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Abstract−Thequasi-chemical nonrandom lattice fluid model is capable of describing thermodynamic properties for

complex systems containing associating fluids, polymer, biomolecules and surfactants, but this model fails to reproduce

the singular behavior of fluids in the critical region. In this research, we used the quasi-chemical nonrandom lattice

fluid model and combined this model with a crossover theory to obtain a crossover quasi-chemical nonrandom lattice

fluid model which incorporated the critical scaling laws valid asymptotically close to the critical point and reduced to

the original quasi-chemical nonrandom model far from the critical point. The crossover quasi-chemical nonrandom

lattice fluid model showed a great improvement in prediction of the volumetric properties and second-order derivative

properties near the critical region.

Key words: Crossover, Quasi-chemical, Lattice Model, Critical Region, Second-order, Derivative Properties

INTRODUCTION

Phase equilibrium properties and thermodynamic second-order

derivative properties (e.g., heat capacities, isothermal compressibil-

ity, thermal expansion coefficient, the Joule-Thomson coefficient,

and the sound speed) are required for design of separation opera-

tions and chemical plants over a wide range of temperature and pres-

sure. Due to their central importance to the practice of chemical

engineering, many thermodynamic models have been developed,

based on theory and on empiricism. Whenapplied in normal condi-

tions far from the critical regions, classical lattice models can accu-

rately calculate and predict physical properties. However, the statistical

mechanical theories point out that fluids have density fluctuations.

Far from the critical point, the density fluctuations affect slightly

the thermodynamic properties and would be neglected. Most ther-

modynamic models could use the mean-field theories [1] to repre-

sent properties of fluids far away from the critical point, so these

models [2-6] fail to satisfactorily reproduce physical properties near

the critical region. In a large compressibility region such as the cri-

tical region, the fluctuations of fluids becomevery large and some

singular phenomena and properties, such as the critical emulsifica-

tion phenomenon, take place. To improve the description of the gas-

liquid critical locus for pure fluids, the lattice model parameters can

be rescaled [7] to the experimental pure fluid critical point, and an

accurate representation of the critical locus is obtained. However,

despite the success achieved using rescaled lattice model, poor agree-

ment is obtained at lower pressures, especially at lower temperatures

and for the coexisting liquid densities. Several researches have been

presented to overcome the deficiency of classical thermodynamic

models in describing physical properties in the vicinity of a critical

point during the past forty years. The most remarkable result of these

studies has been the discovery of critical-point universality: The

microscopic structure of fluids becomes unimportant near the criti-

cal point [8]. The discovery makes it possible to developuniversal

equations of state for fluids in the critical region and enables us to

look into the problem of formulating global equations of state for

dense fluids from an entirely new point of view. Due to density fluc-

tuations, some physicalproperties, such as the isothermal compress-

ibility and the isochoric heat capacity, vary discontinuously near

the critical region. From spectroscopic experimental data and molecu-

lar simulation, the limiting values of the differential molar volume,

the differential molar enthalpy and the differential molar heat capacity

in the region around the critical pointcould be related to the dis-

tance from the critical point. From the viewpoint of thedistance from

the critical point, the scaling laws with universal scaling functions and

universal critical exponents could markthe thermodynamic behav-

iors in the vicinity of a critical point [9]. Kiselev and coworkers pres-

ented a crossover cubic model [10] and crossover SAFT model [11]

that provided successful representations of the thermodynamic and

second order properties of fluids near to and far from the critical

region.

In the former researches [12-15], the present authors presented a

crossover cubic model and crossover Sanchez-Lacombe lattice fluid

model that combinedthe crossover scale laws valid asymptotically

close to the critical point and reduced to the original thermodynamic

models far from the critical point. The Sanchez-Lacombe lattice

fluid model used the full Guggenheim combinatory but had the as-

sumptions that the nonrandom contribution was negligible and that

this model took up the large coordination number limit known as

the Flory approximation.

