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Numerical simulation of bidisperse hard spheres settling in a fluid
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Abstract—Average settling velocity of non-uniform hard spheres in a viscous fluid is determined by using a large-
scale numerical simulation that is carried out for over 10° spheres in a periodic unit cell which extends infinitely. An
efficient calculation scheme is used for reducing the computation cost which steeply increases with the number of the
spheres. The calculation scheme is based on a fast summation method for far-field hydrodynamic interaction among
spheres. It is applied in the computation of hindered settling velocity of hard spheres with bidisperse size distribution
in a viscous fluid. The simulation results are compared with the theoretical predictions by Batchelor [8] and Davis and
Gecol [9]. Tt is found that the prediction by Davis and Gecol reasonably agrees with the numerical results.
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INTRODUCTION

Stokes flow simulation technique for suspensions enables us to
make particle-scale analysis of the suspensions and hence to under-
stand their macroscopic behavior. It also provides a useful tool to
investigate microstructural change of the suspension to the imposed
macroscopic circumstances. Suspensions consist of suspended par-
ticles and surrounding fluid. The number of particles is nearly infi-
nite and the particles are randomly distributed. Mathematically the
suspension can be described as periodic extension of a representa-
tive unit cell containing particles. It is hoped to include as many
particles as possible in the unit cell in order to simulate the suspen-
sions more realistically. A large number of particles is necessary
for the analysis of various phenomena occurring in suspensions.
Bossis and Brady [1], for example, found the shear-induced agglom-
eration of particles in a suspension using 49 particles in a two-di-
mensional space. Inclusion of a large number of particles, however,
requires heavy computation cost. The overall computation cost for
the suspension simulation usually increases with the cubic power
to the number of particles, N, and the computation is also limited
by computer performance. Although much progress has been made
in computer performance in recent decades, it is still challenging to
carry out the simulation with a large number of particles over O(10°).
An alternative to overcome the limit of computing capacity is to
devise an efficient calculation method which reduces the computation
cost. Recently, several investigators have proposed novel numerical
schemes for the large scale simulation of suspensions [2-5]. San-
gani and Mo [3] made significant progress in reducing computation
cost with a fast summation technique for calculating far-field inter-
action of particles. They applied the concept of a fast algorithm for
classical physics [6,7] to the Stokes flow simulations.

In the present study this fast summation algorithm is applied to
the case of hard sphere suspensions with bidisperse size distribution
of spherical particles. Specifically, the large-scale simulation method
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is used to determine the average settling velocity of the bidisperse
suspensions when the Péclet number based on particle motion is
large and the densities of particles are uniform. Sedimentation pro-
cesses are widely utilized in particle-fluid separation for suspensions
and slurries, particle fractionation in size or density of the particles,
and colloidal crystallization. The theory for the sedimentation pro-
cess also provides an analytical tool for evaluating dispersion stabil-
ity of colloidal solutions or suspensions. Size distribution of suspended
particles is one of the important factors determining transport prop-
erties of the suspensions. Due to the practical and theoretical signifi-
cance, there have been numerous studies on the sedimentation of
the bidisperse suspensions [8-14]. However, particle-scale numeri-
cal simulation with a large number of particles over 10° is seldom
found for the Stokes flow in bidisperse suspensions. The present
work provides the calculation results for average sedimentation veloc-
ity of bidisperse suspensions. The results are compared with theo-
retical predictions by Batchelor and Wen [8] and Davis and Gecol

(O]
THEORY AND NUMERICAL METHOD

1. Theory
We consider a Stokes flow around N spherical particles in a unit
cell which extends periodically throughout unbounded space. The
fluid flow satisfies Stokes equation with a point force f; at the lattice
point of the periodic unit cell,
—Vp+pViu=Y fidx—x,),

L

M

and the continuity equation,

V-u=0. Q)

