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Abstract−A theoretical analysis of buoyancy-driven instability under transient basic fields is conducted in an initially

quiescent, fluid-saturated, horizontal porous layer. Darcy’s law is used to explain characteristics of fluid motion, and

the anisotropy of permeability is considered. Under the Boussinesq approximation, the energy stability equations are

derived following the energy formulation. The stability equations are analyzed numerically under the relaxed energy

stability concept. For the various anisotropic ratios, the critical times are predicted as a function of the Darcy-Rayleigh

number, and the critical Darcy-Rayleigh number is also obtained. The present predictions are compared with existing

theoretical ones.
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INTRODUCTION

Buoyancy-driven phenomena in porous media play an impor-

tant role in a wide variety of engineering applications, such as geo-

thermal reservoirs, agricultural product storage system, packed-bed

catalytic reactors and pollutant transport under the ground. One of

the attractive convection phenomena in porous media is the natu-

rally enhanced carbon dioxide (CO2) dissolution into the saline water

confined within the geologically stable formations [1-10]. In this

particular case the heavier CO2 saturated water will flow downward

and will be replaced by water with lesser CO2 content. Although

the density increase of CO2 is only around 1% at subsurface con-

ditions, on long time scales this can lead to a convective mixing

process, which significantly accelerates the dissolution of CO2, and

thus improves the containment.

The onset of buoyancy-driven convective instabilities in porous

media was first analyzed by Horton and Rogers [11] and indepen-

dently by Lapwood [12]. They examined thermally driven convec-

tion and used the methods developed for convection in a homo-

geneous fluid under the assumption of the linear and time-indepen-

dent temperature profile. However, for the case of transient nonlinear

temperature or concentration field, the related instability has been

analyzed by using the frozen-time model [13], the energy method

[1,4,5,13], and the linear amplification theory [1,4,5,13]. All of these

methods have a parallel history of application in the Rayleigh-Bénard

convection. The first model is based on linear theory and yields the

critical time as a parameter based on the quasi-static approximation.

In the energy method, the generalized energy functional is derived

and the parameter range at which finite disturbances will decay expo-

nentially. The last method is an initial value model that requires the

initial conditions at the time t=0 and the criterion to define mani-

fest convection. Riaz et al. [3] analyzed the onset of convection in

porous media under the time-dependent concentration field in self-

similar coordinate. Their basic idea is quite similar to the propaga-

tion theory [14]. Recently, for the isotropic porous media, Selim

and Rees [15], Hassanzadeh et al. [16] and Kim and Choi [17] re-

considered the present transient problem by employing linear stability

analysis, direct numerical simulation and modified energy method,

respectively. Under the linear stability theory Rapaka et al. [6] and

Hidalgo et al. [7] introduced the nonmodal stability concept into the

present problem. For isotropic and anisotropic media, they found

the most unstable infinitesimal disturbances for a specified condition.

Further historical review can be found in Nield and Bejan [18].

In the present study the onset of buoyancy-driven convection in an-

isotropic porous media is investigated by the relaxed energy method.

Even though Ennis-King et al. [1], Hassanzadeh et al. [4], Xu et al.

[5], and Hong and Kim [19] considered this problem by employ-

ing the energy method, their results are slightly different from each

another. In the present work, their results are compared and extended

to a larger time region. Therefore, the present work may be the com-

plement and extension of the previous work [1,4,5,19].

THEORETICAL ANALYSIS

1. Governing Equations

The system considered here is an initially quiescent, fluid-satu-

rated, horizontal porous layer of depth d, as shown in Fig. 1. Ini-

tially, the fluid layer contains no solute, i.e., C=0 at t=0. For time

t≥0, the gas starts to dissolve into the fluid layer through the upper

free boundary which is assumed to be maintained at uniform con-

Fig. 1. Schematic diagram of system considered here.
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centration Ci. The lower boundary is assumed to be impermeable

and at no mass flux condition. The standard governing equations

for the solute-driven convective mixing consist of Darcy’s law for

the fluid motion in a porous medium and the convective diffusion

equation for the transport of the dissolved solute. Under the Bouss-

inesq approximation, they can then be written as follows [1]:

∇·U=0, (1)

(2)

(3)

where U is the Darcy velocity vector, µ is the fluid viscosity, K is

the absolute permeability tensor assumed constant everywhere but

not necessarily isotropic, P is the pressure, g is the gravitational ac-

celeration, ε is the porosity C is the solute concentration, t is time,

β is the volumetric expansion coefficient and αs is the effective molec-

ular diffusivity of the solute in the aqueous phase in the porous me-

dium. The important parameters to describe the present system are

the Darcy-Rayleigh number RaD and the anisotropic ratio γ defined

by

where Kh and Kv denote the permeability in horizontal and vertical

directions, respectively. The effect of an anisotropic permeability

on the flow field was studied by Rees and Storesletten [20].

