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Abstract−High-order approximations for unsteady-state diffusion, a linear adsorption and a first-order reaction in a

slab, cylinder and sphere catalyst are developed. The approximations are based on a first-, a second-, a third- and a

fifth-order approximation of the Laplace domain solutions of the exact model for the catalyst of three geometries. The

coefficients in the approximations are functions of Thiele modulus of the respective geometry and easy to determine.

The accuracy of the approximation is shown to increase markedly with the approximation order.
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 INTRODUCTION

In modeling of unsteady-state packed-bed reactors or adsorbers,

the basic element is the model for catalyst particles or adsorbent

particles. The model for the particle is then coupled with the model

for the flowing phase in the reactor or adsorber. The exact model

for the particles is given in the form of a partial differential equation

(PDE) to describe the transient concentration profile in the particle.

The profile is then used to determine the mass exchange rate be-

tween the particle and the flowing fluid phase.

The exchange rate can also be expressed in terms of the average

concentration in the particle. In this case, the reactor model does

not involve the space variable in the particle and the resulting model

is easier to solve, since the difficulty in the solution of the model is

often commensurate with the number of independent variables in

the model. The exact average concentration, however, can only be

obtained from the exact concentration profile in the catalyst. This

requires again the exact model in the form of PDE. But for approxi-

mate average concentrations, there have been developed many for-

mulas without the space variable in the particle. For transient ad-

sorption and diffusion in an adsorbent, Glueckauf [1] first pro-

posed a formula that the mass exchange rate between the particle

and its surrounding is proportional to the difference between the

average concentration and the outside concentration of the particle.

This type of equation has been called the LDF (linear driving force)

equation. Later Kim [2] proposed LDF equations for transient dif-

fusion, adsorption and reaction in catalyst particles. For cyclic adsorp-

tion processes such as pressure swing adsorption, approximation

formulas are separately developed for adsorbents with monodis-

perse pore structures [3,4] and bidisperse pore structures [5]. More

accurate high-order approximations have also been proposed [6-9].

All these approximations are for spherical adsorbents or spherical

catalysts.

For other geometries such as an infinite slab and an infinite cylin-

der, approximations have been proposed recently. Patton et al. [10]

developed LDF approximations for slab and cylinder adsorbents.

Szukiewicz [11] and Kim [12] obtained LDF approximations for

adsorption and reaction in slab and cylinder catalysts. These LDF

approximations for slab and cylinder are of first-order in the order

of approximation and hence have a limited accuracy, being appli-

cable to very slowly changing conditions. It has been shown that

the accuracy of approximation increases significantly with the order

of approximation [9]. To complement the first-order approximations,

high-order approximations for adsorption and reaction in slab and

cylinder catalysts are developed in this study. The new high-order

approximations are shown to be highly accurate and as good as the

exact model for pore diffusion in most practical applications.

THEORY

The dimensionless unsteady-state mass balance for a linear adsorp-

tion and a first-order reaction in a catalyst is [12]

(1)

In the equation, φ is the Thiele modulus. In the absence of reaction,

φ =0, Eq. (1) becomes the pore diffusion equation. S depends on

the shape of the catalyst (S=0 for an infinite slab, S=1 for an infinite

cylinder and S=2 for a sphere). The boundary conditions at the ex-

ternal surface and at the center are

(2)

f(τ) is an arbitrary function of time. When Eq. (1) is coupled with

the balance equation for the phase flowing through the reactor, f(τ)

becomes the concentration in the flowing phase. With a zero initial

condition, c(x, 0)=0, Eq. (1) with Eq. (2) can be easily solved by

the method of Laplace transform.

In reactor simulations, the mass exchange rate between the cata-

lyst particle and its surrounding is more important than the concen-

tration profile in the catalyst. The exchange rate can be expressed

in terms of d /dτ+φ 2 , where  is the volume-average concentra-

tion, determined by
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(3)

The solution in the Laplace domain can be integrated with respect to

x as in Eq. (3) to have the Laplace domain solution for (τ). The so-

lution for (τ) can be expressed as G(s)F(s), where F(s) is the Laplace

transform of f(t). G(s) is usually called the transfer function. G(s)

for the three geometries is listed in Table 1 (slab), 2 (cylinder) and

3 (sphere).

