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Abstract−The scaling prediction of semiflexible wormlike chain was examined by applying Brownian dynamics
simulation, which goes beyond other simulations as they do not consider both the hydrodynamic interaction between
pairs of beads and long-range screening effect. The rheological behavior of the intrinsic viscosity was properly im-
plemented by combining with optimized model parameters for the polyelectrolyte xanthan, and the validity of the sim-
ulation was previously confirmed. Scaling plots present that the structure and diffusion of polyelectrolyte chains depend
sensitively on the Debye screening effect. In the scaling of end-to-end distance RE, radius of gyration RG, and trans-
lational diffusivity DT with respect to the number of beads Nb, the Flory-Edwards exponent ν was estimated as up to
1.0, which should be a really higher level compared to the case of the flexible neutral chains with self-avoiding walk
in good solvent. Unlike the case of spherically averaged structure factor, scaling plots in that parallel to the first principal
axis of gyration could not clearly be identified with a well defined exponent. With increasing screening effect, pro-
nounced oscillations observed in the case of lower screening tend to smear out.
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INTRODUCTION

Polyelectrolytes represent an interesting and broad class of soft
matter that should be considered as an additional complication aris-
ing from the Debye screening of long-range electrostatic interaction
by ions [1-4]. These characteristics prevent a direct application of
many reliable theories developed for neutral polymers, although
polyelectrolytes have stimulated interest from a fundamental as well
as from a technological point of view. It is usually necessary to con-
sider more system-specific aspects such as the surface charge, solu-
tion rheology, and the condensation of counterions and salt ions. A
precise understanding of charged soft matter has received great at-
tention in life science and molecular biology because proteins, and
other biopolymers such as DNA or polysaccharide, are polyelec-
trolytes.

Long ago, numerous theoretical and computational studies pre-
sented the scaling behavior of neutral polymer chains with a self-
avoiding walk (SAW), analyzing the structural and the rheological
properties based on the bulk scaling [5-8]. We abbreviate the review
of the scaling predictions for linear polymers by considering a poly-
mer of N monomers with persistence length lP and molecular weight
(i.e., Mw ~ N). In bulk, the polymer attains a coiled configuration
with a radius of gyration RG ~ lPN

ν). Here, the universal exponent ν
is the Flory-Edwards exponent (cf., ν=3/5 for a good solvent, 1/2
for an ideal theta solvent, and 1/3 for a poor solvent) [9]. Scaling of

diffusivity with Mw isolates the effect of a hydrodynamic interac-
tion (HI). The scaling behavior in confined spaces has also been
investigated [10-12]. The structure of confined polyelectrolytes under-
lying a finite rigidity due to intrachain repulsion has been examined
under two-dimensional (2D) confinement [10]. A more advanced
theory and lattice Monte Carlo simulations showed that a cross-
over from an unbounded to a confined space exhibited a non-
monotonic size variation with a minimum when the narrow slit width
was comparable to the end-to-end distance of the chain in the bulk
[11].

Simulation studies using the Brownian dynamics (BD) method
with HI have improved the understanding of how a single poly-
electrolyte chain behaves. In modeling the properties of the poly-
electrolyte solution, the solvent is treated as a continuum, while the
molecule is usually represented by a coarse-grained model such as
a bead-spring chain [13-15]. The biological macromolecules are
currently well-used as the model polyelectrolyte. By the way, previ-
ous studies were almost confined to an analysis of the equilibrium
conformation and the diffusion of a single DNA molecule with a
contour length of above 4µm. This is due to the advancement of
micro/nanofluidic devices for DNA manipulations. Jendrejack et al.
[16,17] found the effect of a length scale associated with polymer-
wall interactions because the scalings obtained did not match the
theoretical predictions in square channels. Chen et al. [18] examined
the diffusion of double stranded DNA molecules in slitlike channels
with variations in channel height and molecular weight.

