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Abstract−This paper presents a mathematical model capable of simulating VOCs emission from a multi-layer material.
The analytical solutions of the concentration in the air and the emission rate are obtained by Laplace transform and
are validated through experiment. The influences of parameters of multi-layer material on the emission of VOCs are
investigated in detail. Results show that the inner layer may act as a sink or a source of the top layer, depending on
their initial concentrations and partition coefficients. For the case of the inner layer being a source of the top layer, the
top layer becomes a barrier layer, reducing the emission rate of VOCs from the source. A low diffusion coefficient
and a large thickness may promote the effect of the barrier on the emission rate, which helps to maintain better air quality
in an indoor environment. The present solution is a longitudinal extension of a single layer problem, while the emission
from multi-source is a transverse extension of a single layer problem.
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INTRODUCTION

Many building materials can emit volatile organic compounds
(VOCs) that are a severe health threat to occupants of buildings.
Recently, much more attention has been paid to the mathematical
simulation of the emission of VOCs from building materials. Many
authors have investigated the emission of VOCs from a material
with a single set of material properties [1-7]. A transient one-dimen-
sional diffusion equation was used to describe the diffusion of VOCs
within the material. The concentration of VOCs in the air was de-
scribed by the mass conservation equation. These studies either solved
the governing equations by the finite difference method or obtained
analytical solutions. All these research successfully simulated VOCs
emission from a single material.

However, there may exist several materials with different material
properties in buildings. They can be arranged in a different manner
in buildings. One case is that they are placed at the different posi-
tions, i.e., multi-source. For example, there exist carpets, furniture
and tables etc., in buildings. Many authors have achieved much pro-
gress for the modeling of this kind of case [8-11]. The other case is
that they share the same position, i.e., a multi-layer material. For
example, a carpet is typically made up of carpet fiber, backing, and
carpet pad sharing the same position and the same area. Kumar and
Little [12] presented a model for the emission of VOCs from dou-
ble-layer materials. An analytical solution was obtained to com-
pute the concentration distribution in double-layer materials and
the concentration in the air. Several authors investigated the case of
VOCs emission from multi-layer material [13-15]. They used the
finite difference technique to solve the governing equation, while
the solution of the model of Kumar and Little [12] was analytical.

In the present study, a physical model capable of predicting the

emission of VOCs from a multi-layer material is presented. A sim-
ple method to obtain the analytical solution is developed and vali-
dated through the experiment carried out by Low et al. [16] in an
environmental test chamber. The influences of parameters on the
emission of VOCs are also discussed in detail.

MODEL DEVELOPMENT

A chamber with a multi-layer material is shown in Fig. 1. Here,
the multi-layer material with a thickness of δ is divided into n layers:
(x1=0, x2), (x2, x3), (x3, x4), …, (xn, xn+1=δ). The material within each
layer is homogeneous. However, each layer may be of different dif-
fusion coefficients and partition coefficients. It is assumed that all
layers are in perfect contact with each other. In general, mass transfer
takes place not only between the air and the material but also be-
tween two adjacent layers depending on the concentration difference
in two phases or two layers. According to Fick’s law, the transport
of VOCs within each layer can be described by a dimensionless

Fig. 1. The structure of a multi-layer material.
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transient one-dimensional diffusion equation as follows:

i=1, 2, …, n (1)

with

(2)

where Ci is the concentration in the ith layer, Di the diffusion coeffi-
cient in the ith layer, t the time and x the distance from the bottom
of the multi-material. Here i=1 means the base of the material and
i=n means the top layer adjacent to the air. Note that the selection
of C10 and D1 as the characteristic parameters is arbitrary. A uniform
initial condition is given in each layer:

ψi(t=0)=ψi0=Ci0/C10 (3)

The diffusion flux at the interface between two adjacent layers keeps
continuous, yielding

1≤i<n (4)

where q is the dimensionless diffusion flux. On the other hand, the
concentration is discontinuous at interfaces between two adjacent
layers because of phase change, which can be described by Henry’s
Law:

1≤i<n (5)

where Ki is the material-air partition coefficient for ith layer.
Laplace transform can be used to solve Eqs. (1)-(5). According

to Carslaw and Jaeger [17] and taking into account the initial con-
centration field in each layer and Eq. (5), there exists the following
expression in the ith layer:

1≤i<n (6)

with

(7)

(8)

