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Abstract−All experiments of pressure fluctuations were carried out in a bubble column with a moderately large
column of 0.376 m ID. The recently developed technique of wavelet packet transform based on localized wavelet func-
tions is applicable to analysis of the fluctuating signals. The time series of pressure fluctuation signals have been
analyzed by means of wavelet packet transform components, decomposition through best basis algorithm and time-
frequency representation. By resorting to this technique, the objects in bubbly flow regime have fine scales and fre-
quencies than ones in churn-turbulent flow regime. Thus, this wavelet packet transform method enables us to obtain
the frequency content of local complex flow behaviors in a bubble column.
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INTRODUCTION

Bubble columns have been widely adopted for various chemi-
cal, pharmaceutical and biochemical systems as reactors, contac-
tors and separation units since they have exhibited high heat and
mass transfer rates due to efficient contact between the phases dur-
ing continuous operation [Park, 1989; Shah et al., 1982; Shumpe
and Deckwer, 1987]. Judicious design and effective operation of a
bubble column demand a thorough understanding of the hydrody-
namic properties of the reactors. Towards this end, numerous in-
vestigators have extensively studied pressure fluctuations [Harry and
Akker, 1998; Kang et al., 1998; Kwon et al., 1994; Park, 1989; Park
et al., 2001].

The Fourier transform and its inverse establish a one-to-one rela-
tion between the time domain and the frequency domain, which is
a widely used classical analysis tool. This transform uses the sine
and cosine as its bases to map a time domain function into fre-
quency domain. Thus, the spectrum shows the global strength with
which any frequency is contained in the function. However, the Fou-
rier transform does not show how the frequencies vary with time
in the spectrum. Nevertheless, time-varying frequencies are quite
common in natural phenomena, e.g., seismic signals and non-sta-
tionary geophysical process [Kumar and Georgiou, 1994]. To inves-
tigate such phenomena, we need a transform that enables us to ob-
tain the frequency content of a process locally in time.

The wavelet packet transform and wavelet transform has attracted
growing attention from mathematicians as well as engineers [Park
and Kim, 2001; Park et al., 2001], because it uses linear combina-
tions of wavelet functions to represent signals. The following are
some characteristics that make the wavelet approximations remark-
able and useful: wavelets are localized in time and are good build-
ing block functions for a variety of signals, including signals with

features which change over time and signals which have jumps and
other non-smooth features. A traditional Fourier series approxima-
tion is not well suited to these types of signals. Wavelet packet com-
ponents separate a signal into multiresolution components. The fine
and coarse resolution components capture the fine and coarse scale
features in the signal, respectively.

We applied both Fourier transform and wavelet packet trans-
form to pressure fluctuation signals in a bubble column and then
compared the two techniques. We proposed the wavelet packet trans-
form as a new alternative tool for identification of bed properties in
bubble column reactor.

THEORETICAL

Wavelet packet analysis is an important generalization of wave-
let analysis [Coifman and Wickerhauser, 1992; Wickerhauser, 1994].
Wavelet packet functions comprise a rich family of building block
functions. Although still localized in time, wavelet packet functions
offer more flexibility than wavelets in representing different types
of signals. In particular, wavelet packets are better at representing
signals that exhibit oscillatory or periodic behavior. Wavelet packet
functions are generated by scaling and translating a family of basic
function shapes, which include father wavelets φ(t) and mother wave-
lets ψ(t). In addition to φ(t) and ψ(t), there is a whole range of wave-
let packet functions Wb(t). These functions are parameterized by
an oscillation or frequency index b. A father wavelet corresponds
to b=0, φ(t)≡W0(t). A mother wavelet corresponds to b=1, ψ(t)≡
W1(t). Larger values of b correspond to wavelet packets with more
oscillations and higher frequency.

Wavelet packet approximations are based on translated and scaled
wavelet packet functions Wj,b,k(t). These are generated from the base
functions Wb as follows:

Wj,b,k(t)=2−j/2Wb(2−jt−k) (1)

The wavelet packet Wj, b,k has scale 2j and location 2jk, where j, b,
and k are resolution level index, oscillation index, and time index,
respectively. As in wavelet analysis, the index j corresponds to the
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resolution level and the index k corresponds to the translation shift.
However, for a wavelet packet, there is also the oscillation parame-
ter b.

In wavelet packet analysis, a signal f(t) is represented as a sum
of orthogonal wavelet packet functions Wj, b, k(t) at different oscilla-
tions, scales, and locations:

(2)

The range of the summation for the levels j and the oscillations b is
chosen so that the wavelet packet functions are orthogonal.

Wavelet packet analysis starts with construction of a wavelet pack-
et table. Like the discrete wavelet transform (DWT), a wavelet pack-
et table has coefficients at different resolution levels and transla-
tions. However, a wavelet packet table also has coefficients corre-
sponding to different oscillations. At resolution level j, the table has
wavelet packet coefficients with oscillation indices b=0, 1, …, 2j−1.
By contrast, for each resolution level, the DWT has coefficients at
just one oscillation index (or two at the resolution level).