Here the notations p, u,, 73, d and x are the pressure in the fluid, the
fluid velocity, the fluid viscosity, the delta function, and the posi-
tion vector, respectively. And x, denotes the position vector for the
lattice point. The solution of these equations is given by Green func-
tion M,
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u:(x):Mi/(x)’F/a 3
where
F=t/-47m). )

The Green function M; is written in terms of the spatially periodic
fundamental solutions S, and S,

_ 3"Sy(x)
M;(x)=S,(x)J;— ox,0% , 6]
where
2\ 1-m
S, (0= ") Sk exn(~27ik-x), m=1,2 ©)
T k=0

and 7 is the volume of the unit cell and k is the reciprocal lattice
vector. Using the properties of the Green function, we obtain the
general solution of the equations as follows.

w(®)=U/(X)+ 3 M, (x—x) ™

= A+ B0+ Clty+ ... ®)

Here, U7 is the mean velocity of fluid due to the imposed flow and
€ is the differential operator. The coefficients A7, B}, and C}, are
called the multipoles and are directly related to the force, torque,
and stresslet acting on the spheres, respectively.

The present study follows a multipole expansion method devel-
oped by Mo and Sangani [15] who made use of Lamb’s general
solution for Stokes flow around spheres. Lamb’s general solution
around a sphere ¢ is given by [16]

kil n+3 2 a n a
“("):,,:z_i(z(n+1)(2n+3)r VP e3P )
+Vx(ry)+Vay, ©)]

where r=x—x“ and p?, y* are @ the n" order spherical harmon-
ics. At =0, i.e., x=x“, the negative order of the harmonics is singular,
whereas the non-negative order harmonics is regular. Hence the har-
monics p? are expressed by the sum of its singular part,

po= ) pr(cos O)(Prcosme+ P sinmp)r ™ (0>0),
i (cosO)(P P ) (n>0) (10)

m=0

and regular part,

pi= zn: Po(cos O)(P,rcosmp+ P, sinme)r’  (n0), (11
m=0

where P}, and P}, are the coefficients of singular harmonics and
likewise P- and P.” are the coefficients of regular harmonics. The
function P, is the associated Legendre polynomial with 6 and ¢
being the polar and azimuthal angle each for the spherical polar co-
ordinate when x“ and axis are taken as origin and polar axis, respec-
tively. Similarly, »“ and @ are also given in terms of the corre-
sponding coefficients as follows.

PANSES Z”: pr(cosO)(Toicosmo+Toisinme)r ™™ (n>0),
=0

4= Y picos O)( Tyicosme+ Trisinme)’ (020,
0

m=

oo = i pr(cosO)( ¥icosmo+ ¥ sinmp)r"™" (020),
m=0

@, = Zn:p;"(cos O)(¥iicosm+Fnisinmp)r”  (n>0). 12)
m=0
Here T, Tof, ¥, are . the singular coefficients and T;, T..»,
e are P are the regular coefficients.

Lamb’s general solutions can be related to the multipoles. The
singular and regular coefficients of Lamb’s solutions are matched
to the corresponding multipoles. Kim and Karilla [17] and Mo and
Sangani [15] gave the relation between Lamb’s solutions and the
multipoles. We follow Mo and Sangani [15]. The singular part of
the velocity at x, u,*(x), is written by

U (0= M), “

where the superscript s denotes the singular solution. And the regular
coefficients at X is written in terms of the singular coefficients of
the other spheres. For example P,,, is given by

ar (=2)" N

S r(x- "V =V )8 (x = %), (14)

[ ) S—
" (14 8,0)(n+m)!

where ¢, is the differential operator defined by the following Egs.
(15)-(17) [20]

ai=2_n,, =23, 15)
X" X"
.8 5T

An=5ztap M=573 (16)

E=x,+HiXs, U=X,—iXs. )]