(9)

pi=(λ/Γi)0.5 (10)

where γi=Xi+1−Xi is the dimensionless thickness of ith layer, λ the
variable of Laplace transform,  and  Laplace transforms of the
dimensionless concentration in the ith layer and the dimensionless
diffusion flux, respectively. By applying Eq. (6) to all layers and
performing matrix operation, we can get the following matrix for
the nth layer adjacent to the air:

(11)

with

(12)

(13)

Usually the diffusion flux through the base of the material slab
is zero:

(14)

Its Laplace transform is

(15)

Combination of Eqs. (11) and (15) yields

(16)

The boundary condition at the interface between the air and the
top layer is determined by a continuous diffusion flux at the inter-
face and a mass balance in the chamber, which read in the dimen-
sionless form:

(17)

(18)

where Bim=hδ/D1, β=Lδ, α=Nδ 2/D1, Ca is the concentration in the
air, L the loading ratio, and N the air exchange rate. Their Laplace
transforms are

(19)

(20)

From Eqs. (16) and (19)-(20), we can get

(21)

(22)

The solutions of Eqs. (21) and (22) can be derived by the use of
the inversion theorem. The solution process can be referred to Deng
and Kim [7]. For simplicity, only the ultimate solution is given here.

(23)

(24)

with

(25)
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where A' and E' are computed according to the following equation:

(26)

The dimensionless rk are the positive roots of

(27)

From Eqs. (23)-(27), the concentration in the air and the emission
rate at the material-air interface can be computed. In general, terms
A and E are very complicated for cases of n>2. Thus, complete ex-
pressions of Eqs. (23)-(27) would be very tedious, but they are easy
to perform by computer code. Since the present model is developed
for a multi-layer material, it also applies to the cases of a single-
layer and a double-layer. When n=1 is taken, Eqs. (23) and (27)
reduce to those of Deng and Kim [7].

In the solution of the emission from a multi-layer material, some
matrices are used, i.e., Eqs. (8), (12) and (26). Eq. (8) is the charac-
teristic matrix of the single layer of a multi-layer material. Eqs. (12)
and (26) are the characteristic matrices of the whole multi-layer mate-
rial. All these characteristic matrices are 2×2 matrices, meaning
that the characteristic matrix does not change with the number of
layers of the multi-layer material. However, the situation is not so
for the case of multi-source emission. For each source, the charac-
teristic matrix is also a 2×2 matrix, i.e., Eq. (16) of Deng et al. [8].
When n sources exist, the characteristic matrix becomes an (n+1)×
(n+1) matrix, i.e., Eq. (23) of Deng et al. [8]. So, the emission from
a multi-layer material is a longitudinal extension of a single layer
problem while the emission from multi-source is a transverse ex-
tension of a single layer problem. Obviously, these features accord
with the arrangement of the materials in two cases.

All diffusion coefficients, layer thickness, partition coefficients
and initial concentrations in the material can be obtained from exper-
iments. As for the gas-phase mass transfer coefficient, some empir-
ical relations can be adopted. For laminar flow, there exists [18]

Sh=0.664Sc1/3Re1/2 (28)

where Sh=hl/Da is Sherwood number, Sc=v/Da Schmidt number,
Re=ul/v Reynolds number, v the kinematic viscosity of the air, u
the velocity of the air over the material, l the characteristic length
of the material, and Da the diffusion coefficient of VOCs in the air.

VALIDATION OF THE MODEL

The experimental data of the emission of VOCs from a carpet -
adhesive assembly [16] is used to validate the prediction of the pres-
ent model. The experiments were carried out in a small-scale stain-
less steel chamber of 0.4 m3 following the rules of ASTM D 5116-
97. In the experiments, the adhesive was applied on the concrete
slab and the carpet was placed on the adhesive. The loading ratio
was 0.31 m−1 and the air exchange rate was 1.0 h−1. The emission
rates of decane from carpet - adhesive assembly at air velocities of
0.04 m-s−1 (test 4) and 0.1 m-s−1 (test 5) were used to examine the
model performance. The model parameters taken from Haghighat
and Huang [13] are listed in Table 1. The computed emission rates
of decane at air velocities of 0.04 m-s−1 and 0.1 m-s−1 are depicted
in Figs. 2-3. During the early stage (<20 h), some discrepancies exist

between the experimental data and the computed data for both cases.
It may be ascribed to the instability and partial mixing in the cham-
ber in the early stage. However, in the long term, a good agree-
ment is obtained between the experimental data and the computed
data.

