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Abstract−We propose a new frequency response estimation method in order to guarantee a pre-specified phase angle
of the estimated model under static disturbance circumstances with rejecting harmonics completely. The proposed method
uses one cycle of the conventional relay feedback signal followed by a sinusoidal signal. The sinusoidal signal in a
cyclic steady state has no harmonics, resulting in exact frequency response estimates. Also, it guarantees the pre-specified
phase angle and removes the effects of static disturbances by adjusting the reference value of the sinusoidal signal.
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INTRODUCTION

Various relay feedback methods have been developed since the
original relay feedback method was first proposed [1,2]. Shen et al.
[3] proposed a biased relay feedback method to identify the zero
and the ultimate frequency data of the process from one relay test.
Modified relay feedback methods using a two-level signal, a satu-
ration-relay or a preload relay have been proposed to increase the
accuracy of the identified frequency data set, by reducing the high
order harmonic terms of the relay output [4-6]. Also, a modified
relay-based technique and a phase-locked loop identifier using sinu-
soidal signals have been proposed to remove the harmonics com-
pletely [7-9].

Several relay feedback methods using an artificial time delay [10,
11], a hysteresis [12] or a two-channel relay [13] have been pro-
posed to obtain the set of the frequency data of the process for a
lower frequency region than the ultimate frequency.

Many relay feedback methods have been proposed to reject static
disturbances [14-17], which bias the reference value of the relay
on-off as much as the static disturbance, in order to achieve the same
accuracy in the case of no disturbance. Recently, two relay feedback
methods have been proposed in order to guarantee the pre-speci-
fied phase angle and reject static disturbances simultaneously [18,
19]. Also, a new relay feedback method has been proposed to guar-
antee symmetric responses under static nonlinearity and static dis-
turbances [20]. This can be successfully applied to identify Ham-
merstein-Wiener-type nonlinear processes.

The above-mentioned previous approaches have been substan-
tially contributing towards the improvement of the accuracy and ef-
fectiveness of the frequency response estimation methods. But, there
is still room to improve the previous approaches. All previous relay
feedback methods except two [7,9] were unable to completely reject
the effects of the harmonics, inevitably resulting in some errors in
estimating the frequency data of the process. Also, the two previ-
ous approaches [7,9] have some drawbacks even though they can
remove the harmonics completely in ideal situations. One method

[7] cannot guarantee a desirable cycle under the circumstances of
static disturbances. For example, if there are some errors (equiva-
lently, static disturbances) in determining the deviation variables, it
fails to provide the continuous cycling of the desired frequency be-
cause the previous approach has no instruments to change the direc-
tion of the continuous cycling when it starts deviating from the de-
sired position. The other method [9] has the following problem. In-
herently, the phase-locked loop identifier takes a long time for identi-
fication because the phase measurement and the feedback control
loop introduce significant time lags. Furthermore, the slow dynam-
ics of an input disturbance are not controlled by a fast closed-loop
form, resulting in a long identification time.

Also, no previous methods can provide the frequency response
estimates while guaranteeing the desired phase angle, rejecting static
disturbances and removing all harmonics simultaneously.

In this research, a new frequency response estimation method is
proposed to remove the effects of the harmonics completely, re-
sulting in exact frequency response estimates. Also, this method guar-
antees the pre-specified phase angle and removes the effects of static
disturbances automatically, resulting in exact estimates under even
static disturbance circumstances. The three core functions of remov-
ing harmonics, rejecting static disturbances and guaranteeing the de-
sired phase angle can be implemented independently. It is straight-
forward to deactivate one or two of the functions. The proposed
each technique can be applied to improve the previous approaches.