To develop approximations of G(s), we need the Taylor expan-

sion of G(s).

G(s)=A0+A1s+A2s
2+A3s

3+A4s
4+A5s

5 … (4)

The coefficients A0 … A5 are all functions of φ and listed in Tables

1-3 for the three geometries. The approximations of G(s) are in the

form of rational functions which correspond to simple expressions

in the time domain. The approximations developed in the present

c τ( ) = S +1( ) c x τ,( )x
S

dx
0

1

∫

c

c

Table 2. Cylinder catalyst (S=1). Transfer function and coefficients
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Table 1. Slab catalyst (S=0). Transfer function and coefficients
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Table 3. Sphere catalyst (S=2). Transfer function and coefficients
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study are

(5)

G1 s( ) = 

b10

a10 + s
-------------, G2 s( ) = 

b20 + b21s

a20 + s
--------------------, G3 s( ) = 

b30 + b31s

a30 + a31s + s
2

---------------------------- and

G5 s( ) = 

b50 + b51s + b52s
2

a50 + a51s + a52s
2

 + s
3

--------------------------------------------

Table 4. The first-order approximation

Approximate transfer function:

Coefficients:

Approximation formula:

G1 s( ) = 

b10

a10 + s
-------------

a10 = − 

A0

A1

------

b10 = − 

A0

2

A1

------

dc

dτ
-----

 = − a10c + b10f

Table 5. The second-order approximation

Approximate transfer function:

Coefficients:

Approximation formula:

G2 s( ) = 

b20 + b21s

a20 + s
-------------------

a20 = − 

A1

A2

------

b20 = − 

A0A1

A2

------------

b21 = A0 − 

A1

2

A2

------

dc

dτ
-----

 = − a20c + b20f + b21

df

dτ
-----

Table 7. The fifth-order approximation

Approximate transfer function:

Coefficients:

a50=(A1

2A4−A0A2A4−2A1A2A3+A2

3+A0A3

2)/Γ

a51=(−A1

2A5+A1A2A4+A1A3

2−A2

2A3−A0A3A4+A0A2A5)/Γ

a52=[A0(A4

2−A3A5)+A1(A2A5−A3A4)+A2(A3

2−A2A4)]/Γ

b50=A0a50
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2(A1A4−2A2A3−A0A5)
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2]/Γ
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2−2A0A4−3A1A3)

b52=+A3
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2+2A0A2)+2A0A1(A2A5−A3A4)]/Γ

Where Γ =−A1A4

2+A1A3A5+2A2A3A4−A2

2A5−A3

3

Approximation formula:

b50 + b51s + b52s
2

a50 + a51s + a52s
2

 + s
3

-------------------------------------------

dc

dτ
-----

 = − a52c + b52f + u

du

dτ
------

 = − a51c + b51f + v

dv

dτ
------

 = − a50c + b50f
Table 6. The third-order approximation

Approximate transfer function:

Coefficients:

Approximation formula:

G3 s( ) = 

b30 + b31s

a30 + a31s + s
2

----------------------------

a30 = 

A0A2 − A1
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2
-----------------------
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2
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2
-------------------------------------------------

dc

dτ
-----

 = − a31c + b31f + u

du

dτ
------

 = − a30c + b30f

Table 8. Taylor series coefficients of the transfer function G(s) for
φ=0

Slab, S=0 Cylinder, S=1 Sphere, S=2

A0 1 1 1

A1

A2

A3

A4

A5

− 

1

3
--- − 

1

8
--- − 

1

15
------
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------

1
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------
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315
---------
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315
--------- − 
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------------ − 

1

1575
------------
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2835
------------

19

30720
---------------

2

31185
---------------

− 

1382

155925
------------------ − 

473

4423680
--------------------- − 

1382

212837625
---------------------------

The coefficients in G1, … G5 are determined by matching the series

expansions of the approximations and Eq. (4). The number of match-

ing terms in the expansions depends on the number of coefficients

in the approximations. For example,

(6)

By matching the first two terms in Eq. (4) and Eq. (6), a10 and b10

of G1(s) can be determined in terms of A0 and A1, ie.