And 7 is a differential operator which is expressed in terms of
the singular coefficients P;,;, P;.., Tor, Th.. Writing one component
of 7,

e 2"
= DT E—
l nzz;r;)(—l)n_m(n—m)

nm ~<n

(T &0+ T @)
|

-y By &,":)}. (19)
The other components of . are also similarly given. Therefore,
in order to determine P;,, we need to evaluate Green’s function S,
(x*~x”) and its differentiation. This is a very complicated calcula-
tion which takes high computation cost. Therefore, the computa-
tion load for this part should be reduced in order to perform large
scale Stokes flow simulations for suspensions.
2. Fast Summation Method

Since the numerical computation of hydrodynamic interactions
among the spheres is carried out in pairwise manner, the computa-
tion cost rapidly increases with the number of particles. To reduce
the computation cost, an efficient method for calculating the far-
field hydrodynamic interactions among spheres is introduced. This
method employs a fast summation method based on hierarchical
grouping of spheres at large distance from the sphere at origin. The
idea is that the multipoles due to the spheres in a certain region far
from the position considered as origin are translated to the corre-
sponding multipoles of the center of the region, and the translated
multipoles from each sphere at the region are summed. Hence, the
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overall interactions from the spheres in that region are represented
by the translated multipoles. Then we can avoid the pairwise calcu-
lation between the spheres far apart and thus the computation cost
is much reduced.

For the grouping the cubic structure of the unit cell is virtually
subdivided in proportion to the number of spheres. The subdivision
is performed so that the number of spheres in the smallest sub-cell
be O(1). If the unit cell is subdivided once in each direction, 64 sub-
cells are formed. This is the coarsest level. As the number of spheres
increases, we subdivide more and then a larger number of sub-cells
are formed. Hence, a hierarchical tree structure is built in a unit cell,
which depends on the degree of subdivision. The fast summation
starts from individual spheres to the center of the sub-cell at the lowest
degree of subdivision, in which the individual spheres are located.
We make use of Green’s identity for the translation of multipoles,

[ (Viy=yViQdV=[ ((Vy-yV¢)-ndA. (19

Assuming a volume V including two positions on the surface of
the volume, the translation of the multipoles between the two be-
comes relatively simple when harmonic and biharmonic functions
are used as {'and yin Eq. (19). The two positions can be taken as
those for a sphere and the center in the region where the sphere and
its neighbors are located. For example, the singular coefficient P;,,
for the sphere can be translated to that for the center of the region

as follows:

preoare_ 2(=D)'(n=m)! &35 "
" (1+ Guo)(n+m) S (— 1) (k—1)!

P:’(,//I/w {.\/i,iY/mn(Xcoarse _ x/ine), (20)
where the superscripts ‘coarse’ and ‘fine’ denote the center of the
region and the sphere, respectively, in this case. And N at the third
summation is the number of spheres in the region. Other singular
coefficients are similarly translated [3]. The translation of singular
coefficients is continued until the singular coefficients at the all levels
from individual spheres to the largest sub-cell are determined. The
translation of regular coefficients is performed in the reverse way,
that is, the way from the center of the region to the sphere.

Opverall calculation scheme begins with taking initial guesses for
the singular coefficients of individual spheres. The next is to trans-
late the singular coefficients for fine levels to those for coarse levels
until the singular coefficients at all levels are given. Then use is made
for these singular coefficients to calculate the regular coefficients
using the relations such as Egs. (14)-(18). This calculation is first
carried out in the lowest level. For the other finer levels we carry
out both equal level calculation and translation of regular coeffi-
cients from the coarse level. Hence, the regular coefficients are ex-
pressed by the sum of translated coefficients and those for the equal
level calculation. Through this scheme the singular and regular coef-
ficients for all the levels are given and utilized for far-field calcula-
tion. These coefficients are rearranged to form a set of linear equations
A-x=b satisfying the boundary conditions.

To apply the boundary conditions at the surface of each sphere it
is convenient to use u,, V,u,, €,-(Vxu,). Here u, is the radial com-
ponent of the velocity and u=ue,+u,e, is the tangential velocity at
the surface of sphere. And
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_e o1
V=es +ov. Q1)
We can expand these three terms in spherical surface harmonics.

