKH SDUWLWLRQ FRHIILFLHQW GXH WR WKH UHODWLYHO\ VWURQJ

SDUWLFOH�SDUWLFOH LQWHUDFWLRQ LQ WKH EXON FRPSDUHG ZLWK WKH ILEHU UH�

JLRQ� 7KH RWKHU LV D GHFUHDVLQJ HIIHFW RQ WKH SDUWLWLRQ FRHIILFLHQW GXH

WR WKH VWHULF H[FOXVLRQ FDXVHG E\ WKH SDUWLFOH LWVHOI�

$W WKHZHDN HOHFWURVWDWLF UHSXOVLYH LQWHUDFWLRQ �L�H�� ODUJHκUS� JLYHQ
LQ )LJ� ��D�� WKH SDUWLWLRQ FRHIILFLHQWV LQ XQFKDUJHG FDVHV DSSHDU WR

EH ODUJHU WKDQ LQ FKDUJHG FDVHV RYHU WKH HQWLUH UDQJH RI SDUWLFOH FRQ�

FHQWUDWLRQ� +RZHYHU� DW WKH PRGHUDWH HOHFWURVWDWLF LQWHUDFWLRQ JLYHQ

LQ )LJ� ��E�� WKH SDUWLWLRQ FRHIILFLHQWV LQ FKDUJHG FDVHV DUH VKRZQ WR

EH ODUJHU WKDQ LQ XQFKDUJHG FDVHV IRU WKH &S DERYH ���� $W WKH ORZ

SDUWLFOH FRQFHQWUDWLRQ� WKH HOHFWURVWDWLF UHSXOVLRQ EHWZHHQ WKH SDUWL�

FOH DQG WKH ILEHU PD\ EH FRPSDUDEOH WR WKDW EHWZHHQ SDUWLFOHV VLQFH

WKH SDUWLFOHV DUH SRVVLEO\ IDU DZD\ IURP HDFK RWKHU� $V WKH SDUWLFOH

FRQFHQWUDWLRQ LQFUHDVHV� KRZHYHU� SDUWLFOHV WHQG WR PRYH LQWR WKH

ILEHU UHJLRQ GXH WR WKH UHODWLYHO\ VWURQJ LQWHUDFWLRQ EHWZHHQ SDUWL�

FOHV LQ WKH EXON UDWKHU WKDQ LQ WKH ILEHU UHJLRQ� )XUWKHU� WKLV WHQ�

GHQF\ EHFRPHV PRUH SURQRXQFHG ZLWK LQFUHDVLQJ RI λ� ,Q )LJ� ��F�
PDWFKLQJ WKH FDVH RI VWURQJ HOHFWURVWDWLF LQWHUDFWLRQ� WKH SORWV RI

WKH SDUWLWLRQ FRHIILFLHQWV ZLWK λ GLVSOD\ D SDUDEROLF VKDSH� H[FHSW

IRU WKH &S RI ��� 7KHVH FDQ EH H[SODLQHG E\ WKH VWURQJ HOHFWUR�

VWDWLF HIIHFW RQ SDUWLWLRQLQJ GRPLQDWLQJ RYHU WKH HIIHFW RI VWHULF H[�

FOXVLRQ� 7KH SDUWLWLRQLQJ EHKDYLRU FDQ EH DOVR FKDQJHG E\ WKH YDULD�

WLRQV RI ERWK WKH ILEHU VXUIDFH SRWHQWLDO DQG SDUWLFOH VXUIDFH SRWHQ�

WLDO� 7KH LQFUHDVH RI ILEHU VXUIDFH SRWHQWLDO ψI� ∞ REYLRXVO\ UHVXOWV LQ

WKH GHFUHDVH RI SDUWLWLRQLQJ� )RU WKH FRQGLWLRQ RI KLJKHU SDUWLFOH FRQ�

FHQWUDWLRQ� LW LV SRVVLEO\ H[SHFWHG WKDW WKH SDUWLWLRQLQJ LV LQFUHDVHG

ZLWK WKH LQFUHDVH RI SDUWLFOH VXUIDFH SRWHQWLDO ψS� ∞�

)LJ� � UHYHDOV WKH HIIHFWV RI SDUWLFOH FRQFHQWUDWLRQ ZLWK YDULRXV

HOHFWURVWDWLF LQWHUDFWLRQV IRU GLIIHUHQW λ� 7KH HIIHFWV RI SDUWLFOH FRQ�
FHQWUDWLRQ FRPELQHG ZLWK HOHFWURVWDWLF LQWHUDFWLRQV DSSHDU WR EH HQ�

KDQFHG ZLWK WKH LQFUHDVH RI λ� ,W LV DOVR UHFRJQL]HG WKDW� DW ORZ SDU�

WLFOH FRQFHQWUDWLRQ� WKH SDUWLWLRQ FRHIILFLHQWV LQ FKDUJHG FDVHV DUH

ORZHU WKDQ LQ XQFKDUJHG FDVHV DQG GHFUHDVH ZLWK WKH LQFUHDVH RI

WKH HOHFWURVWDWLF LQWHUDFWLRQ� 7KLV LV GXH WR WKH IDFW WKDW WKH SDUWLFOHV

LQ WKH ILEHU UHJLRQ H[SHULHQFH PRUH HOHFWURVWDWLF VWUHVVHV E\ WKH H[�

LVWHQFH RI ILEHU UDWKHU WKDQ LQ WKH EXON UHJLRQ� $V WKH SDUWLFOH FRQ�

FHQWUDWLRQ LQFUHDVHV� KRZHYHU� WKLV VLWXDWLRQ LV FKDQJHG� ,W LV ZRUWK

QRWLQJ WKDW WKH SDUWLWLRQ FRHIILFLHQWV LQ FKDUJHG FDVHV DUH ODUJHU WKDQ

LQ XQFKDUJHG FDVHV DERYH D FHUWDLQ SDUWLFOH FRQFHQWUDWLRQ UHIHUUHG

WR DV ³WKUHVKROG FRQFHQWUDWLRQ�́ 7KLV FRQFHQWUDWLRQ GHSHQGLQJ RQ

WKH HOHFWURVWDWLF LQWHUDFWLRQ GHFUHDVHV ZLWK LQFUHDVLQJ RI λ� ,Q )LJ�

��F�� ZH ILQG WKDW WKH SDUWLWLRQ FRHIILFLHQWV LQ WKH GLOXWH OLPLW DUH ODUJHU

WKDQ LQ &S RI ��� $V PHQWLRQHG DERYH� WKH HIIHFW RI SDUWLFOH�SDU�

WLFOH LQWHUDFWLRQ ZRXOG QRW EH LPSRUWDQW DW ORZ SDUWLFOH FRQFHQWUD�

WLRQ FRPSDUHGZLWK WKH HIIHFW RI VWHULF H[FOXVLRQ UHVXOWLQJ IURP ERWK

WKH SDUWLFOHV DQG WKH ILEHU� 0RUHRYHU� WKH VWHULF H[FOXVLRQ ZRXOG EH

PRUH SURQRXQFHG ZLWK WKH LQFUHDVHV RI HOHFWURVWDWLF LQWHUDFWLRQ DV

ZHOO DV λ�
�� 5DGLDO 'HQVLW\ 3URILOH

)LJ� �� *(0& UHVXOWV RI WKH SDUWLWLRQ FRHIILFLHQWV DW YDULRXV SDU�

WLFOH FRQFHQWUDWLRQV DV D IXQFWLRQ RI λ IRU FKDUJHG V\VWHPV
ZLWK �D� κUS ������ �E� κUS ������ DQG �F� κUS ������ (DFK
RI WKH RSHQ V\PEROV FRUUHVSRQGV WR WKH XQFKDUJHG FDVH
PDWFKLQJ ZLWK WKH VDPH VKDSHG V\PEROV�
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)URP WKH RYHUDOO UHVXOWV RI )LJ� �� LW FDQ EH VXPPDUL]HG WKDW WKH