Recently, the author’s group has examined the conformation and
dynamic properties of a single chain of xanthan polyelectrolytes by
employing simulations as well as experimental observations. Jeon
and Chun [19] developed coarse-grained BD simulations of polysac-
charide xanthan polyelectrolytes in bulk solution as well as under con-
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finement, taking into account the HIs between pairs of beads. Xan-
than is generally accepted as semiflexible due to the double stranded
structure with intrinsic persistence length of at least 100 nm [20,
21]. It has up to two ionizable carboxyl groups per repeat unit, and
the side chains give a semi-rigid character to the main chain. They
have quantified the chain conformation and translational diffusion,
from which the structural transition of a chain from unbounded to
confined states has been elucidated with emphasizing the influence
of chain intrinsic rigidity. By single molecule tracking with epi-fluo-
rescence microscopy, experimental verifications were performed by
Chun et al. [22]. It was found that their simulation on the confor-
mational changes of xanthan chain had a reasonable trend to agree
with experiments. The experimental diffusivity revealed lower val-
ues than the simulation results perhaps due to unavoidable restric-
tions; however, considering the consistency with literature values
could confirm the validity of their BD simulations.

In this research, scaling predictions for the chain conformation
and diffusion of wormlike polyelectrolyte are investigated with respect
to a chain length of xanthan. The influence of ionic strength of sur-
rounding medium is highlighted, since the structure of polyelectro-
lytes in solvent is governed by screening effect pertaining to the long-
range interaction and correlated displacement. Brownian motion of
the molecules is basically described within the framework of Kirk-
wood’s theory [6,23]. Hence, it is possible that our BD simulations
estimate the translational diffusion coefficient of chain with an HI
between beads and excluded volume. Additional result devoted to
the estimation of structure factor is addressed, which can serve as a
basis for further understanding the behavior of soft matter.

GROBAL PROPERTIES OF
POLYELECTROLYTE CHAIN

As shown in Fig, 1, structural properties of the xanthan chain can
be the root-mean-square end-to-end distance RE and radius of gyra-
tion RG [6] for each position of n-th bead rn with Nb beads, given by

(1)

(2)

Here, the position of the center-of-mass is

(3)

The theoretical scaling for these properties is ,
where the value of ν has 0.588 for the SAW in good solvent from
renormalization group theory methods [7]. Further, the contour length
RC is given by

(4)

where b and bn mean the average bond and n-th bond length, respec-
tively. Note that the contour length RC can vary with medium ionic
strength due to the variable screening of bead-bead electrostatic in-
teractions.

As described in detail in the previous studies [19,22], the persis-

tence length lP can be determined from the average contour dis-
tance between beads separated by n bonds. The correlation length
of bond vectors separated by n bonds provides a useful measure of
the relative strength of short- and long-range bond vector correla-
tions. It becomes independent of n only when the bond vector
correlation decays exponentially on the entire length scale [24].

The self-diffusion coefficient provides important information on
the chain structure as well as dynamics. From the Kirkwood for-
mula [23], the short-time diffusion coefficient is obtained by aver-
aging over the trace

(5)

In the long-time limit within Cartesian coordinates system, the dif-
fusive motion of the Brownian particle is parameterized by its trans-
lational self-diffusion coefficient through the Einstein-Smoluchowsky
relation [6,25],

(6)

Here, δ t is the lag time and the average  is the mean-square
displacement (MSD) carried out over the entire trajectory. To better
compare the experimental results with simulations, 2D diffusion co-
efficients DT

2D=(Σβ=x, y DT,β)/2 can be considered in bulk. The full 3D
diffusion coefficient is found to be different from the 2D one with
x and y components by less than 2%, if the limit δt→∞ on the right-
hand side of Eq. (6) is replaced by δt=0.2 msec.

BROWNIAN DYNAMICS SIMULATION OF
XANTHAN POLYELECTROLYTE

1. Coarse-Graining Procedure
Here, a brief review is provided regarding the coarse-grained meso-

scopic model of polyelectrolytes with polysaccharide xanthan em-
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Fig. 1. Schematic of conformation parameters in coarse-grained
polyelectrolyte chain.
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ployed in the prior works [19,21], in which the xanthan was mod-
eled as a bead-spring chain composed of uniformly charged mono-
mers. The generalized Langevin equation provides the reference for
the generation of molecular trajectories in a dielectric continuum of
the solvent medium.

