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Abstract−The onset of buoyancy-driven convection in an initially motionless isothermal fluid layer is analyzed nu-
merically. The infinite horizontal fluid layer is suddenly cooled from above to relatively low temperature. The rigid
lower boundary remains at the initial temperature. In the present transient system, when the Rayleigh number Ra ex-
ceeds 1101, thermal convection sets in due to buoyancy force. To trace the temporal growth rates of the mean tem-
perature and its fluctuations we solve the Boussinesq equation by using the finite volume method. We suggest that the
system begins to be unstable when the growth rate of temperature disturbances becomes equal to that of the conduction
field. Three different characteristic times are classified to interpret numerical results clearly: the onset time of intrinsic
instability, the detection time of manifest convection and the undershoot time in a plot of the cooling rate versus time.
The present scenario is that the thermal instability sets in at the critical time, then grows super-exponentially up to near
the undershoot time, and between these two times the first visible motion is detected. Numerical results are compared
with available experimental data. It is found that the above scenario looks promising and the critical time increases
with decreasing the Prandtl number Pr and also the Rayleigh number Ra.
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INTRODUCTION

When an initially motionless, horizontal fluid layer is either heated
from below or cooled from above, convective motion can appear
at a certain time by buoyancy forces. This is an example of evolv-
ing Rayleigh-Bénard convection. In this transient system, it is im-
portant to predict the critical time at which the convective instabil-
ity would set in. Related instability studies have been carried out
by using various methods such as the frozen-time model [1], propa-
gation theory [2,3], amplification theory [4], stochastic model [5],
and maximum-Rayleigh number criterion [6]. However, ambiguity
still exists among characteristic times obtained from each model.
The first two models are based on linear theory and yield the char-
acteristic times which exhibit the fastest growing mode of instabili-
ties. The others deal with the onset time of manifest convection.
But it is known that the thermal convection can be detected before
the manifestation of convection. The first and the last model cannot
demonstrate the effect of the Prandtl number. The third and the fourth
require initial conditions and criterion to define manifest convection.

A free boundary system is encountered in evaporation and sepa-
ration processes. Spangenberg and Rowland [7] and Foster [8] con-
ducted experiments with water under evaporative cooling. In gas
absorption systems, Plevan and Quinn [9], Blair and Quinn [10],
Mahler and Schechter [11], and Tan and Thorpe [12] conducted
experiments to measure the onset times of buoyancy-driven con-
vection.

In the present study the onset of thermal instability in a horizon-
tal fluid layer cooled isothermally from above is analyzed numeri-
cally. Dependence of characteristic times on Pr and Ra is also in-

vestigated. To represent the transient behavior of convective insta-
bility, three different characteristic times are classified for high Ra.
The critical time to mark the onset time of intrinsic instability, tc, is
defined. At this time its magnitude is not large enough to be detected.
Therefore, some growth period would be required until manifest
motion is surely observed at t=tD. In a plot of the cooling rate versus
time, the minimum is exhibited at t=tu. Here the difference among
the above characteristic times will be clarified numerically. We will
trace the behavior of convective instability with time and compare
the resulting characteristic times with available experimental data.

GOVERNING EQUATIONS

The system considered here is a horizontal fluid layer under free-
rigid boundary subject to isothermal cooling from above. A sche-
matic diagram of the system is shown in Fig. 1. The horizontal fluid
layer of thickness H with homogeneous initial temperature Ti is cooled
rapidly from above at t≥0. The free upper boundary is kept at con-
stant lower temperature Tu, whereas the rigid lower boundary remains
still at the initial one Ti. In a suddenly cooled system nonlinear time-
dependent temperature profile is developed and buoyancy-driven

Fig. 1. Schematic diagram of the present system.
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convection will set in at a certain time before a final linear temper-
ature profile is formed. The governing equations of flow and tem-
perature fields in the convection regime are expressed in dimen-
sionless form by employing the Boussinessq approximation as fol-
lows:

(1)

(2)

(3)

with the boundary conditions,

(4a, b)

(5a, b)

where z, θ, p, τ, and u denote the dimensionless forms of the vertical
length Z, the temperature excess Ti−T, the dynamic pressure P, the
time t, and the velocity vector U. The latter ones have been nondi-
mensionalized by using H, ∆T(=Ti−Tu), H

2/(ρα2), α/H2 and H/α,
respectively. Here α, g, ρ, and k, respectively, represent the thermal
diffusivity, the gravitational acceleration constant, the fluid density
at T=Ti, and the vertical unit vector. The important parameters to
characterize the onset of convective motion in the system are the
Rayleigh number Ra, and the Prandtl number Pr:

(6a, b)

where β is the thermal expansion coefficient and ν is the kinematic
viscosity.