On the other hand, a comparison between the single-layer model
[7] and the present multi-layer model is carried out. The selected
experiment was performed by Yang et al. [19]. The corresponding
parameters for the single-layer model are: D=7.65×10−11 m2s−1, K=
3,289, C0=5.28×107 µg-m−3 and δ=0.0159 m. As for the multi-layer

A' B'
E' F'⎝ ⎠

⎜ ⎟
⎛ ⎞

 = 
d

dλ
------ HnHn−1

…H2H1( )

Bim
−1 α − rk

2( ) + β[ ]E
λ=−ηk

2  − α − rk
2( )A

λ=−rk
2 = 0

Table 1. Model parameters for the validation

Material Thickness
(mm)

Ci0

(mg-m−3) Ki
Di

(m2s−1)
Carpet 2.0 0 1.46e+4 8.0e-11

Adhesive
Test 4 4.37e-1

3.6e+6 1.46e+4
2.92e-10

Test 5 4.08e-1 8.92e-12

Fig. 2. Comparison of the emission rate of decane at velocity of 0.04
m-s−1.

Fig. 3. Comparison of the emission rate of decane at velocity of 0.1
m-s−1.
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model, the material is divided into three layers with the thickness of
0.012 m, 0.002 m and 0.0019 m, respectively. Other parameters are
the same as those for the single-layer model. The computed VOCs
concentrations in the air with two methods are depicted in Fig. 4.
The computed VOCs concentrations with two methods totally coin-
cide with each other showing that the proposed multi-layer model
is reasonable.

PARAMETRIC ANALYSIS

The multi-layer model is applied to investigate the influence of
parameters of the multi-material on the VOCs concentration in the
air and the emission rate at the material-air interface. A three-layer
material is considered here.
1. The Influence of Partition Coefficient

In Fig. 5 and Fig. 6 are shown the influences of the partition co-
efficient on VOCs emission. The parameters are listed in Table 2.
All five cases depict the same concentrations and the same emis-

sion rates in the first hour, which shows that the emission during
this stage is dominated by the top layer. From t=1 h to t=100 h, the
concentration in the air and the emission rate for the cases of K1=
10K2=K3 and 10K1=K3=K3 are greater than those for the case of
K1=K2=K3. This is because the equivalent air-phase concentration
difference between the middle layer and the top layer for these two
cases is positive and much greater than that for the case K1=K2=
K3. It is just reverse for the cases of K1=0.1K2=K3 and 0.1K1=K2=
K3. The equivalent air–phase concentration difference between the
middle layer and the top layer is negative for these two cases and
its absolute value is much greater than that for the case K1=K2=K3.
The bottom layer plays the same role as the middle layer in the emis-
sion. The difference is that its effect is weaker than that of the middle
layer. The inner layer can be a source or a sink of the top layer de-
pending on their initial concentrations and partition coefficients. It
is much different from a single-layer material in which the interior
of the material is always a source of the surface. If the inner layer
is a sink for the top layer, it would help to reduce the concentration
of VOCs in the air and prolong the existence of VOCs in indoor
environment compared to the case of only the top layer. If the inner
layer is a source for the top layer, the top layer would be a barrier
and may reduce the emission of VOCs from the inner layer com-
pared to the case of only the inner layer.
2. The Influence of Material Thickness

When VOCs exist in the inner layer, the top layer becomes a bar-
rier of the emission of VOCs. Fig. 7 illustrates the effect of the top
layer on the emission of VOC from the middle layer. The parame-
ters are listed in Table 3. Even if there is only a minor variation in
the thickness of top layer, VOCs concentration in the air varies sig-

Fig. 4. Comparison of the single-layer model and the multi-layer
model.

Fig. 5. The influence of partition coefficient on VOCs concentra-
tion in the air.

Fig. 6. The influence of partition coefficient on the emission rate.

Table 2. Parameters for the effect of partition coefficient

D (m2s−1) K Thickness
(mm) C0 (mg-m−3)

Top layer
7.65×10−11

3289 2
5.28×107Middle layer 2

Bottom layer 6
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nificantly. Because of the zero concentration of the top layer, the
VOCs concentration in the air keeps a small value close to zero for
a long time when the thickness of top layer is not zero. Thus, the
VOCs concentration in the air could be reduced significantly by
adding a thin covering layer on the surface of VOCs source. Although
this method would prolong the existence of VOCs in an indoor en-
vironment, it offers a better air quality for a long time because of a
low concentration in the air.

In Fig. 8 is shown the effect of the thickness of the top layer on
the emission rate. The top layer significantly reduces the emission rate.
Before t=1 h, the curve for δ3=0 decreases steeply while the curves
for other two cases keep a zero value. After t=1 h, the emission rate
for δ3=0 continues to decline with a small slope, while the emis-
sion rates for other two cases begin to increase slowly. After a long
time, all of the three emission rates keep a very low level almost
without harm to indoor air quality.