(7)

As G1 is accurate to the first-order term, A1s, in the series expan-

sion, it can be called a first-order approximation of G. Similarly,

since G5(s) is made to be exact up to the sixth term, from A0 to A5s
5,

it is a fifth-order approximation. As the number of matching terms

increases, the accuracy of the approximate functions of G(s) increases

G1 s( ) = 

b10

a10 + s
-------------

 = 

b10

a10

------
 − 

b10

a10

2
------s + 

…

a10 = − 

A0

A1

------, b10 = − 

A0

2

A1

------
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markedly. This type of approximation is called the Pade approxi-

mation [6]. The time domain approximation formulas and the coef-

ficients of G1, G2, G3 and G5 are listed in Tables 4-7, respectively.

DISCUSSION

1. Approximations in the Absence of Reaction (φ=0)

The coefficients in Eq. (4) become constants, which are listed in

Table 8 for the three geometries. The resulting approximations are

listed in Table 9. Previous approximations have been developed

mainly for spherical geometry. Eq. (T9) in Table 9 is the well-known

linear driving force (LDF) formula, first proposed by Glueckauf

[1]. Eq. (T10) is a second-order approximation, proposed by Kim

[2]. The third-order and the fifth-order approximation, Eqs. (T11)

and T(12), were developed by Lee and Kim [6]. Recently, Patton

et al. [10] and Kim [12] developed Eq. (T1) and Eq. (T5) for slab

Table 9. Approximations of G(s) and the corresponding approximation formulas for φ=0

Catalyst shape Approximation of G(s) Approximation formula

Slab (S=0)

(T1)

(T2)

(T3)

(T4)

Cylinder (S=1)

(T5)

(T6)

(T7)

(T8)

Sphere (S=2)

(T9)

(T10)

(T11)

(T12)

3

s + 3
----------

dc

dτ
-----

 = 3 f τ( ) − c( )

s +15

6s  +15
---------------

dc

dτ
-----

 = 

5

2
--- f τ( ) − c( ) + 

1

6
---

df τ( )

dτ
------------

10s +105

s
2

 + 45s  +105
------------------------------

dc

dτ
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 = − 45c + u +10f τ( )

du

dτ
------

 =105 f τ( ) − u( )

21s
2

 +1260s +10395

s
3
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2

 + 4725s +10395
------------------------------------------------------------

dc

dτ
-----

 = − 210c + u + 21f τ( )

du

dτ
------

 = − 4725c + v +1260f τ( )

dv

dτ
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 =10395 f τ( ) − c( )
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----------
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dτ
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 = 8 f τ( ) − c( )

s + 24

4s  + 24
----------------
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dτ
-----
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1

4
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df τ( )

dτ
------------

24s + 384

s
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dτ
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------

 = 384 f τ( ) − u( )
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s
3
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2
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-------------------------------------------------------------
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dτ
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dτ
------

 = − 9600c + v + 3840f τ( )

dv

dτ
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 = 46080 f τ( ) − c( )

15
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------------
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dτ
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---------------------
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dτ
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2
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3
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df τ( )

dτ
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s
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---------------------------------

dc

dτ
-----

 = −105c + u + 42f τ( )
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dτ
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2
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s
3
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2
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------------------------------------------------------------------

dc

dτ
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dτ
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dτ
------

 =135135 f τ( ) − c( )
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and cylinder adsorbents, respectively. The high-order approxima-

tions, Eqs. (T2)-(T4) and Eqs. (T6)-(T8), are new approximations

developed in this study.

Fig. 1(a) compares the approximations for the case of unit step

f(τ)=1 and cylinder geometry (S=1). The exact response is obtained

by numerical inversion of the Laplace transform G(s)/s. All the ap-

proximations approach the steady-state value =1 as τ increases.

The first-order approximation, Eq. (T5), shows some deviation from

the exact response, but the third-order and the fifth-order approxi-

mations, Eqs. (T7) and (T9), virtually coincide with the exact step

response. It is seen that the accuracy of approximation consider-

ably increases with the order of approximation. Fig. 1(b) is a mag-

nification of Fig. 1(a) at small τ values. Here the fifth-order approxi-

mation is seen to be as good as the exact model.