The dynamics of xanthan chain is described by the following BD
equation of motion that accounts for the bead-bead fluctuating HI
through the Ermak and McCammon algorithm [26],

(7)

where subscripts i and j represent each bead. Fj
n=−∇ETotal(tn) is the

total force on bead at time step n, Ri
n is the random displacement

due to the solvent, ∆t is the time step size, and kBT is the Boltz-
mann thermal energy. The velocity field created from the motion
of a segment of the xanthan molecule is taken to be due to a chain
of point forces acting on the fluid. The bead-bead HI is adequately
represented by a chain of point forces (Stokeslets). Instead of the
Oseen-Burgers tensor (i.e., free-space Green’s function), the Rotne-
Prager diffusion tensor Dn

ij is employed to describe the HI between
beads [27], representing positive-definite for all chain configurations.
With formulating 3×3 block components of the 3Nb×3Nb matrix, it
can be expressed as

(8)

where η is the solvent viscosity, I is the unit tensor, and Ωij is the
HI tensor. The HI tensor relates the velocity perturbation at point ri

to a point force at rj:

(9a)

(9b)

where rij is the distance between beads i and j, and rij=|rij|. Brown-
ian forces are coupled to these velocity perturbations through the
fluctuation-dissipation theorem, and the distribution of Ri

n is Gauss-
ian with zero mean and covariance, expressed as 

In Eq. (7), the velocity fields v(r)=G·r are given as vx= y and
vy=vz=0 for steady shear flow, and vx= x, vy=− y/2, and vz=− z/
2 for uniaxial extensional flow, where  and  are the shear rate
and elongation rate, respectively. Thus, the velocity gradient tensor
G has the form

(10)

in simple shear and extensional flow, respectively.
With the spring force Fi

S associated with spring i, the effective
spring force on bead i is given as

(11)

One can apply the suitable model, depending on the force law used
for the springs. In this study, springs with the distance ri, i+1 between
neighboring beads i and i+1 are assured by the finitely extendable
nonlinear elastic (FENE) potential of Warner [28]

(12)

where l0 is the equilibrium bond length and lmax is the maximum bond
length allowed. EFENE is reduced to a harmonic potential with force
constant kS, in the limit of large lmax.

The Lennard-Jones (LJ) potential describing the dispersion-repul-
sion interaction between pairs of beads is taken by considering the
energy parameter εLJ and the length scale σLJ set equal to 1.0kBT
and 1.0l0, respectively. The electrostatic interaction between beads
is described via the screening Coulombic interaction, usually known
as the Debye-Hückel (DH) potential:

(13)

Here, qb means the bead charge, the medium dielectric constant ε
(=εrε0) is defined in terms of relative permittivity εr (=78.5 for wa-
ter) and vacuum permittivity ε0 (=8.854×10−12 C2/J·m), and zb=qb/e
is the bead charge in units of elementary charge e (=1.6×10−19 C).
κ−1=1/  is the Debye screening thickness determined by
Avogadro’s number NA, medium ionic strength I, and the Bjerrum
length lB=e2/4πεkBT (cf., lB=0.71 nm at room temperature). In Fig.
2, the finite rigidity of the chain is modeled by the following har-
monic bending potential:

(14)

where kA is the bending force constant, θi, i+1=cos−1( · ) is the
angle between the two bond vectors, and the i-th bond vector of
unit size is =(ri+1−ri)/|ri+1−ri|. The semiflexible and flexible chains
are represented by each model with and without the bending poten-
tial between neighboring bonds, respectively.
2. Model Parameters

Information for dimension of xanthan chain was based on the
approach of Chun and Park [29] as the average molecular weight
of 1.13×106 g/mol (ca. 1220 monomers) with lP≅120 nm and RC≅
580 nm at ionic strength I=100 mM. Considering the level of RC/
lP, xanthan is modeled as a mesoscopic discrete chain with 25 beads
(Nb=25), where about 10 beads represent a Kuhn segment length
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Fig. 2. Schematic of the bond vector and angle between beads.
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(=2lP) ensuring a smooth persistence length variation according to
environmental conditions. The bead hydrodynamic radius a chosen
as 4 nm is determined by equating the volume of a circular cylinder
with experimentally evaluated chain diameter d [30] and 580 nm
length to the volume (=(4π/3)(a3Nb)) of 25 beads. It is remarkable
that the extension of xanthan at low I and a corresponding increase
in the solution viscosity are likely to involve a transition of second-
ary structure (i.e., backbone conformation) from double strand to a
disordered form with lower strandedness [31]. This denatured xan-
than can undergo a disorder→order (i.e., coil→helix) transition
when sufficient salt ion is present.