For the present transient stability analysis we define a set of nondi-

mensionalized variables τ, z and c0 by using the scale of time d
2
/αs,

vertical length d and concentration Ci. Then the basic diffusion state

is represented in dimensionless form by

(4)

with the following initial and boundary conditions:

c0=0 at τ=0, (5a)

(5b)

The above equations can be solved by using conventional separa-

tion of variables technique or Laplace transform method as follows:

(6a)

(6b)

where ωn=(n−1/2)π. Eq. (6b) converges more rapidly than Eq. (6a)

for a small time region. The evolution of the basic profiles of concen-

tration with time is described in Fig. 2. For the deep-pool region of

τ≤0.01, the base concentration profiles reduced:

(7)

where ζ=z/ . The above Leveque-type solutions of Eq. (7) are

in good agreement with the exact solutions of Eq. (6) in the region

of τ<0.1. For τ≤0.01 Eq. (6b) with n=0 yields almost the same con-

centration profile as Eq. (7).

2. Stability Equation

By perturbing Eqs. (1)-(3), we can obtain the following dimen-

sionless equations:

∇'·u1=0, (8)

u1+∇'p1−Rc1k=0, (9)

(10)

under the following boundary conditions:

u1=c1=0 at z=0, (11a)

(11b)

where ∇'=i ∂/∂x+j ∂/∂y+k∂/∂z and i, j and k are the unit vec-

tors in the Cartesian coordinate and R= .

Now, multiplying Eq. (9) by u1 and Eq. (10) by c1, integrating

them over the volume Ω and then employing the divergence theo-

rem, Eqs. (9) and (10) become the following energy identities:

(12)

(13)

where the primes have been dropped and = . In the pres-

ent system the dimensionless energy functional can be defined as a

linear combination of Eqs. (12) and (13) with a coupling constant

λ>0:

(14)

By setting c1= , the above energy identity can be expressed as

(15)

where the hats have been dropped. The above relation can be repre-

µ

K
----U = − ∇P + ρβgC,

ε
∂C
∂t
------- + U ∇C = εαs∇

2
C,⋅

RaD = 

gβdKhCi

εαsν
--------------------- and γ = 

Kv

Kh

------.

∂c0
∂τ
------- = 

∂2c0

∂z2
---------,
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∂c0
∂z
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c0 =1− 2
ωnz( )sin
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2
τ( ),exp

n=0

∞
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n

τ
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z
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Fig. 2. The evolution of the basic profiles of concentration with time.
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sented as

(16a)

where

(16b)

(16c)

The relative stability with respect to the most dangerous distur-

bances is guaranteed under the following condition [21]:

σ1<σ0 for all τ, (17)

where σ1=(1/E)(dE/dτ) and σ0=(1/E0)(dE0/dτ). Here E0 is basic energy,

i.e. E0= /2. The growth rate of disturbance energy σ1 is smaller

than that of basic energy and the fluid layer is relatively stable when

R<Rλ where

(18)

This maximum problem can be solved by the variational technique.

In the usual manner the following Euler-Lagrange equations can

be obtained:

∇'·u1=0, (19)

(20)

(21)

where φ is a Lagrangian multiplier.

Under the normal mode analysis, taking the double curl on Eq.

(20), the following equations can be obtained.

(22)

(23)

with the following boundary conditions

w1=c1=0 at z=0, (24a)

(24b)

The critical value RaD at which the growth rate of perturbation energy

is less than that of basic energy for a whole range of time is given by

(25)

Based on the base concentration profile of Eq. (6a), σ0 can be written

as

(26)

For the limiting case of τ→0, we can obtain σ0=1/2τ from the con-

centration profile of Eq. (7), and rewrite the above stability equa-

tions by employing the similarity variable ζ=z/  as,

(27)

(28)

with the following boundary conditions

w1=c1=0 at ζ=0, (29a)

w1=Dc1=0 as ζ→∞, (29b)

where D=d/dζ, Rλ

*=Rλτ
1/4, and a*=aτ1/2. For the isotropic case of

γ=1, the stability equations of Eqs. (27)-(29) are identical to those

given by Kim and Choi [17] which were derived in (τ, ζ )-domain

under the strong stability concept. And for another limiting case of

τ→∞, σ0=0, which can be easily obtained from Eq. (26), and the

above stability equations, Eqs. (22)-(25), degenerate into the strong

stability formulation which was already analyzed by Hong and Kim

[19]. Therefore, the present stability equations can cover the whole

time region without any contradiction and assumption.