For example, u, is written as

u,= Z z ((u")mnYnm + (ﬁr-)mnYl"ﬂ) - (22)

n=1m=0

Similar expressions are obtained for V,-u, and e,-(Vxu,). Combin-
ing these expressions to the singular and regular coefficients in Egs.
(9)-(12), we have

-2n+1 2

. n+1)a sa a o 00D = (VU
%'”+n(§n—1;(2n+1) mt oty ™ (n()zn+(1)a’“) 23
sa a’ o na’"*? a
Yot Sy a0 )@t )
()0t (V) o
(n+2)2n+1)a "
T Ty = )y 25)

n(n+1)a"

The right hand sides of Egs. (23)-(25) are given by the imposed
flow. Similar equations are given for the coefficients of Y,,. For
the sedimentation problem, these equations are supplemented by
3 N equations for the force acting on the sphere

F*+F"'=0, (20)

where F™ is the regular part of force evaluated at the center of the
sphere, which is related to the singular coefficients, P}, [15].

Fi*=—4mnP,
E*=47znPy,, @7
F*=4mnPl,,

And F* is the external force due to gravity for sedimentation prob-
lem. Similar relations can be used for the torque on the spheres. Egs.
(23)-(26) need to be truncated properly to form a finite number of
linear equations. We follow the truncation scheme suggested by
Mo and Sangani [15]. Hence in Eq. (23) n<n,, in Eq. (24) n<n-2,
and in Eq. (25) n<n—1. Then we finally solve the set of linear equa-
tions to determine the singular coefficients and hence the multipoles
for each sphere. The computation is iteratively performed until the
singular coefficients converge. A generalized minimum residual
method (GMRES) is used as a matrix solver. With these coeffi-
cients we determine the macroscopic transport properties of the pro-
cess, such as the sedimentation velocity.

In addition to the fast summation technique, message passing
interface (MPI) which is a parallel programming technique is imple-
mented to reduce calculation time. Since the computation load should
be distributed to multiprocessors performing the allocated part of
the overall computations in parallel manner, the supercomputer facil-
ity (IBM machine) at Korea Institute of Science and Technology
Information is used for the present study.

RESULTS AND DISCUSSION

First, we need to check the accuracy of the numerical calcula-
tion. Since we use an iterative method to solve A-x=b for Egs. (23)-
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Fig. 1. Convergence of calculation results for sedimentation veloc-
ity with error tolerance &

(26), we need to choose the tolerance e of error properly. The error
is defined as

|b—A~x||)”2

€rror = C
b

28
where || || is the Euclidean norm of the corresponding matrix. Fig. 1
shows normalized hindered settling velocity at four different val-
ues of the tolerance e from 0.01 to 0.00001 for a fixed configura-
tion of monodisperse suspension at the particle volume fraction of
#=0.25 with the number of particles N=1,024. It is seen that the
tolerance of 0.0001 is satisfactory. The calculation is carried out
with the tolerance of 0.0001.

For proper truncation of the multipoles, we use two orders of the
multipoles, n, and n,. The order n, corresponds to the order of the
multipoles for the translation of multipoles, whereas n, is that for
overall calculation. Table 1 shows the calculation results for hin-
dered settling velocity for ¢=0.25 and N=1,024, which vary with

Table 1. Hindered settling velocity vs. truncation orders for mon-
odisperse and bidisperse suspension

Monodisperse case Bidisperse case

n n,
U* U* U,*
2 2 0.2226 0.2868 0.0023
3 0.2153 0.2506 0.0095
4 0.2387 0.2604 0.0158
3 3 0.1726 0.2194 —-0.0028
4 0.2067 0.2323 0.0063
5 0.2035 0.2324 0.0055
6 0.2010 0.2321 0.0048

The hindered settling velocity (*) is the relative value to the Stokes
velocity of large particle

10
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A * Simulation
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Fig. 2. Normalized average sedimentation velocity as a function
of ¢ for monodisperse suspensions.

truncation. For n=2 and 3, n, varies from n=n, to n=n,+2. The case
of n,=2 is seen less accurate. The converged value of the settling
velocity is obtained beyond n=3 and n=3 and thus n=3 and n=5
are taken for the numerical calculation. Similar behavior is observed
for a bidisperse suspension.