In this study, we chose the quasi-chemical nonrandom lattice fluid
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model as a reference model and combined it with the crossover the-

ory to obtain a crossover quasi-chemical nonrandom lattice fluid

model and to calculate the thermodynamic properties near to and

far from the critical point. We also evaluated the crossover quasi-

chemical nonrandom lattice fluid model to phase equilibria proper-

ties and second-order derivative properties for some pure systems

over a wide range to include the critical region.

CROSSOVER QUASI-CHEMICAL NONRANDOM 

LATTICE FLUID MODEL

The lattice model (NLF) model [16,17] was developed on quasi-

chemical approach of the lattice theory and extended to complex

systems containing associating fluids [18] and polymers [19]. How-

ever, the NLF model has strong temperature dependence of energy

parameters and segment numbers of pure systems thus empirical

correlations as functions of temperature were adopted for reliable

and convenient use in engineering practices. We recently presented

a new version of the quasi-chemical nonrandom lattice fluid (QLF)

model [4] with no temperature dependent molecular parameters

and obtained the expression of fugacity coefficients for phase equi-

librium calculations. This QLF model was capable of describing

thermodynamic properties for complex systems containing associ-

ating fluids [20], surfactants [21,22], polymer [23] and biomole-

cules [24,25]. However, this classical QLF model is not applicable

in the vicinity of a critical point due to mean-field approximation.

In this study, the QLF model with quasi-chemical approach was

chosen as a reference lattice fluid model and was represented as

follows:

(1)

Here, all the quantities with the tilde (~) denote the reduced vari-

ables defined by

(2)

where the reducing parameters are defined by

(3)

and εM is defined by

(4)

Here θ is the effective surface area fraction of molecules in the

lattice,

(5)

Let us set coordination number, z=10 as used in lattice fluid the-

ories of the same genre [26,27].

The QLF model has three molecular parameters; ε*, v*, and r,

which are equivalently of the scale factors T*, P*, and ρ*.

The residual Helmholtz free energy Ar(T, v) was obtained as fol-

lows:

(6)

The molar Helmholtz free energy can be written as

a(T, v)=ar(T, v)+aid(T, v) (7)

where ar(T, v) is the residual molar Helmholtz free energy and aid

(T, v) is the molar Helmholtz free energy for ideal gas

aid(T, v)=−RTlnv+a0(T) (8)

In Eq. (8), a0(T) is the temperature-dependent part of the Helm-

holtz free energy for ideal gas.

The classical expression for the Helmholtz free energy (T, v)

was rewritten in the dimensionless form as follows:

(9)
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Table 1. Molecular parameters for the crossover quasi-chemical nonrandom lattice fluid (xQLF) EOS

Components
Classical parameters Crossover parameters

T*/K P*/MPa ρ
*/g cm−3 Gi v1 d1

Carbon dioxide 272.83 1280.56 1.432 0.1154 0.0025 −8.4895

Methane 265.13 0080.63 0.243 0.2424 0.0005 −0.1195

Ethane 384.56 0140.58 0.298 0.1742 0.0006 −0.0128

Propane 462.38 0159.64 0.425 0.1194 0.0008 −0.0104

n-Butane 523.14 0140.34 0.432 0.1406 0.0010 −0.0095

n-Pentane 451.34 0205.67 0.447 0.3394 0.0011 −0.8527

n-Hexane 480.64 0330.62 0.557 0.1238 0.0013 −2.1056

n-Heptane 498.64 0363.82 0.581 0.1242 0.0017 −2.3484
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can be obtained from the condition

(11)

The Sanchez-Lacombe model has analytical expressions [2,3]

for the classical critical properties, but the QLF model cannot obtain

analytical expressions. Since it is hard to straightly obtain the classi-

cal critical properties for the QLF model, a method of getting them

is required. Minimum of ∂P/∂ρ, (∂P/∂ρ)|min is less than zero for T<Toc

and (∂P/∂ρ)|min is greater than zero for T>Toc. Therefore, (∂P/∂ρ)|min
is zero at the classical critical temperature and volume:

(12)

(13)

where (14)

To derive the crossover quasi-chemical nonrandom lattice fluid

(xQLF) model, we need to recast the classical expression for Helm-

holtz free energy into dimensionless form as follows:

(15)

where ∆T=T/Toc−1, ∆v=v/voc−1 are dimensionless distances from

the classical temperature Toc and molar volume voc, respectively.