3. Solution Method

The stability Eqs. (22) and (23) are solved by employing the out-

ward shooting scheme [22]. To integrate these stability equations

the proper values of dw1/dz and dc1/dz at z=0 are assumed for a

given τ, a, λ and γ. Since the stability equations and their boundary

conditions are all homogeneous, the value of dw1/dz at z=0 can be

assigned arbitrarily and the value of the parameter Rλ is assumed.

This procedure can be understood easily by taking into account the

characteristics of eigenvalue problems. After all the values at z=0

are provided, this eigenvalue problem can proceed numerically. Inte-

gration is performed from z=0 to z=1 with the fourth-order Runge-

Kutta-Gill method. If the guessed values of Rλ and dc1/dz at z=0

are correct, w1 and dc1/dz will vanish at z=1. To improve the initial

guesses the Newton-Raphson iteration is used.
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Fig. 3. Comparison of critical conditions for the isotropic case of
γ =1.
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RESULTS AND DISCUSSION

For the isotropic case of γ=1, the critical time τc from the various

methods is compared in Fig. 3. Hong and Kim [19] extended the

linear amplification theory up to the larger region of τ which Ennis-

King et al. [1] and Hasanzadeh et al. [4] had never reached. Ennis-

King et al. [1] and Hassanzadeh et al. [5] stopped their analyses near

RaD, c and therefore, τf is not able to be found in their linear amplifi-

cation theory. For the large τ region of τ>0.1, the frozen-time model,

the energy method, the linear amplification theory and the present

analysis give the nearly same results, and Ennis-King et al.’s [1]

energy method supports our results. This proves our solution meth-

ods to be reasonable. As mentioned by Ennis-King et al. [1], for

the region of small τ, the energy method is not capable of produc-

ing a critical condition due to the numerical accuracy. Even though

Xu et al. [5] produced the critical condition for this region, their

results are much lower than those of Ennis-King et al.’s [1] and the

present work. Therefore, it seems that Xu et al.’s [5] results are nu-

merically inaccurate. Hassanzadeh et al. [4] tried various types of

initial conditions and found the most dangerous initial condition is

the white noise condition.

For the region of τ<0.01, where the effect of the lower boundary

condition is insignificant, based on the linear amplification theory,

Hassanzadeh et al. [4] suggested the lower bound of stability limit

as τc=60RaD
−2. Their lower bound is smaller than Ennis-King et al.’s

[1] stability condition, τc=75RaD
−2, even though the same initial con-

dition was used in both studies. Hassanzadeh et al.’s [4] lower bound

is quite close to our frozen-time model. This difference between the

Hassanzadeh et al.’s [4] and Ennis-King et al.’s [1] may originate

from the difference in the stability criteria. Ennis-King et al. [1] pro-

duced stability limits based on the following amplification factor of

the averaged concentration disturbances:

(30)

whereas, Hassanzadeh et al. [4] used the following amplification

factor of the averaged vertical velocity disturbances:

(31)

They traced the amplification of these quantities and chose the stabil-

ity limits as ∂ /∂τ=0 and ∂ /∂τ=0. Recently, Rapaka et al. [6] de-

fined the critical time τc
(k) as the time the most unstable disturbance

reaches an amplification of 10
k
, i.e., =10

k
 at τ=τc

(k). It is interest-

ing that the present relaxed energy method predicts the nearly same

critical time as that based on Ennis-King et al.’s [1] linear amplifi-

cation theory.

Let’s consider the effect of anisotropy on the critical conditions.

For the mild anisotropic case of γ=0.1, the stability results are sum-

marized in Fig. 4. The lower value of vertical permeability makes

the system stable. For the large time of τ≥0.1, Hong and Kim’s

critical times based on the energy method, and the frozen-time model

and the present one are nearly the same. However, Hong and Kim’s

[19] energy method gives a quite different result from that of Ennis-

King et al’s [1]. For the region of τ≤0.1, the present relaxed energy

method gives the least conservative stability limit and Hong and

Kim’s [18] stability characteristics reproduces Ennis-King et al.’s

[1]. It is interesting that for the region of τ≥0.08 the frozen-time

model gives more stable results than the energy method. This rever-

sal of tendency has never been observed in the isotropic case and

even in other systems such as Rayleigh-Benard convections.