Suppose we have n sampled signal values f=(f1, f2, …, fn)' where
n is a multiple of 2J. The wavelet packet table has J+1 resolution
levels where J is the maximum resolution level. At resolution level
j, a table has n coefficients, divided into 2j coefficient blocks or crys-
tals. When we stack the J+1 resolution levels on top of one another,
we get the (J+1) x n table of coefficients, divided by 2J+1 blocks. A
crystal is a set of coefficients arranged on a lattice. A wavelet packet
crystal wj, b is indexed by level j and oscillation b:

wj,b=(wj,b, 1, wj,b, 2, …, wj,b,n/2j)'. (3)

Coifman and Wickerhauser [1992] developed the “best basis” al-

gorithm for selecting optimal bases from wavelet packet tables. The
best basis algorithm automatically adapts the transform to best match
the characteristics of the signal.

EXPERIMENTS

The bubble column apparatus, which is shown in Fig. 1, is com-
posed of a column, a perforated plate and a bottom section. All ex-
periments were carried out in a Plexiglas column at room tempera-
ture under atmospheric pressure. The columns inside diameter was
0.376 m, and its height was 2.1 m. A perforated plate served as the
liquid distributor. The fluidizing liquid (Ul=0−0.10m/s) and gas (Ug=
0.02−0.10 m/s) were water and oil-free compressed air, respectively.
The pressure tap for measuring pressure fluctuations was located at
0.4 m above the distributor. The differential pressure transducer gen-
erated output voltages proportional to the pressure fluctuation sig-
nals. The signals were stored in a data acquisition system (Data Pre-
cision Model, D-6000) and processed by a personal computer.

Once a steady state was reached, the fluctuating voltage-time sig-
nals, corresponding to the fluctuating pressure-time signals, from
the differential pressure transducer were sampled at a rate of 0.01 s
and stored in the data acquisition system. The overall data acquisi-
tion time was 41 s, thereby yielding a total of 4100 data points. The
signals were transmitted to the computer. Wavelet packet transform
of the pressure fluctuation using the S+Wavelet software (Math-
Soft Inc.) was calculated from the digitized data acquired. We used

f t( ) wj b k, , Wj b k, , t( ).
k

∑
b
∑

j
∑≈

Fig. 1. Schematic diagram of experimental apparatus.
1. Main column 7. Liquid reservoir
2. Distributor 8. Air compressor
3. Calming section 9. Gas flowmeter
4. Weir 10. Pressure transducer
5. Pump 11. Data acquisition system
6. Flowmeter 12. PC

Fig. 2. Pressure fluctuation signals in (A) a bubbly flow regime and
(B) a churn-turbulent flow regime in a bubble column.
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Coifman wavelet as mother wavelet.

RESULT AND DISCUSSION

The typical power spectral density functions of pressure fluctua-
tions from bubbly flow regime and churn-turbulent flow regime
(see Fig. 2), respectively, were calculated and presented in Figs. 3
and 4. A peak or peaks in the spectrum correspond to a major pe-
riodic component or components in the random variable [Park, 1989;
Lee and Kim, 1988]. Note that in Figs. 3 and 4, distinct peaks ap-
pear between 0 and 10 Hz in the power spectral density function.
These peaks indicate the existence of corresponding objects of the
frequencies, usually, bubbles. The Fourier transform yields the en-
ergy density in an individual frequency averaged over a whole time.
As can be seen in power spectrums, the Fourier basis function is
localized only in the frequency but not in time. Even though the
power spectral density functions indicate that the major frequency
is generated by bubbles, it cannot reveal the movement of those
bubbles over time. This is a disadvantage of the Fourier transform,
which is unable to permit time localization.

Figs.5 and 6 show plots of a wavelet packet table of wavelet pack-
et transform for a pressure fluctuation at different flow regimes. And

the best basis from a wavelet packet table was computed and se-
lected by using the Coifman and Wickerhauser best basis algorithm
[Coifman and Wickerhauser, 1992]. The best bases were composed
of different crystals, which are shaded in black. As in the plots, each
wavelet packet coefficient occupies a box having a constant area.
The height of the box depends on the scale of the wavelet packet:
fine scale coefficients occupy tall thin boxes and coarse scale coef-
ficients occupy flat wide boxes. As can be seen in Fig. 5, the com-
puted and selected bases of the pressure fluctuation signal in the
bubbly flow regime were composed of crystals such as W7.0, W8.1,
W6.1, W4.1, W5.4, etc., which were located at coarse scales and fine
scales. The high frequency oscillations are captured by the fine scale
bases, e.g., W4.1, W5.4, and the coarse scale bases, e.g., W7.0, W8.1,
correspond to lower frequency oscillations. And the bases for the
churn-turbulent flow regime (see Fig.6) were composed of the coarse
scale ones such as W7.1, W8.0, W7.7, W7.6, W8.1, etc. It indicates that
the pressure fluctuation signal obtained was decomposed by these
bases with the coarse scales and fine scales.

The plots of wavelet packet components are shown in Figs. 7
and 8. The signal components are ordered by energy, with the high-
est energy components plotted at the top. According to wavelet pack-
et decomposition, a signal is reconstructed by a sum of wavelet pack-
et components. A signal in a bubbly flow regime (Ul=0.10 m/s, Ug=

Fig. 3. Typical power spectral density of a signal in a bubbly flow
regime (Ul=0.10 m/s, Ug=0.02 m/s).

Fig. 4. Typical power spectral density of a signal in a churn-tur-
bulent flow regime (Ul=0.02 m/s, Ug=0.10 m/s).

Fig. 5. Wavelet packet table of a signal in a bubbly flow regime
(Ul=0.10 m/s, Ug=0.02 m/s).

Fig. 6. Wavelet packet table of a signal in a churn-turbulent flow
regime (Ul=0.02 m/s, Ug=0.10 m/s).
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0.02 m/s) is represented as a sum of wavelet packet components
such as W7.0, W8.1, W6.1, W4.1, W5.4, and others (Fig.7), while a signal
in a churn-turbulent flow regime (Ul=0.02 m/s, Ug=0.10 m/s) is
made by a sum of components such as W7.1, W8.0, W7.7, W7.6, W8.1,
and others (Fig. 8). The high frequency oscillations are captured
mainly by the fine scale components, e.g., W6.1, W5.4, W4.1. The coarse
scale components, W8.6, correspond to lower frequency oscillations.
As can be seen in these figures, the highest energy components in
the bubbly flow regime are finer than the ones in the churn-turbu-
lent flow regime. It is well known that the bubble size and popula-
tion increase and the bubble interactions become significant with
increasing gas velocity (churn-turbulent flow regime). Also, from
the change of the pattern over the time in these plots of wavelet pack-
et decomposition of the pressure fluctuations, we can estimate the
passage of the bubbles in the bed.

Time-frequency analysis is concerned with how the frequency
representation of the signal changes over time. Using a wavelet pack-
et transform, we can construct a time-frequency plot by dividing
the time-frequency plane into rectangles. The modulus of each wave-
let packet coefficient determines the gray level of each rectangle.
The spectrogram produces an easily interpretable visual two-dimen-
sional representation of signals. As can be seen in Figs. 9 and 10,
spectrograms of the pressure signals are obtained at different flow

regimes, bubbly flow regime (Ul=0.10m/s, Ug=0.02m/s) and churn-
turbulent flow regime (Ul=0.02 m/s, Ug=0.10 m/s), respectively. The
level of energy of an individual time-frequency cell is indicated as
a shade of gray: The darker the cell, the higher the energy content
of the time-frequency cell. In the churn-turbulent flow regime the
cells corresponding to low frequency are more shaded and ener-
getic. The bigger the bubble size, the greater the energy content of
cells in the lower frequency ranges. This is consistent with the result
from evaluation of the power spectrum by Fourier transform. Also,
these figures show that the cells change over time at each frequency.
It means that the spectrogram obtained by wavelet packet trans-
form using best basis algorithm provides both the localization of
frequency and time, and makes it possible to identify and classify
the status of the bed.

CONCLUSIONS

The differential pressure fluctuation has been analyzed by resort-
ing to the wavelet packet transform analysis and Fourier transform.
The time series of pressure fluctuations have been analyzed by means
of discrete wavelet packet transform components and spectrogram.

Fig. 7. Plot of wavelet packet components of a signal in a bubbly
flow regime (Ul=0.10 m/s, Ug=0.02 m/s).

Fig. 8. Plot of wavelet packet components of a signal in a churn-
turbulent flow regime (Ul=0.02 m/s, Ug=0.10 m/s).

Fig. 9. Spectrogram of a signal in a bubbly flow regime (Ul=0.10
m/s, Ug=0.02 m/s).

Fig. 10. Spectrogram of a signal in a churn-turbulent flow regime
(Ul=0.02 m/s, Ug=0.10 m/s).
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According to the analysis by wavelet packet table and spectrogram,
the objects in the bubbly flow regime have finer scales and frequen-
cies than ones in churn-turbulent flow regime. These are useful tools
to identify the flow regime of the bubble column. Consequently,
the wavelet packet transform is expected to be useful for analyzing
the pressure fluctuation signals to understand the hydrodynamics
in a bubble column.
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NOMENCLATURE

DWT: discrete wavelet transition
F : frequency [Hz]
J : maximum resolution level
t : time [sec]
Ug : gas velocity [m/s]
Ul : liquid velocity [m/s]
W : wavelet packet function

Greek Letters
Ψ : wavelets, mother wavelet
φ : scaling function

Subscripts
b : oscillation or frequency index
j : resolution level index
k : time index
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