PROPOSED FREQUENCY RESPONSE ESTIMATOR

Fig. 1 shows the schematic diagram and a typical response of the
process for the proposed estimation method. It uses one cycle of the
conventional relay feedback signal followed by a sinusoidal signal
combined with a pulse signal. The one cycle of the conventional
relay feedback is to initialize the parameters of the sinusoidal signal.
And, the sinusoidal signal is to activate the process without har-
monics. The role of the pulse signal is to enforce the process output
and the process input to converge to the complete sinusoidal signal.
In Fig. 1(b), the first several cycles of incomplete sinusoidal signals
clearly converge to the complete sinusoidal signal due to the pulse
signals. Then, we reach the important conclusion that the process
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input and the process output in the cyclic-steady-state include no
harmonics. Also, the proposed method uses the sinusoidal signal
that leads the process output as much as the pre-specified phase angle.
Then, the pre-specified phase angle between the process input and
the process output is guaranteed. The reference (uref) for the pro-
cess input is automatically updated by an updating rule (which will
be discussed later) to enforce the oscillation of the process input and
output to be symmetric by rejecting the effects of the static distur-
bance. In Fig. 1(b), the reference value for the process output in the
relay feedback method is yref=0.5, which is equivalent to introduc-
ing a static disturbance. Nevertheless, the proposed method auto-
matically raises the process output up to the reference value of yref=
0.5 and provides the symmetric oscillation of the complete sinusoi-
dal signal by updating uref. Once we obtain the process input and
the process output of complete sinusoidal signals, it is straightfor-
ward to estimate the frequency response data of the process by us-
ing the describing described function analysis method.

Consider the following steps to understand the working of the
proposed method in more detaildetails. Step 1, obtain one cycle from
t=0 to t≈10 using the conventional relay feedback method. That is,
u(t)=d when y(t)<yref, u(t)=−d when y(t)≥yref, where d, u(t), y(t)
and yref denote the magnitude of the relay, the process input, the pro-
cess output and the reference value of the relay feedback, respec-
tively. The role of Step 1 is to initialize the frequency. Step 2, change
from the relay feedback mode to the sinusoidal mode. In the sinusoi-
dal mode, the proposed method determines the process input as fol-

lows:

When y(t)≥yref (negative input status)

 if t≤ton
expected (1)

 if ton
expected<t≤ton

expected+δ (2)

 if t>ton
expected+δ (3)

 if t≤toff
expected−δ (4)

When y(t)<yref (positive input status)

 if t≤toff
expected (5)

 if toff
expected<t≤toff

expected+δ (6)

 if t>toff
expected+δ (7)

 if t≤ton
expected−δ (8)

Where, ωoff
k−1=π/Poff, k−1, ω

on
k−1=π/Pon, k−1, ton

expected=toff, k+Poff, k−1 and toff
expected

=ton, k+Pon, k−1. Poff, k−1 and Pon, k−1 denote the time length of the half-cycle
in the previous (k-1-th) cycle corresponding to the negative input
status and the positive input status, respectively. ton, k is defined as
the time at which the process input changes from the negative input
status to the positive input status, which is the start of the on status
of the k-th cycle. The negative input status of the k-th cycle starts
at toff, k. ton

expected=toff, k+Poff, k−1 and toff
expected=ton, k+Pon, k−1 are the expected

subsequent ton and toff on the basis of the previous half periods of
Poff, k−1 and Pon, k−1. δ is a small positive value to prevent undesirable
activation of (3), (4), (7) or (8) due to uncertainties. Because the
magnitude of the fundamental frequency term of the relay mode is
4d/π, we choose the magnitude of the sinusoidal signal of 4d/π for
the smoothing transit from the conventional relay mode to the sinu-
soidal mode without changing the magnitude of the fundamental
frequency term. −π+φ corresponds to the pre-specified phase angle
between the process input and the process output. From (1) and (5),
the process output is y(t)=sin(ωt)+yref for the process input u(t)=4d
sin(ω(t)+π−φ)/π+uref in cyclic-steady-state. So, it is clear that the
phase angle between the process input and the process output in
cyclic-steady-state becomes the pre-specified phase angle of −π+φ.

Let us explain the role of each equation from (1) to (8). If the
process reaches a cyclic-steady-state (that is, Poff, k−1=Poff, k and Pon, k−1=
Pon, k), only (1) and (5) will be activated. It is clear that u(t) of (1) or
(5) has no harmonics and the phase angle between u(t) and y(t) is
exactly −π+φ in the cyclic-steady-state. Then, it is straightforward
to estimate the exact frequency model, of which the phase angle is
exactly −π+φ.