Table 4 gives the first five values of rk. With the increase of the
thickness of top layer, the values of rk increase. Since rk are located
at the position of the exponent in Eqs. (23)-(24), the VOCs con-
centration and the emission rate would decrease with the increase
of the thickness of top layer. Although the values of rk do not change
much, the VOCs concentration and the emission rate change much,
which is due to the enlargement of the exponential function.
3. The Influence of Diffusion Coefficient

Since a thin layer can reduce the emission rate of VOCs from a
source, a multi-material with 10δ3=δ1=δ2 is chosen to investigate
the influence of diffusion coefficient on the VOCs emission. The
same initial concentrations and the partition coefficients are taken
for three layers.

Fig. 9 illustrates the influence of diffusion coefficients in the mid-
dle layer on VOC emission. The parameters are listed in Table 5.
Before t=3 h, the concentration in the air for all cases is the same
showing the emission is governed totally by the top layer. After t=
3 h, the concentration of VOCs in the air increases with the increase
of the diffusion coefficient in the middle layer. It means that the middle
layer acts as an additional source to the top layer. The emission rates

Fig. 7. The influence of the thickness of the top layer on VOCs con-
centration in the air.

Table 4. The first five values of rk for different thicknesses

δ3=0.0δ2 δ3=0.1δ2 δ3=0.2δ2

1 01.519583 01.521945 01.524099
2 04.559164 04.566183 04.572591
3 07.599995 07.611691 7.62221
4 10.643340 10.659050 10.673450
5 13.689340 13.708970 13.726960

Table 3. Parameters for the effect of layer thickness

D (m2s−1) K Thickness
(mm) C0 (mg-m−3)

Top layer
7.65×10−11 3289

0
Middle layer 6 5.28×107

Bottom layer 6 0

Fig. 8. The influence of the thickness of the top layer on the emis-
sion rate.

Fig. 9. The influence of diffusion coefficient of the middle layer on
VOCs concentration in the air.
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are depicted in Fig. 10. It also demonstrates that a higher diffusion
coefficient can lead to a higher emission rate at the material-air in-
terface. This is because a high diffusion coefficient means a low
resistance to the diffusion of VOCs through the top layer.

CONCLUSION

This paper presents a mathematical model capable of predicting
the emission of VOCs from multi-layer materials. Both the diffu-
sion within the material and the mass transfer resistance through the
air boundary layer are taken into account. A simple solution method
is developed based on the equivalent air-phase concentration and
Laplace transform. The concentration in the air and the emission
rate at the material-air interface can be expressed by two infinite
series with good convergence.

The present solution is validated through the experiment of Low
et al. [16] in an environmental test chamber. A comparison between
the single-layer model and the present multi-layer model is performed
with respect to the emission of VOCs from a single-layer material
in an environmental test chamber [19]. Totally the same results are
obtained from the single-layer model and the multi-layer model. The
influence of parameters on VOCs emission is investigated in detail.
The inner layer may act as a source or a sink of the top layer, de-
pending on their initial concentrations and partition coefficients.
When a barrier layer is placed on the surface of an emission source,
the existence of a very thin covering layer can reduce the emission
of VOCs from the source. Moreover, a low diffusion coefficient in the
barrier layer can promote this reduction. Thus, it implies a simple
way to reduce the concentration of VOC in the air to get an accept-

able air quality.
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NOMENCLATURE

Bim : Bim=hδ/D1

Ci : the concentration in the ith layer
Ca : the concentration in the air
Da : the diffusion coefficient of VOCs in the air
Di : the diffusion coefficient in the ith layer
h : gas phase mass transfer coefficient
Ki : the material-air partition coefficient for ith layer
L : the loading ratio, i.e., the ratio of surface area of material

to the volume of chamber
N : the air exchange rate
l : the characteristic length of material
rk : positive roots
q : dimensionless diffusion flux
t : time
u : the velocity of the air over the material
v : the kinematic viscosity of air
x : the distance from the bottom of multi-material
X : dimensionless distance from the bottom of multi-material
α : α=Nδ 2/D1

β : β=Lδ
γi : the dimensionless thickness of ith layer
Γi : dimensionless diffusion coefficient
δ : the thickness of the multi-layer material
τ : dimensionless time
Ψi : the dimensionless concentration in the ith layer 
λ : the variable of Laplace transform
Sh : Sherwood number
Sc : Schmidt number
Re : Reynolds number
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