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Abstract−An analytical solution for the frequency response of a semi-batch adsorption vessel with sinusoidal modu-

lation of molar flow rate, loaded with inert core adsorbents is obtained for a linear isotherm coupled with intraparticle

diffusion and external film diffusion. The low-frequency limiting values of the in-phase and the out-of-phase character-

istic functions of the frequency response are found to be explicit functions of the size of the inert core and the external

mass transfer parameter. Simulation results of the in-phase and the out-of-phase characteristic functions show that there

exist a crossover frequency and overshoot of the in-phase characteristic function when external mass transfer resistance

is present.
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INTRODUCTION

Inert core adsorbents were recently developed to improve the

separation performance of proteins in the expanded-bed adsorption

process [Chanda and Rempel, 1997, 1999; Li et al., 2003]. These

inert core adsorbents have increased density by the incorporation

of heavier inert core and are reported to be suitable for stable ex-

pansion at high flow rates in an expanded-bed. Analytical solutions

were reported for the batch adsorption vessel and for the step re-

sponse of the semi-batch adsorption vessel loaded with inert core

adsorbent [Li et al., 2003; Park, 2005]. The analysis of the fre-

quency response for the semi-batch adsorption vessel loaded with

conventional adsorbents without inert core and without external mass

transfer resistance was reported in the reference [Park, 1998]. The

frequency response technique measures the ultimate response of

system subjected to small sinusoidal forcing function to estimate

system parameters [Park et al., 1998; Jung et al., 2004].

In this study, we will present an analytical solution for the fre-

quency response of a semi-batch adsorption vessel loaded with inert

core adsorbents. A general solution for the adsorption vessel with

an arbitrary forcing function will be obtained first, from which the

particular solution in case of the sinusoidal forcing function will be

generated. The linear adsorption isotherm is assumed and the ex-

ternal film diffusion is included.

MAHEMATICAL FORMULATION

Consider an adsorption vessel in which inert core adsorbents are

loaded. The inert core adsorbent particle is spherical, which con-

sists of the outer shell layer of radius R and the inert core of radius

RC. The vessel is initially evacuated. At time t=0, a pure gas is in-

troduced into the vessel with a molar flow rate NX(t). The simpli-

fying assumptions for the adsorption vessel loaded with inert core

adsorbents are: (1) ideal mixing in the vessel; (2) local linear ad-

sorption equilibrium at the particle surface; (3) homogeneous parti-

cle diffusion within the outer shell layer of particle; (4) non-perme-

able inert core; (5) negligible swelling or shrinking during sorption.

The dimensionless mass balances for the adsorption vessel are given

in Table 1.

SOLUTION IN LAPLACE DOMAIN

The general solution with an arbitrary forcing function in Laplace

domain can be expressed as

Table 1. Mathematical formulation

Definition of Dimensionless Variables and Parameters

(C0≡reference concentration)

Mass Balance

Intraparticle Mass Balance in Outer Adsorbent Shell

(xC≤x≤1) (1a)

at τ=0 yµ=0 (1b)

at x=xC (1c)

at x=1 (1d)

Mass Balance around the Adsorption Vessel

(2a)

at τ=0 yb=0 (2b)

Linear Adsorption Equilibrium at the Adsorbent Surface

(3)

Forcing Function

(4)
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(5)

in terms of the overall transfer function G(s), which was reported

in the reference [Park, 2005]:

(6a)

(6b)

The forcing function in Laplace domain is:

(7)

FREQUENCY RESPONSE

1. In-phase and Out-of-phase Characteristic Functions

We define the in-phase characteristic function δR and the out-of-

phase characteristic function δI of the frequency response as the real

and imaginary parts of the vessel transfer function F(s) in the limit

of s→iω*, multiplied by the distribution parameter β0(1−xC
3), re-

spectively:

(8)

By substitution of Eq. (6b) into Eq. (8), The in-phase and out-

of-phase characteristic functions can be obtained as

(9a)

where parameters in the above equations are:

(9b)

(9c)

(9d)

(9e)

(9f)

2. Frequency Response in Terms of In-phase and Out-of-phase

Functions

By taking the inverse transform of Eq. (5) for the sinusoidal forc-

ing function, using the method of residues, the frequency response

in time domain can be obtained as

(10a)

where

(10b)

(10c)

(10d)

(10e)

(10f)

(10g)

The first term of RHS of Eq. (10a) is the contribution of the step

response (i.e., the contribution of the first term of the forcing func-

tion). Since the frequency response is the ultimate response when

τ→∞, (yb/Ω)∞, step given by Eq. (10b) is the step response when τ→

∞. Note that the step response was reported by Park [2005].

RESULTS AND DISCUSSION

An analytical solution for the frequency response of the adsorp-

tion vessel loaded with inert core adsorbents was obtained in terms

of the in-phase and the out-of-phase characteristic functions in the

previous section. Now we shall discuss about the frequency response

by examining some behavior of the characteristic functions.

1. Limiting Behavior

1-1. Case 1: xC→0 & ξ→∞

The inert core adsorbent reduces to the traditional adsorbent with-

out inert core when xC→0 and the external film resistance van-

ishes when x→∞. In this limit, the parameters in Eq. (9) reduce to:

n1=3{[cosh(2u)−cos(2u)]−u[sinh(2u)+sin(2u)]}; n2=−3u[sinh(2u)−

sin(2u)]; d1=0; d2=−2u2[cosh(2u)−cos(2u)]. Thus, the characteris-

tic functions are:

(14)

The same equations of characteristic functions for the traditional

adsorbent without inert core were reported in the reference [Park et

al., 1998].

1-2. Case 2: xC→1

In this limit, the inert core adsorbent reduces to an impermeable

sphere and the adsorption vessel becomes a physical filling reser-

voir without adsorption. Since there is no adsorption in the particle,

the change of the bulk concentration in the vessel is purely due to

the physical filling with adsorbate. In this limit, the parameters in
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Eq. (9) reduce to: n1/(1−xC)=0; n2/(1−xC)=0; d1/(1−xC)=−2(ω*)2;

d2/(1−xC)=−2(ω*)2. Thus, the characteristic functions are:

δR=δI=0 (12)

In this limit, AR and PS of the frequency response are: AR=1/

ω*; PS=−π/2. The same equations of AR and PS for the physical

filling without adsorption were reported in the reference [Park et

al., 1998].

1-3. Case 3: ω*
→0

In this limit, the parameters in Eq. (9) reduce to: n1/[(1−xC)(ω
*)2]

=0; n2/[(1−xC)(ω
*)2=−2(1−xC)[3−3(1−xC)+(1−xC)

2]; d1/[(1−xC)(ω
*)2]=

−2[1−(1−1/ξ)(1−xC)]; d2/[(1−xC)(ω
*)2]=−2. Thus, the low-frequency

limiting values of the characteristic functions are:

(13)

When xC→0 & ξ→∞, these low-frequency limiting values be-

come:  and . The same low-frequency lim-

iting values for the conventional adsorbent without inert core were

reported in the reference [Park et al., 1998].

2. Simulation

The reduced characteristic functions relative to the low-frequency

limiting value of the in-phase characteristic function given by Eq.

(13) are plotted as a function of frequency in Fig. 1 and Fig. 2 to

show the effects of the size of inert core and the external film re-

sistance. As we can see in these figures, there exist a crossover fre-

quency at which the two characteristic curves intersect each other

and an overshoot of the in-phase characteristic function when ξ is

finite. With increasing xC and with decreasing ξ, the crossover fre-

quency decreases and the overshoot increases, respectively. The

δR
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3 1− xC( ) 1− 1− xC( ) + 
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3
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ξ
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⎛ ⎞ 1− xC( ) − δR

β0

---------
ω* 0→

lim⎝ ⎠
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ω
*
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ω
&
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Fig. 1. Effect of xC on the reduced characteristic function of frequency response (a) ξ=10 (b) ξ=∞: xC=0, 0.2, 0.4, 0.6, 0.8.

Fig. 2. Effect of ξ on the reduced characteristic function of frequency response (a) xC=0.2 (b) xC=0: ξ=1, 10, 100, ∞.
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overshoot vanishes at xC=1 (see Eq. (12)) and at ξ=∞, respectively.

With larger xC, the in-phase characteristic function decays from the

low-frequency limiting value (when ξ=∞) or from the maximum

value (when ξ=finite) at higher frequency. The crossover frequency

becomes infinity at xC=1, at xC=0 and at ξ=∞, respectively.

The low-frequency limiting values of characteristic functions (i.e.,

Eq. (13)) are plotted in Fig. 3. The low-frequency limiting value of

the in-phase characteristic function increases with decreasing size

of inert core and with decreasing external resistance. The low-fre-

quency limiting value of the out-of-phase characteristic function

increases with decreasing external resistance. With decreasing size

of inert core, however, the low-frequency limiting value of the out-

of-phase characteristic function decreases at first and then increases

after a minimum value is reached.

CONCLUSION

An analytical solution for the frequency response of the semi-

batch adsorption vessel loaded with inert core adsorbents is obtained

in terms of the in-phase and the out-of-phase characteristic func-

tions. When the external mass transfer resistance is present, there

exist a crossover frequency and an overshoot of the in-phase char-

acteristic function. With increasing xC and with decreasing ξ, the

crossover frequency decreases and the overshoot increases, respec-

tively. The low-frequency limiting value of the in-phase character-

istic function increases with decreasing size of inert core and with

decreasing external resistance. The low-frequency limiting value

of the out-of-phase characteristic function increases with decreas-

ing external resistance. With decreasing size of inert core, however,

the low-frequency limiting value of the out-of-phase characteristic

function decreases at first and then increases after a minimum value

is reached.
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NOMENCLATURE

Cb : concentration in the bulk phase [mol/m3]

Cs : concentration in the bulk phase at the particle surface [mol/

m3]

Cµ : concentration in the adsorbed phase [mol/m3]

De : effective diffusivity [m2/s]

kf : external film mass transfer coefficient [m/s]

K : dimensionless Henry constant of the linear isotherm

N : molar flow rate of adsorbate into vessel [mol/sec]

r : radial variable of adsorbent particle [m]

R : radius of adsorbent particle [m]

RC : radius of inert core [m]

t : time variable [s]

V, Vµ0 : volume of free space and total particles including inert cores

within the adsorption vessel [m3]

ω : angular frequency of sinusoidal forcing function [rad/s]
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