Conducting the previously described scheme [19], spring param-
eters (kS, l0, lmax, kA) and zb are optimized with preliminary BD sim-
ulations such that the chain reproduces experimental values of RC

and lP at different screening thickness. We take the optimum stretch-
ing constant kS=2.5kBT/l0

2, l0=10 nm, and lmax=150 nm for semi-
flexible chain (cf., kS=3kBT/l0

2, l0=18 nm, lmax=40 nm for flexible
chain). Note that the weak spring constant employed here is not so
much a signature of entropic spring as a convenient way to take
into account the nature of xanthan contour length. The optimal bead
charge qb of −35e for semiflexible chain corresponds to ~35% of the
maximum value of −98e for the bead composed of 49 (=1,220/25)
monomers, which leads to the contour distance per elementary charge
lq (=RC/(Nbzb)) of 0.66 nm. According to the Manning condensa-
tion [32], the minimum possible value of lq in the presence of mono-
valent counterions is the Bjerrum length lB (i.e., the length at which
the screening energy equals to the thermodynamic energy). There-
fore, it does not need to consider counterions since the parameter-
ized bead charges include the possibility of counterion condensation.
The optimized angle bending force constant determined as kA=4kBT
yields lP=4b for a wormlike chain [14,33], which is close to the sim-
ulation result.

Under a given condition, 20 independent BD trajectories are ana-
lyzed for each of more than 10 msec in length. Integration time step
∆t is chosen to satisfy the criterion m0/(6πηa)<<∆t<<6πηa3/kBT
for the bead mass m0. The simulation system is infinite in x and y
directions. It is equilibrated for 2 msec (1×106 time steps) and the
averages are taken for the next 14 msec (7×106 time steps).

RESULTS

1. Scaling Behavior of Conformation Properties
Scaling relations are first evaluated for the end-to-end distance,

where a least squares fit gives the slope (=2ν). Fig.3 presents 〈RE
2
〉

versus N for various screening effects on a log-log plot. The ex-
ponents ν result in the range of 0.74-1.04 implying that ν is cer-
tainly higher than that of the flexible neutral chains in good solvent
(i.e., ν=3/5). This should be one distinguishing characteristic of poly-
electrolytes in solvent with infinite dilute concentration. The screening
is almost complete at I=100 mM, in which this limit almost corre-
sponds to the neutral scaling fit data. Debye thickness κ−1 (nm) is given
by [I(M)]−1/2/3.278 for ionic concentration of the symmetric monov-
alent electrolyte (or medium ionic strength). The I dependence on
ν is evident, in which the ν value becomes higher as the screening
effect (i.e., κ) decreases. This trend indicates that the degree of chain
extensibility is becoming higher with decreasing screening effect.

In Fig. 4, the ν value for the radius of gyration is determined as

ranging 0.79-0.98, which can be a similar behavior to the case of
end-to-end distance. The 3D extent of the chains can be examined
by analyzing the moments of inertia. The average eigenvalues of
the R2

G tensor scale as R2
x ~ R2

y ~ R2
z ~ Nb

2ν with ν=1/2 and 3/5 for ran-
dom walk of Gaussian (poor solvent) and SAW (good solvent) neu-
tral chains, respectively. The scaling behavior of our results agrees
with the literature data [3], where the longest axis grows like R2

x ~
N2

b in the dilute limit. With increasing κ−1, each semiflexible chain
extends and (RE/RG)2 could ideally converge to the value 12 for fully

Fig. 3. The end-to-end distance versus the number of beads for dif-
ferent values of Debye screening thickness. κ−1 of 97, 9.7,
and 0.97 nm corresponds to solution ionic concentration of
0.01, 1.0, 100 mM.