THEORETICAL ANALYSES

The velocity and temperature fields can be decomposed into the
horizontal mean values and their fluctuations as follows:

(7)

(8)

where <·> and ' represent the mean quantities and their fluctuations,
respectively. The mean quantity is a function of τ and z, and it is
known that <u>=0 for the flow in form of regular even cells. Based
on the experimental observations, fluctuations are assumed to be
periodic as follows:

(9)

where A and B are the magnitudes of fluctuations, i is the imagi-
nary number, ax and ay are the dimensionless wavenumbers in the
x- and the y- direction, respectively, and τc represents the critical time
to mark the onset of intrinsic instability. The functions θ* and u*

denote the normalized temperature and velocity fluctuations, respec-
tively.

For an infinite horizontal layer shown in Fig. 1, only y may be
used as the horizontal distance with a=ay, where  is
the dimensionless horizontal wavenumber. The initial conditions at
τ=0 are constructed as follows:

θ'=A(0)θ*(z)cos(ay), (10a)
v'=−B(0)((∂w*(z)/∂z)/a)sin(ay), (10b)
w'=B(0)w*(z)cos(ay), (10c)

where v' and w' are the horizontal and the vertical velocity fluctua-
tions, respectively. Here A(0) and B(0) are the initial magnitudes
of the fluctuations. It is assumed that θ* and u* would not change
for 0≤τ≤τc. This implies that the unique disturbance patterns are
determined with the converged disturbance profiles obtained by itera-
tive calculation for 0≤τ≤τc.

In the present system thermal convection sets in due to the buoy-
ancy force and its magnitude FB is given by

FB=ρgβ|T−Ti|, (11)

which is produced by temperature differences. The buoyancy force
can also be divided into two terms based on the mean temperature and
its fluctuations. They are expressed as (FB, 0, FB, 1)=(<θ>, θ')ρgβ∆T,
respectively. To examine the transient behaviors of thermal insta-
bilities, the following temporal growth rates are defined here:

(12)

(13)

where r0, T and r1, T are the temporal growth rates of the mean tem-
perature and its temperature fluctuations, respectively. Here the sub-
script rms refers to the root-mean-square quantity, i.e., (·)rms=[
dV/V]1/2, where V represents the volume of the system considered.
In the same manner, the temporal growth rate of velocity fluctua-
tions is defined as follows:

(14)

where u'rms=[ dV/V]1/2.
Along with above three growth rates, the critical condition of

intrinsic instability is suggested here [13-16]:

r1, T=r0, T with r1, V≥0 at τ=τc. (15)

This means that the characteristic motion of a=ac to satisfy Eq. (9)
sets in at the earliest time τc. For τ<τc, fluctuations are quite small
in comparison with the mean temperature field controlled by con-
duction and they may be regarded as noises. For τ>τc, buoyancy-
driven instabilities grow with time and they are detected at a certain
time. Therefore, the system is assumed to be stable when r1, T<r0, T

but unstable when r1, T>r0, T.
In the present study the Nusselt number Nu with the characteris-

tic length of H is defined as follows:

(16)

where S is the surface area of the upper plate with θ=1 at z=0. When
convection sets in, Nu starts to deviate from its conduction solution
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and has a minimum at τ=τu. The undershoot time τu is frequently
used as the characteristic time to represent the manifest convection.

NUMERICAL METHODS

We solved governing Eqs. (1)-(3) numerically by using the finite
volume method (FVM) [17]. Two-dimensional motion with hori-
zontal periodicity was considered. Accordingly, one convection cell
with the proper side-boundary conditions was chosen to describe
the horizontal infinite layer. The SIMPLE algorithm was applied to
solve the pressure equation connected with the continuity equation,
and the hybrid scheme was used to formulate the discretization equa-
tions. To solve the present time-dependent problem, the implicit
method was adopted and the first-order time increment was used.
The number of meshes was 42×60 and finer meshes were used near
the top and bottom boundaries to guarantee the physical validity.
Also, to ensure the numerical stability the time step of ∆τ=10−7 was
used. In the present time-dependent problem, the convergence was
assumed when the changes of velocities and temperature were smaller
than 10−6 at each time step.