(T)=P(T, voc)/RT is the dimensionless pressure, (T)= (T, voc)

is the dimensionless residual part of the Helmholtz free energy along

the critical isochore v=voc. Then we replace the classical dimensional

temperature ∆T and ∆v in the critical term with renormalized values.

(16)

(17)

where α=0.11, β=0.325, γ=2−2β−α=1.24 and ∆1=0.51 are univer-

sal non-classical critical exponents [9]. τ=(T/Tc)−1 is a dimensionless

deviation of the temperature from the real critical temperature (Tc), ϕ=

(v/vc)−1 is a dimensionless deviation of the molar volume from the

real critical molar volume (vc), and ∆τc=(Tc/Toc)−1, ∆vc=(vc/voc)−1.

The crossover function Y can be written in the parametric form

(18)

where q is a renormalized distance to the critical point and can be

found from the solution of the crossover sine-model (SM) [28].

(19)
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Table 2. Kernel term parameters for the xQLF model

Carbon dioxide Methane Ethane Propane

a20 14.558 10.138 12.986 13.087

a21 −3.578 −1.348 −3.894 −2.538

Table 3. Calculated deviations of saturated properties with the QLF, the xQLF, the xLF and the xCubic model

Fluids
AADPsat, a AADρb

T range

/KQLF xQLF xLF xCubic QLF xQLF xLF xCubic

Carbon dioxide 1.18 0.34 1.01 0.44 1.34 0.65 0.86 0.96 240 to 304

Methane 1.18 0.77 1.95 1.72 1.54 0.69 0.46 0.19 150to 190

Ethane 0.94 0.46 1.92 0.88 1.15 0.21 0.24 0.88 240 to 305

Propane 0.97 0.21 1.29 0.25 1.07 0.34 0.42 0.95 290 to 369

n-Butane 0.95 0.39 1.98 0.43 1.93 0.15 0.75 0.13 340 to 425

n-Pentane 1.04 0.21 0.71 0.16 1.26 0.48 0.60 1.12 400 to 469

n-Hexane 1.54 0.84 1.99 0.90 1.34 0.38 0.46 2.51 440 to 507

n-Heptane 1.59 0.75 1.91 0.66 1.58 0.43 0.46 1.15 480 to 540

a

b

AADP
sat

 = 1/n( ) Pi exp,

Sat.
 − Pi calc,

Sat.( )/Pi exp,

Sat.

i

n

∑⎝ ⎠
⎛ ⎞⋅ 100×

AADρ = 1/n( ) ρi exp,

Sat.
 − ρi calc,

Sat.( )/ρi exp,

Sat.

i

n

∑⎝ ⎠
⎛ ⎞⋅ 100×

Table 4. The deviations of PρT properties with the QLF, the xQLF,
the xLF and the xCubic model

Components
AADPa

T range/K
QLF xQLF xLF xCubic

Carbon dioxide 13.24 0.76 1.07 1.92 260 to 340

Methane 32.54 0.92 1.84 1.38 150 to 230

Ethane 10.27 0.85 1.45 1.87 260 to 340

Propane 13.54 0.98 1.87 1.93 320 to 420

n-Butane 34.27 1.25 1.78 2.07 380 to 480

n-Pentane 24.63 0.86 1.34 1.75 440 to 540

n-Hexane 21.39 0.76 1.46 1.54 460 to 560

n-Heptane 19.37 0.91 1.46 1.61 480 to 580

aAADP
sat

 = 1/n( ) Pi exp,

Sat.
 − Pi calc,

Sat.( )/Pi exp,

Sat.

i

n

∑⎝ ⎠
⎛ ⎞⋅ 100×
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sal sine-model parameters, p2=b2=1.359. Gi is the Ginzburg num-

ber for the fluid of interest [29] and we set m0=1 in this study. There-

fore, v1, d1, and Gi are the system-dependent parameters.