SDUWLWLRQ FRHIILFLHQW ZLWK WKH HOHFWURVWDWLF LQWHUDFWLRQ VHHPV WR EH

LQWHQVLYHO\ GHSHQGHQW RQ WKH SDUWLFOH FRQFHQWUDWLRQ� 7KH LQFUHDVH

RI SDUWLWLRQ FRHIILFLHQW ZLWK WKH SDUWLFOH FRQFHQWUDWLRQ LQGLFDWHV WKDW

WKH SDUWLFOHV WHQG WR DSSURDFK WR WKH ILEHU VR DV WR DYRLG WKH VWUHVV

FDXVHG E\ WKH SDUWLFOH�SDUWLFOH LQWHUDFWLRQV ZKHWKHU WKH V\VWHP LV

FKDUJHG RU QRW� 6LQFH ERWK WKH SDUWLFOH DQG WKH ILEHU DUH FKDUJHGZLWK

WKH VDPH YDOXHV RI VXUIDFH SRWHQWLDO RI OLNH�FKDUJH LQ WKH SUHVHQW

VWXG\� LW LV H[SHFWHG WKDW DW ORZ SDUWLFOH FRQFHQWUDWLRQ WKH SDUWLFOHV

ORFDWH PRUH IDU DZD\ IURP WKH ILEHU ZLWK WKH LQFUHDVH RI HOHFWUR�

VWDWLF UHSXOVLRQ� ,Q FRQWUDVW� WKH SDUWLFOHV HQWLUHO\ DSSURDFK WR WKH

ILEHU GXH WR D VWURQJHU SDUWLFOH�SDUWLFOH LQWHUDFWLRQ ZLWK WKH LQFUHDVH

)LJ� �� (IIHFW RI SDUWLFOH FRQFHQWUDWLRQ RQ SDUWLWLRQ FRHIILFLHQW DW

YDULRXV LQYHUVH 'HE\H OHQJWKV IRU �D� λ ���� �E� λ ���� DQG
�F� λ ����

)LJ� �� &RPSDULVRQ RI UDGLDO GHQVLW\ SURILOHV RI SDUWLFOHV DURXQG D
ILEHU ZLWK GLIIHUHQW HOHFWURVWDWLF LQWHUDFWLRQV IRU λ ��� DQG
VHYHUDO SDUWLFOH FRQFHQWUDWLRQV&S RI �D� �YRO�� �E� ��YRO��
DQG �F� �� YRO��
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RI SDUWLFOH FRQFHQWUDWLRQ�

7KLV WUHQG LV REYLRXV IRU WKH FDVH RI VWURQJHU HOHFWURVWDWLF UHSXO�

VLRQ� DV GHPRQVWUDWHG LQ )LJ� �� 7KH GHQVLW\ SURILOH RI SDUWLFOHV LQ

WKH ILEHU UHJLRQ FDQ EH FRQVLGHUHG LQ WHUPV RI WKH UDGLDO GLVWULEXWLRQ

IXQFWLRQ DURXQG D ILEHU� 6WRFKDVWLF IHDWXUHV RI WKH UDGLDO GLVWULEXWLRQ

IXQFWLRQ KDYH EHHQ H[SORUHG LQ WKH SUHYLRXV UHVXOW RI WKH JUDQG FDQRQ�

LFDO HQVHPEOH 0RQWH &DUOR VLPXODWLRQV IRU D FRQILQHG VSDFH >6XK

DQG 3DUN� ����@� 7KH SUREDELOLW\ GHQVLW\ LV ]HUR ZKHQ WKH GLVWDQFH

LV OHVV WKDQ WKH DGGLWLRQ RI ILEHU UDGLXV DQG SDUWLFOH UDGLXV� DQG IDU

IURP WKH ILEHU WKH GHQVLW\ SURILOH LV DOPRVW XQLIRUP� $V VKRZQ LQ

)LJ� ��D�� LW LV HYLGHQW WKDW� IRU WKH VWURQJ HOHFWURVWDWLF LQWHUDFWLRQ

ZLWK ORZ SDUWLFOH FRQFHQWUDWLRQ� WKH GHQVLW\ SURILOH FORVH WR WKH ILEHU

H[KLELWV D GHSOHWHG GHQVLW\� $V WKH SDUWLFOH FRQFHQWUDWLRQ LQFUHDVHV

SURYLGHG LQ )LJV� ��E� DQG �F�� WKH SDUWLFOHV WHQG WR VKLIW WR WKH YLFLQLW\

RI WKH ILEHU� 7KH SHDN RI WKH GHQVLW\ SURILOH LV KLJKO\ LQFUHDVHG LQ

WKH FDVH RI VWURQJHU HOHFWURVWDWLF LQWHUDFWLRQ� ZKLFK VXJJHVWV WKDW

WKH GHJUHH RI IOXFWXDWLRQ LQ WKH GHQVLW\ SURILOH GHSHQGV VHQVLWLYHO\

RQ WKH VWUHVV ZKDW WKH V\VWHP H[SHULHQFHV�

&21&/86,216

7UDGLWLRQDO DSSURDFKHV VXFK DV YLULDO H[SDQVLRQ DQG GHQVLW\ IXQF�

WLRQDO PHWKRGV DUH XQDEOH WR ULJRURXVO\ H[DPLQH WKH SDUWLWLRQLQJ

DQGPLFURVWUXFWXUDO EHKDYLRU RI FKDUJHG FROORLGV ZLWKLQ ILEURXV PH�

GLD ZLWK QRQ�GLOXWH SDUWLFOH FRQFHQWUDWLRQ� ,Q WKLV VWXG\� D PROHFX�

ODU VLPXODWLRQ WR WUHDW WKH GLVRUGHUHG JHRPHWU\ RI GLOXWH ILEURXV PH�

GLD KDV EHHQ VXFFHVVIXOO\ SHUIRUPHG E\ HPSOR\LQJ D FRPELQHG VWR�

FKDVWLF SURFHVV RI ERWK WKH FDQRQLFDO DQG WKH JUDQG FDQRQLFDO HQ�

VHPEOHV�

:H IRXQG WKDW WKHUH DUH WZR RSSRVLWH HIIHFWV RQ WKH HTXLOLEULXP

SDUWLWLRQLQJ� RQH LV WKH VWHULF H[FOXVLRQ E\ WKH SDUWLFOHV WKHPVHOYHV

GHFUHDVLQJ WKH SDUWLWLRQ FRHIILFLHQW� DQG WKH RWKHU LV WKH SDUWLFOH�SDU�

WLFOH LQWHUDFWLRQ LQFUHDVLQJ WKH SDUWLWLRQ FRHIILFLHQW� %HVLGHV WKH VWHULF

HIIHFW FDXVHG E\ WKH ILEHU� WKH VWHULF HIIHFW UHVXOWLQJ IURP WKH SDU�

WLFOHV DSSHDUV WR EH LQFUHDVLQJO\ LPSRUWDQW ZLWK WKH LQFUHDVHV RI SDU�

WLFOH FRQFHQWUDWLRQ DV ZHOO DV SDUWLFOH VL]H� 7KH HIIHFW RI SDUWLFOH�

SDUWLFOH LQWHUDFWLRQ VHHPV WR EH FRQVLGHUDEO\ HQKDQFHG GHSHQGLQJ

RQ WKH HOHFWURVWDWLF UHSXOVLYH LQWHUDFWLRQ� &RQWUDU\ WR WKH FDVH RI

ORZHU SDUWLFOH FRQFHQWUDWLRQ� WKH SDUWLWLRQ FRHIILFLHQWV LQ WKH KLJKHU

