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Abstract—Recently, in our laboratory a closed form expression for the correlation function of the hard-sphere dimer
fluid obtained from Wertheims multidensity Ornstein-Zernike integral eguation theory with Percus-Yevick approxi-
mation was presented by Kim et a. [2001]. However, it is difficult to apply its expression to perturbation theory and
vapor-liquid equilibria calculations, sinceit is of very complex form. In this work, we present asimplified expression
for the first shell of the radia distribution function (RDF) of the hard-sphere dimer fluid using a series expansion of
the andytical expression. The expansion is carried out in terms of both the packing fraction and the radid distance.
Expressions are also obtained for the coordination number and its first and second derivatives as functions of radial
distance and packing fraction. These expressions, which are useful in perturbation theory, are sSmpler to use than those
obtained from the starting equation, while giving good agreement with the original expression results. Then we present
an smplified equation of state for the square-well dimer fluid of variable well width (1) based on Barker-Henderson
perturbation theory using its expression for the radia distribution function of the hard-sphere dimer fluid, and test its
expression with NV T and Gibbs ensemble Monte Carlo smulation data [Kim et al., 2001].
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INTRODUCTION

In the last few decades fluids conssting of hard-body fluids have
been the subject of a greet dedl of research, both in theory as well
as in computer smulaions. One of the reasons is that such fluids
have many propertiesin common with fluids having more redistic
intermolecular potentials. Moreover, once the properties of a hard-
body fluid have been obtained, those of a more redligtic fluid with
admilar shape can be obtained through a perturbation theory thet
uses the hard-body fluid asthe reference fluid.

The Orngein-Zernike (OZ) integra equation theory with the Per-
cus-Yevick (PY) dasure goproximation is of significant interest be-
cause it provides an andyticad solution for the radid distribution
function (RDF) [Wertheim, 1963; Thide, 1964; Throop et d., 1965;
Baxter, 1968; Smith e d., 1970; Chang et d., 1994], which makes
it possible for the eqution of Sateto be formulated in adasad form
through perturbation theory [Chang et d., 1994; Tang et d., 1993,
1994].

Hard-sphere chain fluids have been studied extensvely by com-
puter smulation and integrd equation theories such as the poly-
mer-reference interaction Ste modd theory [Yethirg et d., 1990,
1992], Chiew's PY theory [Chiew, 1990, 1991] and the multidengty
Orngein-Zernike integra equation theory [Wertheim, 1984, 1986;
Kayuzhnyi et d., 1997; Chang et d., 19953, b, 1999]. Also, chain
fluids with other potentids have been studied [Chang et d., 1998;
Yeom et d., 2000]. Chiew's PY theory is an extension of Baxter's
sphericaly associting fluid theory [Baxter, 1968 to fluids con-
taining linear chains with gpedid bond connectivity condraints. Re-
cently an gpproximate analytical solution of the PY theory for the
intermolecular RDF was developed by Tang and Lu [Tang et dl.,
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1996].

Since Wertheim formulated the multidengity Orngtein-Zernike
(MOZ) integra equation theory for anisotropic associating fluids
[Wertheim, 1984, 1986], severa sudies have been done to apply
the MOZ theory to hard-gphere chains. Using the polymer Percus-
Yevick closure and the idedl-chain goproximation, Chang and San-
dler [Chang et d., 19953, b] caculaed inter- and intramolecular
RDFs for hard-sphere chains, and later Chang and Kim [Chang et
a., 1999 obtained andyticd expressons for these RDFs On the
other hand, Kim et d. [2001] ohtained an andytical expresson for the
RDF using the MOZ theory for hard sphere dimer (HSD) fluids

Although much effort has been amed a obtaining more man-
agesble expressons of the RDF derived by the PY theory, these
expressions have limitationsin practical gpplication. Even andyticd
solutions are often too complicated, especidly for use in perturba
tion theories such asthose of Barker-Henderson or Weeks-Chandler-
Andersen. To derive the equation of date, these theories require in-
tegrations and derivations of functions that depend on the RDF and
the inter-molecular potentid. The resulting pressure expressions for
the first and second order perturbation term are dways complicated
and generdly nonandyticd.

Thus, it would be desirable to obtain Smpler expressonswhich
have the same results with origind andytic solution and haveasm-
ple form of pressure equation in perturbation trestment for a more
redidtic fluid. The aim of this paper isto derive asmple form that
dlows consderable simplicity in the expression of the first coordi-
nation shell of the RDF and that can be used easly in perturbation,
While retaining good agreement with results obtained from RDF
derived by Kim et d. firgt of dl, the corrdation function of the hard-
phere dimer fluid presented by Kim et d. is summarized. We will
present a smplified expresson for the firg shell of the radia dis-
tribution function (RDF) of the hard-gphere dimer fluid using aseries
expangon of the andytical expresson in terms of radia distance and
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packing fraction. And then we will derive perturbation expresson
usngit.

ANALYTICAL SOULTION AND INTEGRATION
FORM OF THE HARD-DIMER RDF

Kim et d. [2001a, b] presented adosad form expresson for the
corrdation function of a hard-gphere dimer fluid ootained from Wer-
theim's multidengity Orngtein-Zermnike integrd equation theory with
Percus-Yevick gpproximetion.

The RDF of hard-sphere dimer fluidsin thefirg shell isgiven by

HSD N2(S) sr-1
e @
s=5
where
NA9)=2(1+2n)+(6+15n)s+8(1+2n)S+4(1+2n)S @

M(9)=—48n(1+2n)-24n(2+7n)st+144r7S+48n(1-n)S+8(1-n)’s' (3

and M,(5)=dM/os. The quantities 5 are zeras of M(9).
They utilized Tang and Lu's Hilbert transform result for the inte-
grd of the RDF
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A SMPLIFIED EXPRESSION FOR THE FIRST
COORDINATION SHELL OF THE HARD-DIMER RDF

To amplify the expresson for the first coordination shdll of the
RDF, we might think of expanding it in power series of the radid
digtance x around x=1. However, this expanson converges rather
dowly and as many as 15 terms are needed to achieve good accu-
racy with the andlytical solution. Thisis due to the fact that the PY
solution of the RDF has a peek at areduced distance x<1. It seems
more advisable to expand g(x) around x=1.5, which corresponds
to the middle of the firgt shell and is particularly convenient when
the resulting expression of the RDF isto be used in a perturbetion
theory for the square-wdll fluid with range A=15. In this case, the
number of terms of the expangion is reduced.

Instead of expanding RDF itsdlf, we expanded theintegrd of RDF

1(A,m) =] g0Xdlx ®
asfollows
Am=X3 Inmﬁﬁl ©

n=0m=0 )n+1

which plays an important role in perturbation theories for the square-
wdl fluid.

At m=8 and n=8, AAD% of I(4, n)) is9.632x10°*

The expansion on I(A, 1) ingtead of the expandon on g(x) itsdlf
is because the expangon on I(4, 77) is more useful and convenient
than the expansion on g(x) itsdlf in the perturbation theory. In order
to reduce the low rate of convergence, we define the denominator
form of 1(4, n) expanson asthe above form.

From Eq. (9), the RDF isreedily obtained in the form

gx) = z Z nmw 19

g )n+1

I iSthe corrddion parameter, given by Table 1.

APPLICATION TO PERTURBATION THEORIES OF
SQUARE-WELL FLUIDS OF VARIABLE WIDTH

In perturbation theory the Helmholtz free energy of the system

2477 S My(9)F e © is expanded in the inverse temperature around thet of a reference
Table 1. Parametersl,,, involved in Eq. (9) up ton=8, m=8
m
0 1 2 3 4 5 6 7 8
0 0.50151 0.84636 -0.96198 0.46857 -13.6613 46.4631 —98.7908 111.451 -45.4170
1 1.64849 -0.02511 —7.45037 —-0.85329 6.85938 12.1549 -41.1000 113.130 -98.7401
2 1.60498 —3.93626 -5.62713 —4.34775 157.401 -550.036 1149.83 -1351.87 628.560
3 0.68559 -3.08019 —0.93061 62.1987 —270.001 805.062 -1579.18 1569.11 -578.236
4 0.12554 -0.58117 477797 -6.07342 —15.3681 34.3968 -173.848 448,769 —-322.39%4
5 0.01064 0.10059 4.18765 —47.9975 237.273 —766.056 1548.57 -1650.11 691.227
6 —0.00319 0.34058 -5.11619 41.0545 —209.873 651.797 -1124.95 972.125 -324.113
7 0.00082 —0.03047 0.66734 -6.41021 31.1024 —69.1859 50.3279 29.0152 -39.2324
8 0.00085 —0.05197 1.02276 -9.44811 49,3776 -153.710 275.959 —259.597 98.3267
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system whose thermodynamic structura properties are known. The
second-order expangon of the Hdmholtz free energy isof theform

ex

A" _ A 1A 1A
NksT NksT  T'NkeT T°NkgT

1

where A* is the Helmholtz free energy in excess of that of an ided
gas at the same temperature and number density and A3 is the ex-
cess Hdmholtz free energy of the reference sysem. A, and A, are
the firgt- and the second-order perturbetion terms for the Hemholtz
free energy, respectively. N is the number of molecules, kg is the
Boltzmann condant, T is temperature, and T is the reduced tem-
perature (T =ksT/¢). A, and A, are derived from knowledge of the
equation of gate and the RDF of the reference fluid.
For the reference equation of sate we employ TPT, given by

Aex,HSD Aex,HS

NKT N1 Mg (o)

12

where the superscript HSD denotes the hard-sphere dimer fluid and
g'(o") isthe contact vaue of RDF of the hard sphere fluid. If the
Carnahan-Sarling equation of deate is used for hard-sphere excess
Helmholtz free energy and for the contact vaue of the RDF, the
compressibility factor isgiven by

dn2-n) n(g—n)
A" an(1-3)

Thefirg-order perturbation term for squarewe| dimer fluid around
the reference hard-sphere dimer fluid is given by

ADIM
1
NksT

(i :ﬁ g™ (rrdr (19

2" =1+ 13)

=-8mpc’l"® (14)

In the previous section we obtained a smplified expresson for
the ™ of hard-sphere dimer flLids.

The second-order perturbation term can be formed from the Bar-
ker-Henderson perturbation theory S
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Nk;T PO e an (16)

The compressihility factors are obtained by differentiating the
corresponding Helmholtz free energy term with respect to 1,

w0 _hs> zTi{“” ZT_ )

o= 2411%1’12 (18)
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The excess chemicd potentia can be obtained in an andytic form
from the usud thermodynamic relaions
L _ A" pv @)

keT NKgT NkBT

CONCLUSON
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Fig. 1. Compresshility factorsof squarewel dimer fluids (A=1.3).
The symbols are smulation data [Kim et al., 2001].
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Fig. 2. Compresshility factorsof squarewd| dimer fluids (A=1.5).
The symbols are smulation data [Kim et al., 2001].

Korean J. Chem. Eng.(Val. 22, No. 1)



106 J. Anand H. Kim

We presented a smple form for the firgt shell of the hard sphere
dimer radid distribution function and for the integral 1", which
plays an important role in perturbation theory. The integra 1" is
fitted with the eighth order of radia distance and packing fraction,
respectively, which gives good agreement with the results obtained
by origind andytic RDF derived by Kim et d. in 1<A<2. Firs¢ and
second derivative of the 1™ also give good agreement with origi-
na expression results By using the integral 1™ and perturbation
theory, we obtained the Hemholtz free energy and compressibility
fector for the squarewdl dimer in the smple form. Fg. 1, Fg. 2
and Fg. 3 show the compressibility factor for the square-wd| dimer

10
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Fig. 3. Compressbility factors of square-well dimer fluids (4=1.8).
The symbols are smulation data [Kim et al., 2001].
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Fig. 4. The vapor-liquid coexisting cur ves of square-well dimer
fluid. The symbolsaresmulation data[Kim et al., 2001].
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thet is compared with Smulation data [Kim et d., 2001]. Fg. 4 shows
the vapor-liquid coexiting curves of square-well dimer fluid.

From these facts we can condude that by usng such asmple
expresson, complicated and tedious time-consuming caculaion can
be reduced, while retaining good agreement with the exact expres-
gonresults.
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NOMENCLATURE

: Hdmholtz free energy

: excess Helmhoaltz free energy

: Helmholtz free energy of dimer fluid

o Ay, A, @ zero-, firg-, second-order contributions to the free en-
ergy in perturbation theory

ex

A
A
ADIM
A

g™ :radia digribution function of hard sphere

g"® :radial digribution function of hard sphere dimer

I"® " integral of hard sphere dimer

. paameersintheexpansonof | in power sriesof theradid
distance and packing

ks :Boltzmann constant

N :number of particles

p"® : pressure of hard sphere dimer

Res : summation of residue

S : zero of M(9)

T  :temperature[K]

T :reduced temperature [KT/é]

V  :volume

Z . compressibility factor

Z"™® : compressihility factor of hard sphere dimer

Z,, Z,: firg-, second-order contributions to the compressibility fac-
tor in perturbation theory

7> compressibility factor of square well dimer

Z°™ : compressihility factor of dimer fluid

Greek Letters

e ' depth of the potentia well

U excesschemical potentia

n  :packing fraction

A :radid distance or range of the potentia in unitsof s
o :diameter of ahard sphere
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