We added the Kernel term, K(τ, ϕ) to the Helmholtz expression,

which provides the correct representation of the isochoric heat capac-

ity asymptotically close to the critical point.

(20)

where the coefficient a20 is the asymptotic term and a21 is the first

Wegner-correction term.

The crossover form of the Helmholtz free energy can be written as

(21)
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Fig. 1. Plot of thermodynamic properties with predictions of the
QLF EOS (dotted curves), the xQLF EOS (solid curves)
for carbon dioxide. (a) vapor pressure, (b) saturated den-
sity, (c) PρT: ●, saturated data; ○, 260 K; △, 280 K; ▽,
300 K; ◇, 310 K; □ , 320 K; ▲ , 340 K.

Fig. 2. Plot of thermodynamic properties with predictions of the
QLF EOS (dotted curves), the xQLF EOS (solid curves)
for n-hexane. (a) vapor pressure, (b) saturated density, (c)
PρT: ●, saturated data; ○, 460 K; △, 480 K; ▽, 500 K;
◇, 520 K; □ , 540 K; ▲ , 560 K.
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(22)

The xQLF model can be obtained by differentiation of Eq. (21)

with respect to volumeas follows:

(23)

Thermodynamic second derivative properties can be represented

by derivatives of the Helmholtz energy and the pressure. Hence,

the expressions for the derivative properties in this work are

(24)

(25)
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Table 5. Calculated deviations for thermodynamic second derivative properties

Compound Property P/MPa AAD% QLF AAD% xQLF Compound Property P/MPa AAD% QLF AAD% xQLF