With the truncation and tolerance determined, we calculate sedi-
mentation velocity of monodisperse suspensions. The calculation
is performed for 20 random arrays of 1,024 spheres for various con-
centrations. The random arrays of the spheres were generated by
using a molecular dynamics code. The results are compared with
those of the previous work in Fig. 2. The previous work includes
theoretical predictions by Batchelor [19], empirical relation by Rich-
ardson-Zaki [20] and numerical calculation results by Mo and San-
gani [15] and Ladd [21]. The well-known Batchelor’s theory [19],
which gives the linear relation between sedimentation velocity and
concentration, holds for very dilute suspensions:

U=Uy(1-6.55¢). 29
The Richardson-Zaki correlation is given by

U=Uy(1- ¢y (30)
The power p in Eq. (30) is 4.7 in Richardson and Zaki’s original
work [20]. However, we use p=5.6 since the value p=>5.6 is related
to Davis and Gecol’s formula [9] for bidisperse suspension. Fig. 2
shows that the predictions by Eq. (30) with p=5.6 agrees with nu-
merical simulation results at ¢=0.01. However Eq. (30) slightly over-
predicts up to near ¢=0.15 and then again agrees well with the simu-
lations at ¢=0.25 and 0.35. The simulation results by present work
are in good agreement with those by Mo and Sangani [15] and Ladd
[21].

For bidisperse suspensions, we put 1024 (or 1026) particles in
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the unit cell. The size ratio A is defined as the radius of small particles
(a,) to that of the large ones (a,). Two size ratios were chosen: A=
0.5 and 0.75. For both cases, the volume fraction of each species is
chosen to be the half of the overall volume fraction ¢ which ranges
0.01 to 0.25. Figs. 3 and 4 show the simulation results for the normal-
ized hindered settling velocities of large and small species for A=
0.5. These results are compared with theoretical prediction by Batch-
elor and Wen [8] and semi-analytical estimation by Davis and Gecol
[9]. Batchelor and Wen’s theory [8] is given by

1.0

'

0.9 I
08 - {

0.7

4 Batchelor & Wen (8]
Davis & Gecol [9]

* Monodisperse (sim.)

® Simulation
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0.00 0.05 0.10 0.15 0.20 0.25
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Fig. 3. (U/U,), as a function of ¢ for bidisperse suspensions. 1=0.5
and ¢=¢=g@2.
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Fig. 4. (U/U,), as a function of ¢ for bidisperse suspensions. 1=0.5
and ¢=¢=g@2.
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U,.=Ui,(,(1+§s,,¢§,], 31)

where U, and U, , are the average settling velocity and the Stokes
velocity of the species i, respectively. And S, is the sedimentation
coefficient which depends on the size ratio of the species, volume
fractions of each species, density ratio of the species, and Péclet
number Pe based on the motion of the spherical particle. Since we are
considering the case that densities of the species are equal and Pe
is very large, i.e., Pe— oo, the sedimentation coefficient is given by

8,=-3.52-1.044~1.037". (32)

Egs. (31) and (32) can be extended to the polydisperse case; however,
these equations are for very dilute suspensions where hydrodynamic
interaction is negligibly weak. Davis and Gecol [9] modified Eq. (31)
by Batchelor and Wen [8] in order to extend its applicability to con-
centrate suspensions. The formula by Davis and Gecol is given by