When the continuous-cycling of the process input/output deviates
from the desired cyclic-steady-state, the proposed method forces
the continuous-cycling to go back to the desired position by adding
the additional step signals of 4d/π to the sinusoidal signals as shown

u t( ) = − 
4d
π
------ ωk−1

off t − toff k,( )  − φ( ) + urefsin

u t( ) = − 
4d
π
------ ωk−1

off Poff k−1, − φ( )  + urefsin

u t( ) = − 
4d
π
------ ωk−1

off Poff k−1, − φ( )  − 
4d
π
------ + urefsin

u t( ) = − 
4d
π
------ ωk−1

off t − toff k,( )  − φ( ) − 
4d
π
------  + urefsin

u t( ) = 
4d
π
------ ωk−1

on t − ton k,( ) − φ( ) + urefsin

u t( ) = 
4d
π
------ ωk−1

on Pon k−1, − φ( ) + urefsin

u t( ) = = 
4d
π
------ ωk−1

on Pon k−1, − φ( ) + 
4d
π
------ + urefsin

u t( ) = = 
4d
π
------ ωk−1

on t − ton k,( ) − φ( ) + 
4d
π
------ + urefsin

Fig. 1. Schematic diagram of the proposed method (a) and typical
responses (b).
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in (3), (4) and (7), (8). For simplicity, assume δ=0 and consider the
mechanisms shown in Fig. 2. If y(t)≥yref and t>ton

expected as shown in
Fig. 2(a) (that is, the process output does not cross the reference
value yet although it is expected to cross at t=ton

expected), the time length
corresponding to the positive status of the process output should be
shortened. This can be achieved by simply adding a negative addi-
tional signal of −4d/π (which corresponds to the negative pulse in
Fig. 2(a)) to the process input as shown in (3) and Fig. 2(a). Also,
the time length of the negative status of the process output can be
shortened by adding the positive additional signal of 4d/π (which
corresponds to the negative pulse in Fig. 2(b)) to the process input
as shown in (7) and Fig. 2(b). This is the same principle as one used
in the conventional relay feedback method, which shortens the time
length of the positive status of the process output cycle by entering
a negative process input, and vice versa.

If y(t)<yref and t≤ton
expected as shown in Fig. 2(c) (that is, the process

output crosses the reference value earlier than expected), the time
length corresponding to the positive status of the process output will
be lengthened by adding the positive additional signal of 4d/π (which
corresponds to the positive pulse in Fig. 2(c)) to the process input
as shown in (8) and Fig. 2(c). The same mechanism is applied to
the opposite case as shown in Fig. 2(d).

For the proposed method, (2) and (6) of the proposed method
are to prevent undesirable activation of (3), (4) and (7), (8) due to
cycle-to-cycle uncertainties, such as measurement noises and high

frequency disturbances. δ will be a small positive value. If the over-
load of the actuator is of no concern, (2) and (6) can be removed.

uref is updated in each cycle by uref(k)=uref(k−1)+α(2d/π)(Pon(k−1)−
Poff(k−1))/P(k−1), which shifts uref as much as the magnitude of the
zero-frequency quantity to reject the effects of the disturbance and
to obtain a symmetric input signal. Here, Pon(k−1) and Poff(k−1) are
the time length corresponding to the positive status and the nega-
tive status of the process input signal, respectively. P(k−1)=Pon(k−1)+
Poff(k−1) corresponds to the time length of the (k−1)-th cycle and
(2d/π)(Pon(k−1)−Poff(k−1))/P(k−1) is the time-average value (equiv-
alently, zero-frequency quantity) of the previous cycle. Note that
(2d/π)(Pon(k−1)−Poff(k−1))/P(k−1) monotonically decreases as the
process input of uref+D increases, where D is the input static dis-
turbance. So, the update of uref(k)−uref(k−1)=α(2d/π)(Pon(k−1)−
Poff(k−1))/P(k−1) will remove the effect of the static input distur-
bance (equivalently, making uref+D=0), resulting in symmetric re-
sponses of the process input and output. The convergence of the
proposed update method will be discussed later in the next section.