Fig. 4. The radius of gyration versus the number of beads for dif-
ferent values of Debye screening thickness κ−1 with the same
condition of Fig. 3.
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extended one.
In Fig. 5, the self-diffusion increases with decreasing κ−1 since

the chain becomes more compact, where the diffusion of a single
bead is estimated from D0=kBT/6πηa. The logarithmic slope of the
diffusion data is −0.76 for neutral chain and −1.02 for charged chain
of lower screening case (I=0.01 mM). Note that, for the case of the
polymer chain without any excluded volume, Zimm obtained the
preaveraged version of diffusion tensor, as given

(15)

The diffusion coefficient of the chain is

(16)

where rH is the corrected hydrodynamic radius related to =Nb
−2

Σi, j . Since  is proportional to the mean square end-to-end
distance  or the mean square radius of gyration  of the chain,
one expects D∝Nb

−ν. Here, ν is again the universal exponent for
the correlation length. Hence, scaling of diffusivity with Nb in this
study deviates from existing theories, and the I dependence on ν
shows the same trend observed in the case of chain conformation.
2. Structure Factor

To examine the chain conformation in detail at all length scales,
the static structure factor of a single chain has been computed in
our BD simulations. It is advantageous to consider the structure factor
that makes theoretical prediction comparable to scattering experi-
ments and is often an essential input into theoretical computations.
The spherically averaged structure factor is defined with the wave
vector Q in a reciprocal space, as

(17)

From the standpoint of more effective computations, Ss(Q) can also

be written as the following two-bead average:

(18)

where g(r) is the pair correlation function [23,24].
Fig. 6 obtained from Eq. (18) shows oscillations, which are gener-

ally found in the dilute limit of polymer density. In the region of
wave number Q more than about 0.1, Ss(Q) clearly depends on the
screening effect, showing that its value decreases with decreasing
screening effect. The logarithmic slope between Q and Ss(Q) data
gives −1/ν, which is again related to the chain conformations in terms
of collapsed, totally stretched, and intermediate states. Considering
the spherically averaged structure factor is almost usual, on which it
is a well-known fact that a lower magnitude of the slope (i.e., higher
ν) corresponds to a polyelectrolyte chain expanding with the SAWs
conformation in good solvent condition. As the slope increases, a
chain experiences the random walks in theta solvent condition that
is a balanced state between the attraction and the repulsion, and ul-
timately the poor solvent condition with collapsed globular confor-
mation is obtained.

However, it is difficult to observe clearly this behavior in a plot
of Fig. 6, where the static structure factor parallel to the first princi-
ple axis of gyration is computed according to Eq. (18). Oscillations
become pronounced with decreasing screening effect, as expected
in a rigid rod chain. Increasing screening effect results in a shifting
as well as a smearing out of these oscillations, which is consistent
with the data reported in the literature [24].

 
CONCLUSIONS

The conformation and dynamics of single and semiflexible chains
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Fig. 6. Static structure factor Ss(Q) of the Nb=25 chains for differ-
ent values of Debye screening thickness κ−1 corresponding
to I=0.01, 0.2, 1.0, 4.0, and 100 mM.

Fig. 5. The translational diffusion coefficient versus the number
of beads for different values of Debye screening thickness
κ −1 with the same condition of Fig. 3.
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of polyelectrolyte xanthan were simulated by applying a coarse-
grained model with nonlinear bead-spring discretization of a whole
chain. One of the important properties of polyelectrolytes is that
they dissolve in water due to the interaction between monomers re-
sulting in charged macroion and mobile counterions, even though
water is a poor solvent for most of synthetic polymers. This study
presents several key features of polyelectrolyte chains in solvent.
From the scaling of RE and RG with respect to Nb, the Flory-Edwards
exponent ν was found to be higher than that of the flexible neutral
chains with SAW in good solvent, and its value increased with de-
creasing screening effect, representing the degree of chain extensi-
bility.

Scaling behavior of translational diffusivity with Nb does not agree
with existing theories for excluded-volume chains, i.e., Zimm pre-
diction D∝Nb

−ν. In the structure factor parallel to the first principal
axis of gyration, no clear scaling behavior with a well defined expo-
nent shows up. While oscillations become pronounced with decreas-
ing screening effect, they are tending toward a shifting and a smearing
out with increasing screening effect. With viewing this present inves-
tigation as a first step, we will pursue and extend to more rigorous
scaling behavior of polyelectrolyte in the future.
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