Carbon dioxide Cp 7.377 14.70 5.07 Methane Cp 4.599 11.50 6.05

7.5 16.50 5.16 4.8 12.90 6.24

8.0 18.70 6.54 5.1 13.60 8.01

8.5 20.60 8.56 5.4 13.80 8.29

κT 7.377 18.60 4.26 κT 4.599 20.10 3.01

7.5 20.80 4.45 4.8 20.50 4.21

8.0 25.60 6.23 5.1 21.60 6.06

8.5 28.90 7.58 5.4 22.80 8.27

α 7.377 27.50 4.01 α 4.599 20.60 3.13

7.5 25.60 3.08 4.8 21.50 3.08

8.0 30.60 5.64 5.1 22.60 4.16

8.5 31.80 7.58 5.4 23.80 4.48

µ 7.377 10.60 5.92 µ 4.599 13.80 4.42

7.5 10.10 5.08 4.8 14.10 5.05

8.0 11.60 5.15 5.1 13.80 6.65

8.5 12.90 5.56 5.4 14.60 8.08

ω 7.377 10.00 5.39 ω 4.599 07.12 3.54

7.5 07.16 3.28 4.8 08.08 4.28

8.0 08.58 2.16 5.1 12.60 2.59

8.5 09.32 1.56 5.4 12.90 5.62

Ethane Cp 4.872 12.60 6.07 Propane Cp 4.248 12.30 6.36

5.0 15.60 7.18 4.5 13.80 8.45

5.3 16.30 9.08 4.8 14.60 7.29

5.6 17.30 8.15 5.1 15.90 8.03

κT 4.872 23.60 3.12 κT 4.248 20.40 1.54

5.0 25.30 4.08 4.5 22.80 3.13

5.3 29.40 6.18 4.8 25.90 5.21

5.6 31.60 7.75 5.1 31.60 8.08

α 4.872 25.90 3.08 α 4.248 22.80 4.86

5.0 28.40 4.16 4.5 25.90 7.53

5.3 30.60 6.27 4.8 27.50 8.16

5.6 32.10 8.08 5.1 30.80 9.07

µ 4.872 12.80 4.26 µ 4.248 10.10 .912

5.0 14.60 4.16 4.5 11.60 1.54

5.3 15.60 5.25 4.8 13.80 3.37

5.6 18.80 6.84 5.1 15.40 5.29

ω 4.872 08.05 2.37 ω 4.248 06.12 1.61

5.0 08.43 2.48 4.5 07.08 1.95

5.3 09.16 2.27 4.8 08.01 2.24

5.6 09.98 2.30 5.1 08.94 2.37

AAD %( ) = 1/n( ) Mi exp,
 − Mi calc,

( )/Mi exp,

i

n

∑⎝ ⎠
⎛ ⎞⋅ 100×
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(27)

(28)

(29)

Where Cv is the isochoric heat capacity, κT is the isothermal com-

pressibility, α is the thermal expansivity, µ is the Joule-Thomson

coefficient, Cp is the isobaric heat capacity, ω is the sound speed and

Ares is the residual Helmholtz energy. The ideal gas heat capacity at

constant volume Cv
ideal can be obtained from the following expression.

Cv
ideal=Cp

ideal−R (30)

µ = T
∂P

∂T
------
⎝ ⎠
⎛ ⎞

v

 − ρ
∂P

∂ρ
------
⎝ ⎠
⎛ ⎞

T

Cp = Cv + 
Tα

2

κTρ
---------

ω  = 

Cp

Cv

-----
∂P

∂ρ
------
⎝ ⎠
⎛ ⎞

T

Fig. 3. Thermodynamic second order derivative properties of the QLF model (medium dashed curves) and the xQLF model (solid curves)
for ethane. (a) isobaric heat capacity, (b) thermal expansion coefficient, (b) isothermal compressibility, (d) Joule-Thomson coefficient,
(e) sound speed; ○, 4.872 MPa (=P

c
).
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Fig. 4. Thermodynamic second order derivative properties of the crossover Patel-Teja model (short dashed curves) and the xQLF model
(solid curves) for propane. (a) isochoric heat capacity, (b) isobaric heat capacity, (c) thermal expansion coefficient, (d) isothermal
compressibility, (e) Joule-Thomson coefficient, (f) sound speed; ○, 4.248 MPa (=P

c
); ▽, 4.5 MPa; □ , 4.8 MPa; ◇, 5.1 MPa.
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where Cp
ideal is the isobaric heat capacity of the ideal gas. For the

correlation of the isobaric heat capacity of the ideal gas, the follow-

ing equation is used:

Cp
ideal=A+BT+CT2+DT3+ET4 (31)

Coefficients (A, B, C, D) are taken from the NIST Chemistry Web-

Book [30].

RESULTS AND DISCUSSION

The xQLF model for pure fluids contains foursets of system-de-

pendent parameters: (1) the classical parameters, T*, P* and ρ*; (2)

the crossover parameters, Gi, v1 and d1 (3) the critical shifts of fluids,

∆τc and ∆vc, and (4) the Kernel term parameters, a20 and a21. Since

the real parameters Tc and vc for pure fluids are usually known, ∆τc
and ∆vc are known too. Three sets ofparameters could be obtained

by fitting the xQLF EOS to their experimental vapor pressure, satu-

rated density and PρT data for pure fluids. All experimental data

are obtained from the Korean thermophysical properties Databank

(KDB) [31]. Six molecular parameters for pure fluids in the xQLF

model are given in Table 1. We also find the last two kernel term

parameters (a20, a21) by fitting the xQLF model to the experimental

data [32-34] of isochoric heat capacity along the critical isochore.