In this research, we recommend α=1.5exp(−(nc−1)/τα). Here,
nc is the number of the sinusoidal cycles. τα determines the conver-
gence rate of uref. A small τα means a fast convergence. But, too
small τα will not provide enough time for uref to converge to the right
value. Therefore 3≤τα≤5 is recommended. Roughly speaking, this
requires 4-6 cycles to obtain a symmetric process input and output.
A typical performance is shown in Fig. 1(b) with τα=3. Here, the

Fig. 2. Proposed mechanisms to achieve a cyclic-steady-state.
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reference value of the process output is 0.5. It confirms that the pro-
posed method provides a symmetric cycle for the nonzero reference
value. Previous relay feedback approaches cannot provide a sym-
metric cycle for the nonzero reference value if they have no mecha-
nisms to reject static disturbances.

From the activated process data by the proposed method, we can
estimate the frequency data in a straightforward manner. Because
the process output in cyclic-steady-state is y(t)=αsin(ωt)+yref for the
process input u(t)=(4d/π)sin(ωt−(−π+φ))+uref, the identified frequency
data of the process is

(9)

Where, a is the measured oscillation magnitude of the process output.
The proposed method removes the effects of static disturbances

and provides the oscillation corresponding to the pre-specified phase
angle. Also, it can remove completely harmonics, resulting in exact
frequency response estimates of (9).

DISCUSSIONS ON CONVERGENCE

There are insurmountable limitations in proving the convergence
in a rigorous way for all possible situations in operating the proposed
method. So, discussion of the convergence of the proposed method
will be confined to the two restricted situations of Case 1 and Case
2 with several assumptions.

Case 1) Assume that there is no entry of static disturbances (no
update of uref) and that a small perturbation is added to the ampli-
tude or frequency of signal during the cyclic-steady-state operation.
The necessary condition (Loeb condition) for a stable limit cycle in
Case 1 is as follows [21].

(10)

Where, G(jω)=U(ω)+jV(ω) and −1/N(a)=P(a)+jQ(a). ωc is the
frequency of the cycle. N(a) is the describing function of the pro-
posed test signal generator. It is clear that N(a)=(4d/πa)exp(− jφ)
because it generates the output of u(t)=(4d/π)sin(ωt−φ) for the input
of −y(t)=asin(ωt) and the effects of the additional signals are negli-
gible for such a small perturbation. Then, P(a)=−(πa/4d)cos(φ) and
Q(a)=−(πa/4d)sin(φ). Then, (10) becomes (11).

(11)

We know that cos(φ) and sin(φ) are always positive because 0≤φ≤π/
2. Note that most processes for 0≤φ≤π/2 (equivalently, −π/2≤∠
G(jω)≤−π) are one of the two cases of ∂U/∂ω|ω=ωc≤0, ∂V/∂ω|ω=ωc>
0 and ∂U/∂ω|ω=ωc>0, ∂V/∂ω|ω=ωc>0, because the imaginary part (V)
of most processes increases as ω increases. It is clear that the first
case of ∂U/∂ω|ω=ωc≤0 and ∂V/∂ω|ω=ωc>0 satisfies (11).

(11) can be rewritten for the second case of ∂U/∂ω|ω=ωc>0 and
∂V/∂ω|ω=ωc>0.

(12)

Let tan(ϕ)=(∂V/∂ω|ω=ωc
)/(∂U/∂ω|ω=ωc

) and tan(φ)= U(ωc)/V(ωc). Most
process processes satisfy φ<ϕ for a small φ, equivalently (12). Now,

it is proven that the proposed test signal generator in Case 1 with a
small φ provides a stable limit cycle for most processes.