The stability results for the severe anisotropic case of γ=0.01

are summarized in Fig. 5. The much lower value of vertical per-

meability leads to a significant increase in RaD. This means that the

strong anisotropic effect makes the system more stable and retards

the CO2 dissolution, as mentioned by Ennis-King and Paterson [2].

If other physical parameters such as thickness are fixed, this corre-

sponds to a much later onset time for convection compared to the

isotropic case. In Fig.5, for the long time of τ≥0.5 all methods predict

almost the same results, while at τ≈0.1, the stability characteristics

are quite different from each other. For the long time of τ≥0.2 the

present results are quite different from that of Ennis-King et al’s

[1].

To obtain analytical scalings for the dependence of critical Ray-

leigh number for the onset of convection on the anisotropy ratio,

c = c1
2
τ z,( )dz c1

2
0 z,( )dz

0

1

∫
0

1

∫
⎩ ⎭
⎨ ⎬
⎧ ⎫

1/2

,

w = w1

2
τ z,( )dz w1

2
0 z,( )dz

0

1

∫
0

1

∫
⎩ ⎭
⎨ ⎬
⎧ ⎫

1/2

.

c w

c

Fig. 4. Comparison of critical conditions for the moderate aniso-
tropic case of γ =0.1.

Fig. 5. Comparison of critical conditions for the strong anisotro-
pic case of γ =0.01.
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Ennis-King et al. [1] used single-term approximation and suggested

the following relation:

(32)

In Fig. 6, the scaling proposed by Ennis-King et al. [1] and that ob-

tained from the present work are compared. It can be seen that the

present RaD, c(γ) correspond closely with Eq. (32).

To validate the theoretical analysis, the predictions of τc should

be compared with experimental observations. Recently, Ennis-King

and Paterson [2] and Kneafsey and Pruess [23] conducted labora-

tory experiments for carbon dioxide-induced, density-driven con-

vection in Hele-Shaw cells. However, they do not give all the data

that is needed to calculate τc. To support and validate theoretical

analyses, many researchers conducted various numerical simula-

tions on the present problem [2-4,6]. Their stability analysis results

are strongly dependent on the numerical scheme and the initial con-

dition. Therefore, further studies are required to investigate the effect

of initial conditions on the stability criterion.

It is well-known that convective mixing is the dominant mecha-

nism for dissolution of CO2 and the anisotropy effects retard the

onset of buoyancy-driven convective motion. However, many other

factors affect the onset condition, such as anisotropy of thermal or

molecular diffusivity and temperature, concentration dependent vis-

cosity variation and geothermal gradient. Therefore, many extensions

of the present study including double diffusive convection are pos-

sible, and the variations of geological and physicochemical proper-

ties should be considered in real applications such as the dissolu-

tion of CO2 into the stable aquifer.

CONCLUSIONS

The critical condition to mark the onset of convective motion in

an initially quiescent, horizontal anisotropic porous layer has been

analyzed by using the relaxed energy method. The resulting stabil-

ity criteria compare reasonably well with previous theoretical pre-

dictions. And, the previous theoretical analyses are complemented

in the larger time domains and anisotropic cases. The anisotropy

effect makes the system more stable and therefore decelerates the

dissolution process. Various physical mechanisms related to disso-

lution, precipitation and geochemical reactions, which are not con-

sidered in the present analysis, can be expected to play a role in real

dissolution process.
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NOMENCLATURE

a : dimensionless wavenumber, 

C : concentration [kgmol/m3]

: amplification factor of the averaged concentration distur-

bance

c0 : dimensionless base concentration, C/Ci

c1 : dimensionless concentration disturbance, (gβC1Khd)/(εαsν)

d : porous layer depth [m]

g : gravitational acceleration vector [m/s2]

i, j, k : unit vectors in the Cartesian coordinate

K : permeability tensor [m2]

P : pressure [Pa]

p : dimensionless pressure

RaD : Darcy-Rayleigh number, gβdKhCi/(εαsν)

t : time [s]

U : velocity vector [m/s]

u : dimensionless velocity vector

: amplification factor of the averaged vertical velocity distur-

bance

w1 : dimensionless vertical velocity component

(x, y, z) : dimensionless Cartesian coordinates

Greek Letters

αs : effective molecular diffusivity [m2/s]

β : densification coefficient [m3/kgmol]

γ : anisotropic ratio, Kv/Kh

λ : coupling constant

µ : viscosity [Pa·s]

ν : kinematic viscosity [m2/s]

ρ : density [kg/m3]

τ : dimensionless time, αst/d
2

φ : Lagrangian multiplier

Subscripts

c : critical states

0 : base quantities

1 : perturbed quantities
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