SDUWLFOH FRQFHQWUDWLRQ ZHUH LQFUHDVHG ZLWK WKH LQFUHDVH RI HOHFWUR�

VWDWLF LQWHUDFWLRQ� 5DGLDO GHQVLW\ SURILOHV ZLWKLQ ILEURXV PHGLD DOORZ

XV WR XQGHUVWDQG WKH HOHFWURVWDWLF HIIHFWV RQ WKH PLFURVWUXFWXUDO SUR�

SHUW\ RI SDUWLFOHV LQ WHUPV RI WKH SDUWLFOH FRQFHQWUDWLRQ�

$&.12:/('*(0(17

0��6� &� WKDQNV 3URIHVVRU 5RQ -� 3KLOOLSV DW WKH 'HSW� RI &KHP�

(QJ� DQG 0DWHULDOV 6FL� RI 8QLY� RI &DOLIRUQLD� 'DYLV� IRU VXJJHVW�

LQJ WKH GHYHORSPHQW RI D SHULRGLF VLPXODWLRQ FHOO LQ WKH ILEURXV PH�

GLD DQG YDOXDEOH GLVFXVVLRQV RQ WKH ILEHU�VROXWH LQWHUDFWLRQ� 7KLV

ZRUN ZDV IXQGHG LQ SDUW E\ WKH .,67 ��(�������

120(1&/$785(

$�� $�� $� � FRHIILFLHQWV XVHG LQ (T� ��� >�@

( � HOHFWURVWDWLF LQWHUDFWLRQ HQHUJ\ >-@

H � HOHPHQWDU\ FKDUJH >&RXO@

H\ � XQLW YHFWRU LQ \�GLUHFWLRQ >�@

) � HOHFWURVWDWLF IRUFH >1@

JR
VI � VROXWH�ILEHU SDLU FRUUHODWLRQ IXQFWLRQ >�@

K � GLPHQVLRQOHVV VXUIDFH�WR�VXUIDFH GLVWDQFH >�@

. � SDUWLWLRQ FRHIILFLHQW >�@

.�� .� � PRGLILHG %HVVHO IXQFWLRQV RI WKH VHFRQG NLQG >�@

N � %ROW]PDQQ FRQVWDQW >-�.@

O � OHQJWK RI ILEHU SHU XQLW YROXPH >��QP�@

1 � QXPEHU RI SDUWLFOHV >�@

QM � XQLW QRUPDO YHFWRU >�@

S � SUREDELOLW\ >�@

UI � UDGLXV RI ILEHU >QP@

US � UDGLXV RI SDUWLFOH >QP@

6 � VXUIDFH >QP�@

7 � DEVROXWH WHPSHUDWXUH >.@

7LM � 0D[ZHOO VWUHVV WHQVRU >1�QP�@

W � UDGLDO GLVWDQFH IURP D ILEHU D[LV WR D VSKHUH FHQWHU >QP@

9 � YROXPH >QP�@

:I � OHQJWK IURP FHQWHU WR SHULRGLFZDOO LQ WKH ILEHU FHOO >QP@

\ � FRRUGLQDWH >�@

*UHHN /HWWHUV

ε � GLHOHFWULF FRQVWDQW >&RXO� �-ÂQP@

φI � ILEHU YROXPH IUDFWLRQ >�@

κ � LQYHUVH 'HE\H OHQJWK >QP−�@

λ � UDWLR RI SDUWLFOH WR ILEHU UDGLXV >�@

σ � GLPHQVLRQOHVV VXUIDFH FKDUJH GHQVLW\ >�@

ψ � GLPHQVLRQOHVV HOHFWURVWDWLF SRWHQWLDO >�@

ψ∞ � GLPHQVLRQOHVV LVRODWHG VXUIDFH SRWHQWLDO >�@

6XEVFULSWV

S � SDUWLFOH >�@

I � ILEHU >�@

5()(5(1&(6

%XFN� .�.� 6�� *HUKDUGW� 1� ,�� 'XQJDQ� 6� 5� DQG 3KLOOLSV� 5� -�� ³7KH

(IIHFW RI 6ROXWH &RQFHQWUDWLRQ RQ (TXLOLEULXP 3DUWLWLRQLQJ LQ 3RO\�

PHULF *HOV�́ -� &ROORLG ,QWHUIDFH 6FL�� ���� ��� �������

&KXQ� 0��6� DQG 3KLOOLSV� 5� -�� ³(OHFWURVWDWLF 3DUWLWLRQLQJ LQ 6OLW 3RUHV

E\ *LEEV (QVHPEOH 0RQWH &DUOR 6LPXODWLRQ�́ $,&K( -�� ��� ����

�������

&KXQ�0��6��+ZDQJ� -�<� DQG.LP� -��-�� ³6WRFKDVWLF0RGHOLQJ RI&RQ�

FHQWUDWLRQ 3DUWLWLRQLQJ RI &KDUJHG &ROORLGV EHWZHHQ &RQFHQWUDWHG

%XON 6ROXWLRQ DQG 1DUURZ 3RUHV�́ -� &KHP� (QJ� -DSDQ� ��� ��

�������

)DQWL� /� $� DQG *ODQGW� (�'�� ³3DUWLWLRQLQJ RI 6SKHULFDO 3DUWLFOHV LQWR

)LEURXV PDWULFHV� 'HQVLW\�)XQFWLRQDO 7KHRU\�́ -� &ROORLG ,QWHUIDFH

6FL�� ���� ��� �����D��

)DQWL� /� $� DQG *ODQGW� (�'�� ³3DUWLWLRQLQJ RI 6SKHULFDO 3DUWLFOHV LQWR

)LEURXV0DWULFHV�0RQWH&DUOR 6LPXODWLRQ�́ -� &ROORLG ,QWHUIDFH 6FL��

���� ��� �����E��

-RKQVRQ� (�0�� %HUN� '�$�� -DLQ� 5�.� DQG 'HHQ� :�0�� ³'LIIXVLRQ

DQG 3DUWLWLRQLQJ RI 3URWHLQV LQ &KDUJHG $JDURVH *HOV�́ %LRSK\V� -��

��� ���� �������

-RKQVRQ� (�0� DQG'HHQ�:�0�� ³(OHFWURVWDWLF (IIHFWV RQ WKH (TXLOLE�

ULXP 3DUWLWLRQLQJ RI 6SKHULFDO &ROORLGV LQ 5DQGRP )LEURXV0HGLD�́



6LPXODWLRQV RI WKH &ROORLGDO 6XVSHQVLRQV :LWKLQ 'LOXWH )LEURXV 0HGLD ���

.RUHDQ -� &KHP� (QJ��9RO� ��� 1R� ��

-� &ROORLG ,QWHUIDFH 6FL�� ���� ��� �������

-RKQVRQ� (�0� DQG 'HHQ� :�0�� ³(UUDWXP �1R� &6��������́ -� &RO�

ORLG ,QWHUIDFH 6FL�� ���� ��� �������

/DUVRQ� 5�*�� ³7KH 6WUXFWXUH DQG 5KHRORJ\ RI &RPSOH[ )OXLGV�́ 2[�

IRUG 8QLYHUVLW\ 3UHVV� 1HZ <RUN �������

2JVWRQ� $�*�� ³7KH 6SDFHV LQ D 8QLIRUP 5DQGRP 6XVSHQVLRQ RI )L�

EHUV�́ 7UDQV� )DUDGD\ 6RF�� ��� ���� �������

3DQDJLRWRSRXORV� $� =�� ³'LUHFW 'HWHUPLQDWLRQ RI 3KDVH &RH[LVWHQFH

3URSHUWLHV RI )OXLGV E\ 0RQWH &DUOR 6LPXODWLRQ LQ D 1HZ (QVHP�

EOH�́ 0ROHFXODU 3K\V�� ��� ��� �����D��

3DQDJLRWRSRXORV� $� =�� ³$GVRUSWLRQ DQG &DSLOODU\ &RQGHQVDWLRQ RI

)OXLGV LQ&\OLQGULFDO 3RUHV E\ 0RQWH &DUOR 6LPXODWLRQ LQ WKH *LEEV

(QVHPEOH�́ 0ROHFXODU 3K\V�� ��� ��� �����E��

3DQDJLRWRSRXORV� $� =�� 4XLUNH� 1�� 6WDSOHWRQ� 0� DQG 7LOGHVOH\� '� -��

³3KDVH (TXLOLEULD E\ 6LPXODWLRQ LQ WKH *LEEV (QVHPEOH $OWHUQDWLYH

'HULYDWLRQ� *HQHUDOL]DWLRQ DQG $SSOLFDWLRQ WR 0L[WXUH DQG 0HP�

EUDQH (TXLOLEULD�́ 0ROHFXODU 3K\V�� ��� ��� �������

3KLOOLSV� 5� -�� ³&DOFXODWLRQ RI 0XOWLVSKHUH /LQHDUL]HG 3RLVVRQ�%ROW]�

PDQQ ,QWHUDFWLRQV QHDU &\OLQGULFDO )LEHUV DQG 3ODQDU 6XUIDFHV�́ -�

&ROORLG ,QWHUIDFH 6FL�� ���� ��� �������

6DGXV� 5� -�� ³0ROHFXODU 6LPXODWLRQ RI )OXLGV� 7KHRU\� $OJRULWKP DQG

2EMHFW�2ULHQWDWLRQ�́ (OVHYLHU� 1HZ <RUN �������

6XK� 6��+� DQG3DUN�+��.�� ³7KHUPRG\QDPLF DQG6WUXFWXUDO 3URSHUWLHV

RI+DUG�6SKHUH)OXLGV&RQILQHG:LWKLQD6SKHULFDO+DUG�:DOO3RUH�́

.RUHDQ -� &KHP� (QJ�� ��� ��� �������

7RQJ� -� DQG$QGHUVRQ� -� /�� ³3DUWLWLRQLQJ DQG'LIIXVLRQRI3URWHLQV DQG

/LQHDU 3RO\PHUV LQ 3RO\DFU\ODPLGH *HOV�́ %LRSK\V� -�� ��� ����

�������


