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Abstract−Typical methods for calculation of binary liquid-liquid equilibrium compositions such as surfactant systems
need proper initial guesses and/or checking the sign of the second derivative of molar Gibbs energy change of mixing,
∆G. Eubank and Hall [1] have shown the equal area rule (EAR) applies to the composition derivative of the Gibbs energy
of a binary system at fixed pressure and temperature. Methods based on EAR do not need to check the sign of the second
derivative of ∆G because EAR is a necessary and sufficient condition for phase equilibrium. However, the algorithm
proposed by Eubank and Hall needs a reasonable initial guess. Furthermore, it is not easy to apply the algorithm to
activity coefficient models such as Non-Random Two Liquid (NRTL) because the first and second derivatives of ∆G
as a function of composition have various shapes for some sets of NRTL parameters. In this work, we have developed
an improved algorithm for calculation of binary liquid-liquid equilibrium compositions based on EAR considering the
various shapes of NRTL model. This algorithm needs neither any initial guess nor checking the sign of the second deri-
vative of ∆G.
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INTRODUCTION

1. Importance of Liquid-Liquid Equilibria
Extraction is one of the typical processes for separation of liquid

mixtures. Selectivity and equilibrium constant are the most impor-
tant properties in the selection of proper solvent and the estimation
of extraction performance. Preparation of liquid-liquid equilibrium
data and techniques to predict liquid-liquid equilibria are essential
to estimate these properties.
2. Expression of Liquid-Liquid Equilibria

Prausnitz et al. [2] explained the phase equilibrium problem as
the task of finding temperature (or pressure) and compositions of
one phase with given pressure (or temperature) and compositions
of the other phase. The liquid-liquid equilibrium can be expressed
in one of two different ways as follows:

with an equation of state: (1)

with an activity coefficient equation: (2)

The expression using an activity coefficient equation can be different
from the phase equilibrium problem that Prausnitz et al. explained,
because the activity coefficient, γi, calculated from the activity co-
efficient equation usually depends only on temperature and com-
positions. Most liquid-liquid equilibria are expressed by using activ-
ity coefficient equations because the liquid phase is nearly insensitive
to pressure.
3. Typical Methods for Calculation of Binary Liquid-Liquid
Equilibrium Compositions

Typical methods for calculation of binary liquid-liquid equilib-
rium compositions are (a) solving simultaneous iso-activity equa-

tions and (b) finding global minimum of the molar Gibbs energy
change of mixing, ∆G. A short description of each method follows:
3-1. Solving Simultaneous Iso-activity Equations

This method solves iso-activity equations applied for each com-
ponent as the following simultaneously:

(3)

(4)

This method is a necessary, but not sufficient condition for liquid-
liquid equilibrium because this condition came from the fact that
the derivative of ∆G is zero. Therefore, the resultant compositions
must be confirmed by checking the sign of the second derivative
of ∆G. Initial guesses of equilibrium compositions are also impor-
tant to make sure that the simultaneous equations are safely solved.
3-2. Finding Global Minimum of ∆G of the System

This method finds the global minimum of ∆G of the system as
the following:

(5)

where

(6)

and

(7)

This method is a necessary and sufficient condition for liquid-
liquid equilibrium, but it has the risk of mistaking the local mini-
mum for the global minimum depending on the initial guesses.
4. Common Tangent and Equal Area Rule at Equilibrium
Compositions

Eubank and Hall [1] have shown the equal area rule (EAR) ap-
plies to the composition derivative of the Gibbs energy of a binary
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system at fixed pressure and temperature.
For binary liquid-liquid equilibrium, the molar Gibbs energy change

of mixing, ∆G can be expressed as follows:

(8)

where

(9)

and GE depends on which activity coefficient equation is used. Since
temperature is constant when the system is in equilibrium and x2=
1−x1, ∆G can be expressed as a dimensionless function of x1 as fol-
lows:

(10)

If y=f(x) and y=f'(x) is plotted, y=f(x) shows a common tan-
gent and y=f'(x) shows EAR at the equilibrium compositions as
shown in Fig. 1(a) and Fig. 1(b), respectively.

So y=f(x), which shows the common tangent phenomenon, and

that y=f'(x), which shows equal area phenomenon, are exactly the
same. This can be proved as follows:

Since y=f(x) has common tangent at x1
I and x1

II as shown in Fig.
2(a),

(11)

and

(12)

If shows equal area at x1
I and x1

II as shown in Fig. 2(b),

(13)

and

(14)

Eq. (11) is identical with Eq. (13), and Eq. (12) is identical with
Eq. (14). Therefore, y=f(x), which shows common tangent phe-
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Fig. 1. Common tangent and equal area phenomena at equilibrium compositions. (a): y=f(x), (b): y=f'(x).

Fig. 2. Relation between common tangent and equal area phenomena. (a): y=f(x), (b): y=f'(x).
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nomenon, and which y=f'(x) shows equal area phenomenon, are
exactly the same.

Methods based on EAR do not need to check the sign of the sec-
ond derivative of ∆G because EAR is a necessary and sufficient
condition for phase equilibrium.
5. Proposed Algorithm by Eubank and Hall for Determining
Phase Compositions

The algorithm proposed by Eubank and Hall is summarized by
Shyu et al. [3] as follows:

(a) Check for the existence of van der Waals loops by determining
cusp or inflection points along the Gibbs energy path. If no cusp, or
less than two inflection points, exist, the system exhibits no phase
splitting; if a cusp or inflections exist, proceed to steps (b) to (e).

(b) Choose an initial value of f'(x) by calculating the average value
of the two extremes in Fig. 1(b).

(c) Find the corresponding compositions x1
I and x1

II at f'(x).
(d) Calculate a new f'(x) using Eq. (12).
(e) Check convergence by comparing the difference between the

new f'(x) and the old one. If the difference is less than an accept-
able tolerance, then the corresponding compositions are the equi-
librium compositions. Otherwise, use the new f'(x) and return to
step (c) and repeat until convergence.

This algorithm needs an initial guess. An additional algorithm is
needed to find two extremes in step (b) for removing the initial guess.
In addition, a detailed algorithm for step (c) must be developed.
6. Non-Random Two Liquid (NRTL) Equation

An NRTL equation was developed by Renon and Prausnitz [4]
based on the local composition concept, and the expression for bin-
ary liquid-liquid equilibrium is as follows:

(15)

where

(16)

(17)

G12=exp(−ατ12) (18)

G21=exp(−ατ21) (19)

g12=g21 (20)

Although the NRTL equation has three parameters (τ12, τ21, and
α), only τ12 and τ21 are regarded as adjustable parameters with α as
a constant in most cases. In those cases, α is usually set as 0.2 or
0.3.

The NRTL is known as a widely used equation handling the liquid
phase in vapor-liquid and/or liquid-liquid equilibria in chemical pro-
cess industries since it can handle even highly non-ideal liquid mix-
tures.

In this work, we have developed an improved algorithm for cal-
culation of binary liquid-liquid equilibrium compositions based on
EAR for applying to the NRTL. This method needs neither any ini-
tial guess nor checking the sign of the second derivative of ∆G.

THEORY

1. Various Shapes of y=f''(x) and y=f'(x) for NRTL and Dif-
ficulties in Application of the Original Algorithm to NRTL

Understanding various shapes of y=f''(x) and y=f'(x) for NRTL is
important in building the algorithm for calculation of binary liquid-
liquid equilibrium compositions. The NRTL shows various shapes
of y=f''(x) and y=f'(x), as shown in Fig. 3 to Fig. 7, depending on
τ12 and τ21 with α as a constant (0.2 in this example). Newton’s meth-
od is not proper when the slope can be near zero as shown on the
left-hand side of Fig. 6(a) and Fig. 7(a), or the right-hand side of
Fig. 4(a) and Fig. 5(a). The bisection method, whcih can be con-
sidered instead of Newton’s method, needs two starting points of
different signs. Since f'(x)>0 at both x=0.00001 and x=0.99999, a
point where f''(x)<0 must be found prior to using bi-section meth-
od. Scanning for the point is also possible, but the interval can be a
problem. For example, scanning with an interval of 0.001 cannot
find the point where f''(x)<0, if the equilibrium compositions are
x1

I=0.2001 and x1
II=0.2002. In this case, the interval must be changed

to narrower than 0.0001, but the number of investigations might be
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Fig. 3. Shapes of y=f''(x) and y=f'(x) using NRTL for τ12=2 and τ21=3. (a): y=f''(x), (b): y=f'(x).
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Fig. 4. Shapes of y=f''(x) and y=f'(x) using NRTL for τ12=−2 and τ21=7. (a): y=f''(x), (b): y=f''(x).

Fig. 5. Shapes of y=f''(x) and y=f'(x) using NRTL for τ12=−3 and τ21=9. (a): y=f''(x), (b): y=f'(x).

Fig. 6. Shapes of y=f''(x) and y=f'(x) using NRTL for τ12=7 and τ21=−2. (a): y=f''(x), (b): y=f'(x).

more than 10000, which is not realistic.
2. The Improved Algorithm for Applying EAR to NRTL

Two ideas have been developed to improve the original algo-
rithm:
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2-1. Idea 1
Since the slope of y=f''(x) can be zero only on either side, not both

sides, it means that Newton’s method must be valid on at least one
side. For example, Newton’s method cannot be used with 0.00001
as initial guess, but can be used with 0.99999 as initial guess for the
cases as shown in Fig. 6(a) and Fig. 7(a). In the same way, New-
ton’s method cannot be used with 0.99999 of initial guess, but can
be used with 0.00001 of initial guess for the cases as shown in Fig.
4(a) and Fig. 5(a). If no solution can be found both 0.00001 and
0.99999 of initial guesses, it means that the system has a single liquid
phase.

Now, name the solution found above as xtmp. If another solution
is found by bisection method with 0.00001 and xtmp, then xtmp cor-
responds to xR in Fig. 8 and the new solution corresponds to xL in
Fig. 8. If no solution is found by bisection method with 0.00001
and xtmp, xtmp corresponds to xL in Fig. 8, and another solution will
be found by bisection method with 0.99999 and xtmp. The new sol-
ution corresponds to xR in Fig. 8. If xL is equal to xR, it means that the
system is at the critical point; otherwise, the system has two liquid
phases.

Fig. 7. Shapes of y=f''(x) and y=f'(x) using NRTL for τ12=9 and τ21=−3. (a): y=f''(x), (b): y=f'(x).

Fig. 8. Relation between signs of y=f''(x) and two solutions.

Fig. 9. The improved algorithm for calculation of binary liquid-
liquid equilibrium compositions based on EAR for apply-
ing to NRTL.
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2-2. Idea 2
In finding the value of f'(x) that shows equal area, Newton’s meth-

od with 0.00001 and 0.99999 of initial guesses may diverge depen-
ding on the shape of y=f'(x). Instead, the solution can be found safe-
ly if the bisection method is used with 0.00001 and xL. In the same
way, the solution can be found safely if the bisection method is used

with 0.99999 and xR.
The improved algorithm for calculation of binary liquid-liquid

equilibrium compositions based on equal area rule for applying to
NRTL is shown as Fig. 9.

The source code in visual basic for application (VBA) for Micro-
soft Excel is shown as Appendix A. A part of a Microsoft Excel

Fig. 10. Screenshot of a Microsoft Excel worksheet.
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worksheet is shown as Fig. 10.
3. Verification of the Improved Algorithm

The improved algorithm has been verified with data from
DECHEMA liquid-liquid equilibrium data collection [5].

VERIFICATION RESULTS

The results of verification of the improved algorithm with data
from DECHEMA liquid-liquid equilibrium data collection are shown
as Table 1. Calculation results are exactly the same with those from
the DECHEMA data collection.

CONCLUSIONS

Methods for calculation of binary liquid-liquid equilibrium com-
positions based on EAR do not need to check the sign of the sec-
ond derivative of ∆G because EAR is a necessary and sufficient
condition for phase equilibrium. However, the algorithm proposed
by Eubank and Hall needs a reasonable initial guess. Furthermore,

it is not easy to apply the algorithm to activity coefficient models
such as NRTL because the first and second derivatives of ∆G as a
function of composition have various shapes for some sets of NRTL
parameters. In this work, we have developed an improved algo-
rithm for calculation of binary liquid-liquid equilibrium composi-
tions based on EAR for applying to NRTL considering the various
shapes. This algorithm needs neither any initial guess nor checking
the sign of the second derivative of ∆G.

APPENDIX A. THE SOURCE CODE IN VBA
FOR MICROSOFT EXCEL

Private Sub CommandButton1_Click()

'Preset of handling unit of composition (usually 0.0001)
unit = 0.0001

'Preset of initial guess and convergence radius (do not change!!)
init_min = unit / 10

Table 1. Comparison between the results of DECHEMA liquid-liquid equilibrium data collection and the results by the universal method
with the same NRTL parameters

Given data from DECHEMA Results of DECHEMA Results by the universal method
Temp (oC) A12 (K) A21 (K) α x1

I x1
II x1

I x1
II

30 2415.40 −951.77 0.2 0.9872 0.8460 0.9872 0.8460
35 2507.10 −1049.5 0.2 0.9820 0.8860 0.9820 0.8860
25 0285.50 981.65 0.2 0.8972 0.0204 0.8972 0.0204
5 0892.41 27.379 0.2 0.9478 0.2950 0.9478 0.2950
10 0891.31 3.7499 0.2 0.9362 0.3360 0.9362 0.3360
15 0887.83 −19.445 0.2 0.9203 0.3840 0.9203 0.3840
20 0894.93 −52.069 0.2 0.8990 0.4490 0.8990 0.4490
25 0892.72 −93.662 0.2 0.8440 0.5690 0.8440 0.5690
25 1141.10 −46.328 0.2 0.9690 0.3130 0.9690 0.3130
30 1137.20 −68.594 0.2 0.9625 0.3450 0.9625 0.3450
40 1126.70 −108.54 0.2 0.9448 0.4140 0.9448 0.4140
50 1142.60 −166.5 0.2 0.9185 0.5110 0.9185 0.5110
30 1140.60 −139.72 0.2 0.9485 0.4370 0.9485 0.4370
25 2110.40 −366.79 0.2 0.9977 0.4800 0.9977 0.4800
30 2072.90 −395.47 0.2 0.9967 0.5000 0.9967 0.5000
40 2050.80 −465.17 0.2 0.9943 0.5510 0.9943 0.5510
50 2081.60 −559.79 0.2 0.9908 0.6190 0.9908 0.6190
60 2117.90 −676.81 0.2 0.9836 0.7060 0.9836 0.7060
70 2146.30 −811.21 0.2 0.9606 0.8220 0.9606 0.8220
60 0891.21 141.55 0.2 0.9256 0.2560 0.9256 0.2560
65 0883.71 119.31 0.2 0.9103 0.2930 0.9103 0.2930
70 0887.00 84.315 0.2 0.8900 0.3470 0.8900 0.3470
75 0896.86 41.041 0.2 0.8600 0.4220 0.8600 0.4220
80 0907.08 −16.999 0.2 0.7800 0.5710 0.7800 0.5710
25 1070.80 −10.935 0.2 0.9634 0.2970 0.9634 0.2970
35 1019.60 −48.66 0.2 0.9358 0.3810 0.9358 0.3810
40 1025.90 −83.521 0.2 0.9194 0.4400 0.9194 0.4400
45 1067.10 −145.08 0.2 0.8990 0.5280 0.8990 0.5280
50 1296.00 −114.73 0.2 0.9687 0.3630 0.9687 0.3630
60 1327.70 −182.58 0.2 0.9576 0.4400 0.9576 0.4400
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init_max = 1 - init_min
isconverge = unit / 4
delta_in_newton = unit / 100
delta_in_bisection = unit / 100

'Reading of starting and ending row from Microsoft Excel Work-
sheet
Start_Row = TextBox1.Value
End_Row = TextBox2.Value

For r = Start_Row To End_Row

'Reading of NRTL parameters from Microsoft Excel Worksheet
t12 = Cells(r, 7)
t21 = Cells(r, 8)
a = 0.2

'Finding X_tmp for f''(x)=0
f2z = init_min
trial = 1
loop1:
f2zold = f2z
f2z = f2zold - f2(f2zold, t12, t21, a) / f3(f2zold, t12, t21, a)
If (f2z < 0 Or f2z > 1) And trial = 1 Then trial = 2: f2z = init_max:
GoTo loop1
If (f2z < 0 Or f2z > 1) And trial = 2 Then Cells(r, 15) = "Single":
Cells(r, 11) = "---": Cells(r, 12) = "---": GoTo Ending
If Abs((f2z - f2zold) / f2z) < delta_in_newton Then GoTo
loop1end
GoTo loop1
loop1end:

'Finding X_L and X_R for f''(x)=0 (Trial 1)
f2xmin = init_min
f2xmax = f2z
loop2:
f2xmean = (f2xmax + f2xmin) / 2
If Abs((f2xmax - f2xmin) / f2xmean) < delta_in_bisection Then
GoTo loop2end
If f2(f2xmean, t12, t21, a) > 0 Then f2xmin = f2xmean Else
f2xmax = f2xmean
GoTo loop2
loop2end:
If Abs(f2z - f2xmean) > isconverge Then f2x1 = f2xmean: f2x2 =
f2z: GoTo loop4start:
'Finding X_L and X_R for f''(x)=0 (Trial 2)

f2xmin = f2z
f2xmax = init_max
loop3:
f2xmean = (f2xmax + f2xmin) / 2
If Abs((f2xmax - f2xmin) / f2xmean) < delta_in_bisection Then
GoTo loop3end
If f2(f2xmean, t12, t21, a) < 0 Then f2xmin = f2xmean Else
f2xmax = f2xmean
GoTo loop3
loop3end:

If Round(f2z / unit) <> Round(f2xmean / unit) Then f2x1 = f2z:
f2x2 = f2xmean: GoTo loop4start:
Cells(r, 15) = "Critical": Cells(r, 11) = f2z: Cells(r, 12) = f2z: GoTo
Ending

'Finding Equal Area

loop4start:
Cells(r, 15) = "Two"
f1max = f1(f2x1, t12, t21, a)
f1min = f1(f2x2, t12, t21, a)
loop4:
f1mean = (f1max + f1min) / 2
f1x1max = f2x1
f1x1min = 0.0001
loop4_1:
f1x1mean = (f1x1max + f1x1min) / 2
If Abs((f1x1max - f1x1min) / f1x1mean) < 0.00001 Then f1x1 =
f1x1mean: GoTo loop4_1end
If f1(f1x1mean, t12, t21, a) > f1mean Then f1x1max = f1x1mean
Else f1x1min = f1x1mean
GoTo loop4_1
loop4_1end:
f1x2max = 0.9999
f1x2min = f2x2
loop4_2:
f1x2mean = (f1x2max + f1x2min) / 2
If Abs((f1x2max - f1x2min) / f1x2mean) < 0.00001 Then f1x2 =
f1x2mean: GoTo loop4_2end
If f1(f1x2mean, t12, t21, a) > f1mean Then f1x2max = f1x2mean
Else f1x2min = f1x2mean
GoTo loop4_2
loop4_2end:
area1 = f(f1x2, t12, t21, a) - f(f1x1, t12, t21, a)
area2 = f1mean * (f1x2 - f1x1)
If area2 < 0.00001 Then
 If Abs(area1 - area2) < 0.00001 Then Cells(r, 11) = f1x2: Cells(r,
12) = f1x1: GoTo Ending
Else
 If Abs((area1 - area2) / area2) < 0.00001 Then Cells(r, 11) = f1x2:
Cells(r, 12) = f1x1: GoTo Ending
End If
If area1 > area2 Then f1min = f1mean Else f1max = f1mean
GoTo loop4
Ending:
Next r
End Sub

Function f(x1, t12, t21, a)
f = (1 - x1) * x1 * (t12 / (-Exp(a * t12) * (-1 + x1) + x1) + t21 / (1
+ (-1 + Exp(a * t21)) * x1)) - (-1 + x1) * Log(1 - x1) + x1 *
Log(x1)
End Function

Function f1(x1, t12, t21, a)
f1 = t21 * ((-1 + x1)  ̂2 - Exp(a * t21) * x1  ̂2) / (1 + (-1 + Exp(a
* t21)) * x1)  ̂2 + (Exp(a * t12) * t12 * (-1 + x1)  ̂2 - t12 * x1 ^
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2) / (-Exp(a * t12) * (-1 + x1) + x1)  ̂2 - Log(1 - x1) + Log(x1)
End Function

Function f2(x1, t12, t21, a)
f2 = 2 * Exp(a * t12) * t12 / (Exp(a * t12) * (-1 + x1) - x1)  ̂3 - 2
* Exp(a * t21) * t21 / (1 + (-1 + Exp(a * t21)) * x1)  ̂3 + 1 / (x1 -
x1  ̂2)
End Function

Function f3(x1, t12, t21, a)
f3 = -6 * Exp(a * t12) * (-1 + Exp(a * t12)) * t12 / (-Exp(a * t12) *
(-1 + x1) + x1)  ̂4 + ((-1 + 2 * x1) / (-1 + x1)  ̂2 - 6 * t21 * (-1 +
x1) / (1 + (-1 + Exp(a * t21)) * x1)  ̂4 + 6 * t21 * (-2 + x1) / (1 +
(-1 + Exp(a * t21)) * x1)  ̂3 + 6 * t21 / (1 + (-1 + Exp(a * t21)) *

x1)  ̂2) / x1  ̂2
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