Case 2) Assume the situation that a static disturbance enters dur-
ing the cyclic-steady-state operation and that uref is updated. The
proposed update method can be expressed as in Fig. 3. D denotes
the static input disturbance. The zero-frequency quantity of the pro-
cess input (Zu(k−1)=(2d/π)(Pon(k−1)−Poff(k−1))/(P(k−1)) can be meas-
ured from the previous cycle. Then, the discrete-time overall pro-
cess can be defined, of which input and output are uref(k) (or uref(k)+
D) and Zu(k), respectively, as shown in Fig. 3(a). Here, assume that
the perturbation by the static disturbance is so small that the internal
feedback loop inside the overall process is internally stable as in
Case 1. Now, note that Zu(k) is proportional to −(uref(k)+D) around
uref(k)+D=0 because the symmetricity of the signal continuously de-
grades as uref(k)+D is increased. For example, Fig. 3(b) shows a typ-
ical step response of Zu(k) for the positive step input of uref(k)+D.
As expected, it shows a linearity between Zu(k) and uref(k)+D. Now,
we can infer that the proposed update method would be more stable
as the gain α is decreased.

Let us derive a rough range of α to stabilize the update system.
Note that the step response in Fig.3(b) reaches the steady-state within
almost one cycle. This is coincident with the fact that relay feed-
back methods can usually obtain a cyclic-steady-state within such a
small number of cycles (2-3 cycles). Then, Zu(k) is approximately
a function of uref(k−1)+D. Then, we can derive a qualitative condi-

G jω( )  = 
πa
4d
------, G∠ jω( ) = − π + φ

∂U
∂ω
-------∂Q

∂a
------- − 

∂V
∂ω
-------∂P

∂a
------⎝ ⎠

⎛ ⎞
ω=ωc

0>

− 
∂U
∂ω
-------πsin φ( )

4d
------------------ + 

∂V
∂ω
-------πcos φ( )

4d
-------------------⎝ ⎠

⎛ ⎞
ω=ωc

0>

tan φ( )
∂V/∂ω ω=ωc

∂U/∂ω ω=ωc

-------------------------<

Fig. 3. Proposed uref update method (a) and a typical step response
(b).
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tion for convergence as discussed below with the assumption that
the approximation is valid.

Zy=kp(D+uref+Zu) is valid at the steady-state, where Zy and kp are
the zero-frequency quantity of the process output and the static gain
of the process, respectively. Assume kp>0 without loss of generality.
Then, we obtain Zu=Zy/kp−D−uref. Here, Zu and Zy are negative and
positive, respectively, for a positive D+uref because uref+D decreases
the zero-frequency quantity of the process input, while it increases
that of the process output. Then, |Zu(k+1)| is smaller than |uref(k)+D|
as shown in Fig. 3(b). So, the discrete-time overall process has the
following transfer function.

(13)

Where, =uref(k)+D and  is the z-transform of .
β is positive and less than 1. The proposed update method with a
positive α has the following transfer function.

(14)

Then, we obtain the following closed-loop transfer function from (13)
and (14).

(15)

It is straightforward to derive the condition of 0≤α≤1/β for a stable
update from (15). This means that α=1 will stabilize the closed-
loop response because β is less than 1.

CASE STUDY

Two processes were simulated to confirm the performance of
the proposed method.

Example 1) The following process is simulated to confirm the
performance of the proposed approach.

(16)

Table 1 shows the estimated amplitude ratio and frequency cor-
responding to the pre-specified phase angle. As expected, the pro-

posed method with τα=3 provides almost exact estimates for the
range of −π/2≤∠G(jω)≤−π. If a bigger τα is chosen and there are no
numerical errors, the proposed method would provide exact estimates.

Example 2) The following process is simulated to compare the
proposed approach with the previous methods of the conventional
relay feedback method and Sung et al.’s method [4].

(17)

(17) is chosen because it usually shows bigger modeling errors than
other high order processes for the harmonics included in the pro-
cess input. Table 2 shows the estimated amplitude ratio and fre-
quency corresponding to ∠G(jω)=−π. As expected, the proposed
method provides the best estimates in most cases.

CONCLUSIONS

A new frequency response estimator has been proposed to solve
the harmonics problem of previous approaches completely. It can
remove all harmonics by using the sinusoidal signal directly, of which
frequency is automatically updated to guarantee the desired phase
angle. The proposed method also rejects the effects of static distur-
bances by adjusting the reference value of the sinusoidal signal.
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