U=U,(1- ¢>S"(1+i<s,j— 8.) ¢] (33)
In Eq. (33), the term (1—¢)™ which is similar to Richardson-Zaki’s
empirical relation is introduced, giving nonlinearity with the con-
centration of suspension. We see that in very dilute limit Eq. (33)
follows Batchelor and Wen’s theory. Good agreement between the
predictions by the two relations is found in both Figs. 3 and 4 at
¢=0.01. However, it is seen that Eq. (33) gives slightly larger values
of the normalized sedimentation velocity of large particle than the
simulation does from ¢=0.03 to 0.15, as shown in Fig. 3. Deviation
of the predictions by Eq. (33) from the simulation results is within
the error of 10%, considering the standard deviation of the simula-
tion results. Beyond this regime, i.e., at ¢=0.2 and 0.25, the predic-
tion by Eq. (33) and the simulation results are in excellent agreement.
Similar trend is observed in the case of monodisperse suspensions

1.0
l 2 Batchelor & Wen [8]

I Davis & Gecol [9]
< Monodisperse (sim.)

0.9

s ® Simulation
o8 + }=
0.7

0.6

0.5

(U/Ug),

0.4 : R

0.3 3

0.2 . . =
0.1

0.0
0.00 0.05 0.10 0.15 0.20 0.25

i

Fig. 5. (U/U,), as a function of ¢ for bidisperse suspensions. 1=0.75
and ¢=¢,=¢2.
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Fig. 6. (U/U,), as a function of ¢ for bidisperse suspensions. 1=0.75
and ¢=¢=g@2.

and small particles in bidisperse suspension in Fig. 4. However, the
prediction by Eq. (33) for the sedimentation velocity of small parti-
cles is within the range of the simulation results. We also find similar
results for the case of A=0.75 in Fig. 5 and 6. Overall, it is con-
cluded that the predictions by Davis and Gecol [9] are in reason-
able agreement with the numerical simulations.

SUMMARY

This paper dealt with numerical simulation for determining the
velocity of non-uniform hard spheres settling through a Newtonian
fluid. It is assumed that the Reynolds number based on average dia-
meter of the spherical particles is less than unity and the particle
Péclet number is very large. The spherical particles are of bidis-
perse size distribution. An efficient calculation scheme is used in
the numerical simulation, which is based on a fast summation method
for calculating far-field hydrodynamic interaction among the parti-
cles. The numerical simulation results show the average hindered
settling velocity of bidisperse suspensions with more than 10° ran-
domly placed particles over 20 configurations. These results are
compared with the theoretical predictions by Batchelor and Wen
[8] and Davis and Gecol [9]. The semi-analytical relation by Davis
and Gecol follows Batchelor and Wen’s theory at very dilute con-
centrations and its predictions for the average sedimentation veloc-
ity are in reasonable agreement with the numerical simulations.

ACKNOWLEDGEMENT

This work was supported by National Research Foundation of
Korea Grant funded by the Korean Government (D 00115). Com-
putations were performed using the supercomputer facilities pro-
vided by Korea Institute of Science and Technology Information.

NOMENCLATURE

: radius of particle

: force acting on particle

: force acting on particle

: point force at the lattice point of the unit cell

: reciprocal lattice vector

: Oseen tensor (Green’s function)

: pressure

: radial distance from the center of the particle at origin
: spatially periodic fundamental solution

S,  :spatially periodic fundamental solution, V*S,=S,

: sedimentation coefficient

U  :hindered settling velocity of particles in a fluid.

U, :settling velocity of an isolated particle in a fluid
(U/U,), : normalized sedimentation velocity of large particles
(U/U,), : normalized sedimentation velocity of small particles

ZEa I N

u; : velocity of the fluid (Einstein notation)

u :velocity of the fluid

X  :position vector

X, :position vector for the lattice point of the unit cell

Greek Letters

: volume fraction of particles

: viscosity of fluid

: size ratio of small to large particle
: volume of unit cell

N NI S
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