With the proper magnitude of the initial temperature and veloc-
ity amplitudes A(0) and B(0), the present system was simulated nu-
merically for a given Ra and Pr. The proper A(0)-values were chosen
in the range of 10−4≤A(0)≤10−2 after comparing with the experimen-
tal data. In the present study, numerical simulation was conducted
for Pr≥0.7 and 105≤Ra≤108, and the τc- and τu-values were obtained
numerically.

RESULTS AND DISCUSSION

The results of the numerical simulation by the FVM with various
Pr and Ra are reported here. Based on Eqs. (12)-(14), the stability
criterion to satisfy the condition (15) is used to represent a fastest
growing mode of instability. This concept has been developed by
Choi et al. [14] and Park et al. [15]. Especially, Park et al. [16] ana-

lyzed the present system for Pr→∞ and Ra=106. Here we extend
their work for the cases of Pr≥0.7 and 105≤Ra≤108.

With Pr=7, Ra=106 and A(0)=10−3, the temporal behaviors of
fluctuations are shown in Fig. 2. For small τ, w'rms and θ'rms keep
almost the same magnitudes as their initial ones. But right after the
critical time τc, they experience a sudden increase. The temporal
growth rates given by Eqs. (12)-(14) are depicted in Fig. 3. The sta-
bility criterion (15) yields τc=2.383×10−4 and ac=15 for Ra=106

and Pr=7. The maximum values of r1, T and r1, V appear at τ=τm, T

and τ=τm, V, respectively. It is noted that they are almost the same
for each A(0)-value. This figure also shows that the τc-value is in-
dependent of the A(0)-value for 10−4≤A(0)≤10−2 but the τm, T- and

Fig. 2. Transient behaviors of fluctuations for Pr=7 and Ra=106. Fig. 4. Temporal Nusselt number for Pr=7 and Ra=106.

Fig. 3. Temporal growth rates for Pr=7 and Ra=106 and their de-
pendence upon A(0)-values.
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τm, V-values are dependent upon it. Therefore, it is stated that the
present τc-value is the invariant and it represents the onset time of
intrinsic instability.

The developing behavior of the Nusselt number with time is illus-
trated in Fig. 4. The present numerical simulation yields the under-
shoot time τu=3.390×10−3 with A(0)=10−3 in a plot of Nu versus τ.
The undershoot time represents the characteristic time of manifest
convection. The τu-value is dependent upon the A(0)-value, as shown
in the figure. Also, it is known that τu τm, T τm, V. The incipient insta-
bility at τ=τc will grow with increasing τ and convective motion
will be detected at τ=τD. The detection time of motion is prior to
the undershoot time of the Nusselt number. The detection time of

≅ ≅

Fig. 7. Effect of Ra on temporal growth rates for Pr=7.Fig. 5. Effect of Pr on temporal growth rates for Ra=106.

Fig. 6. Effect of Pr on Nu for Ra=106. Fig. 8. Effect of Ra on Nu for Pr=7.

convective motion may be closely connected with r1, V and the earli-
est detection time τD would be located between τc and τm, V. Here
the relation of τc≤τD≤τm, V ( τu) is suggested.

Figs. 5 and 6 show temporal behaviors of growth rates and Nu
along with Pr=0.7, 7, 100 and Pr→∞ for Ra=106 and A(0)=10−3.
As Pr decreases, the critical time and the undershoot time increase,
whereas the maximum amplitude of growth rates of fluctuations de-
creases. As Ra decreases, similar behaviors are observed in Figs. 7
and 8. Therefore, it can be stated that lowering Pr and also Ra makes
the system more stable.

Numerical results of the critical time τc and the corresponding
wavenumber ac obtained in this study are summarized in Table 1.

≅
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Based on these data, the following correlations of τc and ac are found
for Pr≥0.7 and 105≤Ra≤108 within error bounds of 5.6% and 4.0%,
respectively:

(17)

(18)

In Fig. 9 the present predictions are compared with experimen-
tal data. Plevan and Quinn [9] and Tan and Thorpe [12] investi-
gated the onset time of convection in the case of gas absorption into
aqueous carboxyl methyl cellulose (CMC) solutions. Blair and Quinn
[10] also adopted the same gas absorption system except that they
used water rather than CMC. Even though all these experimental
data correspond to Pr→∞, comparison with them may provide a
good measure to check the present predictions quantitatively. This
is because the values for Pr=100 are not much different from those
for Pr→∞ (see Table 1). As seen in Fig. 9, all experimental data
deviate much from τc but are close to τu for Pr=7 or 100. This means
that some growth period is required until convective motion becomes
large enough to be detected experimentally. Therefore, τu is the time
at which manifest convection is surely observed. Tan and Thorpe
[12] provided correlations of τD similar to Eq. (17): τD=37.0 Ra−2/3.