The kernelterm parameters for the xQLF model are listed in Table 2.

To test the accuracy of the xQLF model, it was compared with

the classical QLF model, the crossover Sanchez-Lacombe (xLF)

model [13] and the crossover cubic (xCubic) model [12]. The devia-

tions of the VLE (vapor liquid equilibrium) and PρT properties cal-

culated with the classical QLF, xQLF, xLF and xCubic model are

listed in Tables 3 and 4. For all compounds, the xQLF model showed

that the average absolute deviation (AAD) for vapor pressure is less

than 0.77%, the AAD for saturated density is less than 0.69%, and

the AAD for pressure of PρT properties is less than 1.25%. The

xQLF model represented betteragreements with experimental data

than the classical QLF model. Calculated result of the xQLF model,

also, showed comparable to that of the xLF and the xCubic model.

It is explained that the quasi-chemical approachof the xQLF model

could be more important far from the critical point than near the

critical region. In Figs. 1 and 2, the xQLF model prediction for VLE

and PρT properties of carbon dioxide and n-hexane and is shown

and compared with that from the classical QLF model and experi-

mental data. From these figures, the classical QLF model appar-

ently showed over-prediction of the critical pressure and critical

temperature,while the xQLF model could achieve excellent agree-

ment with experimental data both near and far from the critical region.

The deviation of the thermodynamic property data calculated

with the QLF model and the xQLF model is listed Table 5. It shows

that the average absolute deviation (AAD) for all properties is im-

proved by the crossover approach. Fig. 3 depicts thermodynamic

second order derivative properties of the QLF model and the xQLF

model for ethane. Near the critical region, experimental data of Cp,

κT, α show steep extremes, and those of ω, µ show drastic changes.

The xQLF model shows an excellent agreement with experimental

data which show singular behavior near the critical point. However,

the classical QLF model does not describe the singular behavior. In

the predictions of isobaric heat capacity, isothermal compressibility

and thermal expansion coefficient, the QLF model showsthe maxi-

mum value at the critical point but does not predict singular behavior

approaching infinity at the critical point. And the QLF model predicts

the Joule-Thomson coefficient and sound speed with higher inac-

curacies than those of the xQLF model. In Fig. 4, results for the com-

parison with estimations of the xQLF model and the crossover Patel-

Teja model developed by Kiselev et al. [10] show that the xQLF

model yields comparable to the crossover Patel-Teja model.

CONCLUSION

A crossover quasi-chemical nonrandom lattice fluid is presented.

The quasi-chemical nonrandom lattice fluid model is combined with

a crossover theory which incorporates the critical scaling laws valid

asymptotically near the critical point and reduces to the original clas-

sical quasi-chemical nonrandom model far from the critical region.

The crossover quasi-chemical nonrandom lattice fluid model repro-

duces volumetric properties and second-order derivative properties

of fluids near to and far from the critical region. The quasi-chemical

nonrandom lattice fluid model shows greater improvements than

the classical quasi-chemical nonrandom model, and it yields com-

parable to the crossover Sanchez-Lacombe model and the cross-

over cubic model.
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NOMENCLATURE

a : Helmholtz free energy per mole

A : Helmholtz free energy

: dimensionless Helmholtz free energy

b2 : universal linear-model parameter

d1 : rectilinear diameter amplitude

Gi : Ginzburg number

P : pressure

R : gas constant

r : number of segments per molecule

T : temperature

V : volume

v : molar volume

v* : close packed volume of a mer

z : lattice coordination number

Z : compressibility factor

Greek Letters

ε* : molecular energy parameter

ρ : molar density

ρ* : close packed molar density

ϕ : order parameter

: renormalized order parameter

θ : surface area fraction

τ : reduced temperature difference

: renormalized temperature difference

A

ϕ

τ
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Subscript

id : ideal gas state

r : residual properties

Superscript

0 : classical

c : critical

~ : reduced properties

* : characteristic properties
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