As the approximations are based on the Taylor series expansion

around s=0, the approximations are valid for slowly varying f(τ).

This is examined for a sinusoidal change in the surface concentra-

tion (f(τ)=sin(ωτ)). For f(τ)=sin(τ), the responses of all the approx-

imations including the first-order approximation coincide with the

exact model response (not shown). As the frequency increases, how-

ever, the approximation starts to become less accurate. Fig. 2(a) and

Fig. 2(b) show the sinusoidal responses of the approximations and

the exact model for f(τ)=sin(10τ) and f(τ)=sin(100τ), respectively.

In Fig. 2(a), it is seen that the first-order approximation deviates

considerably from the exact response, while the third-order and the

fifth-order approximations are indistinguishable with the exact re-

sponse. For f(τ)=sin(100τ), shown in Fig. 2(b), only the fifth-order

approximation is shown to be valid. With increasing order of ap-

proximation, the applicable range of the approximation is extended

to higher frequencies.

2. Approximations in the Presence of Reaction (φ>0)

Recently, simple first-order approximations for the three geome-

tries were developed [12]:

(8)

where S is the shape factor. The same equation can be derived from

the present first-order approximation for each geometry by consid-

ering the asymptotes of A0 and A1 at small and large values of φ.

Eq. (8) gives an approximate time constant of the catalyst particle,

which is

(9)

The time constant characterizes the response to a time-varying input.

Physically, the constant represents the time it takes to reach 63.2%

of its steady-state value after it receives a step input. A smaller time

c

dc

dτ
-----

 = S + 2( )
2

 −1+ 2φ
2

{ } A0f τ( ) − c( )

τ0 = 

1

S + 2( )
2

 −1+ 2φ
2

-------------------------------------

Fig. 1. (a) Step responses of the approximations for a cylinder ad-
sorbent. (b) Redrawing of the step responses in the time in-
terval (0, 0.1).

Fig. 2. Sinusoidal responses of the approximations for a cylinder
adsorbent. (a) f(τ)=sin(10τ), (b) f(τ)=sin(100τ).
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constant means a faster dynamic response. According to Eq. (9),

the time constant is a function of φ and decreases with increasing

φ.

Figs. 3(a) and 3(b) show step responses of a cylinder catalyst (S=

1) for φ=1 (τ0=0.1) and φ=10 (τ0=0.0048). The step response for

φ=10 is around 20 times faster than the response for φ=1. When

plotted in the time range of 0-5τ0 (0-0.5 for φ=1 and 0-0.025 for

φ=10), the two figures look similar: the first-order approximation

being least accurate and the high-order approximations being indis-

tinguishable with the response of the exact model. If, however, the

figures are plotted on the same time scale (0-0.5) as shown in Fig.

4, it is seen that the first-order approximation is as good as the exact

model when φ=10. This is because the error in the small time span

is not apparent if it is seen on the time scale much greater than the

time constant of the particle, and also the particle responds very quick-

ly to the external disturbances.

CONCLUSION

For the three typical geometries of catalysts (sphere, cylinder and

slab), high-order approximation formulas have been developed for

unsteady-state diffusion, a linear adsorption and a first-order reac-

tion in catalysts. In reactor modeling, the approximations would be

useful by removing the space variable in catalysts and making the

resulting model more tractable.
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NOMENCLATURE

Ai : i-th order coefficient in the series expansion of G(s)

C0 : reference concentration [mol m−3]

Cp : concentration in catalyst [mol m−3]

c : dimensionless concentration in catalyst (=CP/C0)

: average concentration in catalyst, dimensionless

De : effective diffusivity in catalyst [m s−2]

f : concentration at the outer surface of catalyst, dimensionless

G(s) : transfer function of catalyst

Gi : i-th order approximation of G(s)

I0, I1 : the zeroth- and first-order modified Bessel functions of the

first kind

k : reaction rate constant [s−1]

LS : half of slab thickness [m]

RC : radius of cylindrical catalyst [m]

RS : radius of spherical catalyst [m]

S : shape factor of catalyst, dimensionless

s : Laplace-domain variable

x : space variable in catalyst, dimensionless

Greek Letters

φ : Thiele modulus, defined in Table 1, 2 and 3

τ : time, dimensionless
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