Their predicted times are larger than experimental ones for CMC
solutions. Park et al. [16] reported that τu-values are very close to
Blair and Quinn’s [10] water data when they changed the free-rigid
boundary conditions into the rigid-rigid ones for Pr→∞. This may
be because a free upper surface behaves as if it is flexible but laterally
rigid due to the presence of surface-active contaminants. However,
this needs a further justification.

In the case of Pr=7 the present predictions are compared with
those from Foster’s [4] amplification theory in Fig. 10. Here  is
the amplification factor. The present τc-values are smaller than his
τD-ones. It is interesting that the present τu-values with A(0)=10−2

and 10−3 are almost the same as Foster’s τD-ones with =102 and
=103, respectively.

CONCLUSIONS

When a horizontal fluid layer is cooled isothermally from above,
the critical time to mark the onset of convective instability has been
investigated by using the FVM along with various Prandtl and Ray-
leigh numbers. We suggest a unique criterion to determine the onset
time of intrinsic instability: when r1, T=r0, T, the fastest growing mode
of instability sets in. Since τc-values are independent of A(0) in the
range of 10−4≤A(0)≤10−2, τc is the invariant for a given Ra and Pr.
Therefore, here it is called the onset time of intrinsic instability.

In the present study the characteristic times, τc and τu, have been
predicted. The manifest convection is surely observed at τ=τu and
experimental data are located near the τu-values. The critical time τc

is smaller than the undershoot time τu. This means that some growth
period is required until the motion is detected. Since convective mo-
tion can be detected earlier than τu, we suggest the relation of τc≤
τD≤τu.

NOMENCLATURE

a : dimensionless wave number [-]

τc = 2.63 0.375 + 
1.74
Pr

----------⎝ ⎠
⎛ ⎞

0.750

⎝ ⎠
⎛ ⎞

0.237

Ra−2/3,

ac = 0.154 0.573  + 
1.83
Pr

----------⎝ ⎠
⎛ ⎞

0.772

⎝ ⎠
⎛ ⎞

0.535

Ra1/3

w

w
w

Fig. 10. Comparison with Foster’s [4] predictions.

Fig. 9. Comparison with experimental data.

Table 1. Wavenumbers and critical times for various Pr and Ra

Ra
Pr→∞ Pr=100 Pr=7 Pr=0.7

ac τc×104 ac τc×104 ac τc×104 ac τc×104

105 05.5 9.18800 05.6 9.4710 07.0 10.9100 012 14.1200
106 11.0 2.02000 12.0 2.0690 15.0 2.383 027 3.079

107 24.0 0.43350 25.0 0.4485 32.0 00.5219 057 00.6919
108 52.0 0.09820 54.0 0.1009 70.0 00.1170 117 00.1579
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A(0) : amplitude of temperature fluctuation [-]
B(0) : amplitude of velocity fluctuation [-]
g : gravitational acceleration constant [m/s2]
H : height of layer [m]
k : thermal conductivity [N/s·K]
Nu : Nusselt number [-]
P : pressure [N/m2]
Pr : Prandtl number, ν/α [-]
r0, T : growth rate of mean temperature [-]
r1, T : growth rate of temperature fluctuation [-]
r1, V : growth rate of velocity fluctuation [-]
Ra : Rayleigh number, gβ∆TH3/(αν) [-]
t : time [s]
T : temperature [K]
∆T : excess temperature, Ti−T [K]
u : dimensionless velocity vector, UH/α [-]
U : dimensional velocity vector [m/s]

Greek Letters
α : thermal diffusivity [m2/s]
β : thermal expansion coefficient [1/K]
ν : kinematic viscosity [m2/s]
θ : dimensionless temperature, (Ti−T)/(Ti−Tu) [-]
ρ : density [kg/m3]
τ : dimensionless time, tα/H2 [-]

Subscripts
c : critical state
i : initial state
rms : root-mean-square quantity

u : upper
0 : basic state
1 : perturbed state
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