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Abstract−A new fractional-order proportional-integral controller embedded in a Smith predictor is systematically

proposed based on fractional calculus and Bode’s ideal transfer function. The analytical tuning rules are first derived

by using the frequency domain for a first-order-plus-dead-time process model, and then are easily applied to various

dynamics, including both the integer-order and fractional-order dynamic processes. The proposed method consis-

tently affords superior closed-loop performance for both servo and regulatory problems, since the design scheme is

simple, straightforward, and can be easily implemented in the process industry. A variety of examples are employed

to illustrate the simplicity, flexibility, and effectiveness of the proposed SP-FOPI controller in comparison with other

reported controllers in terms of minimum the integral absolute error with a constraint on the maximum sensitivity value.

Keywords: Smith Predictor, Fractional-order Proportional-integral (FOPI) Controller, Bode’s Ideal Transfer Function, Frac-

tional Calculus

INTRODUCTION

Time delays are commonly encountered in process control prob-

lems arising from distance velocity lags, recycle, composition anal-

ysis loops, as well as the time required to transport mass and energy.

Processes with large time delays are not easily controlled using a

PID controller due to additional phase lag caused by time delay that

tends to destabilize closed-loop control systems. To compensate

for the negative effects of time delays, the Smith predictor [1] is

the one of the most effective control techniques that accounts for time

delay, and is well known as a dead-time compensator for stable pro-

cesses with large time delays. Although the Smith predictor offers

potential improvement by ignoring the delay term from the closed-

loop characteristic equation and significantly facilitating controller

design in comparison with conventional feedback systems, the closed-

loop performance can be poor in the face of inevitable mismatch

between the model and actual process. To overcome this limita-

tion, many approaches have been suggested to improve the perfor-

mance of the Smith predictor control system [2-7]. These approaches

basically fall under two frameworks: determining and tuning the

parameters of an appropriate controller (i.e., PI or PIP) [2-5]; and

modified Smith predictors [6,7].

Recently, fractional calculus [8] (i.e., fractional integro-differential

operators) has been successfully used with satisfactory results to

model and control processes with complicated dynamical behavior.

Fractional calculus extends ordinary differential equations (ODE)

to fractional-order differential equations (FODE) as a generaliza-

tion of integration and differentiation to non-integer orders. Corre-

spondingly, a fractional-order proportional-integral-derivative (FOPID)

controller is a generalization of a standard (integer) PID controller,

but affords more flexibility in PID controller design due to its five

controller parameters (in contrast to the standard three): proportional

gain, integral gain, derivative gain, integral order, and derivative order.

Different works have been introduced to facilitate their use in the

literature [9-13]. Oustaloup [9] suggested fractional-order algorithms

for the control of dynamic systems based on non-integer derivatives.

Podlubny [10] introduced the generalized PID controller, PI
λ
D

μ
,

which involves a fractional-order integrator (λ) and a fractional-

order differentiator (μ). The two extra parameters (λ and μ) give

this type of controller improved flexibility over integer PID con-

trollers, giving it wide industrial applicability [11-13]. In addition,

due to the advantages of fractional calculus, the design of FOPI con-

trollers combined with Smith predictors (SP-FOPI) has also become

an attractive research issue. Although the applicable method has

been reported in the literature [14,15], the design and tuning of the

SP-FOPI controller is still difficult and challenging because of its

complex iterative steps with non-analytical forms.

We focused on a simple and efficient analytical design method

for the FOPI controller embedded in a Smith predictor structure

(SP-FOPI), which can provide enhanced performance for both set-

point tracking and disturbance rejection problems. Based on fractional

calculus and Bode’s ideal transfer function [11,15-17], the proposed

SP-FOPI tuning rules can be analytically derived for FOPDT mod-

els and can be easily applied to various process models by using

the frequency domain.

THEORY DEVELOPMENT

1. Fractional Calculus

Various mathematical definitions and concepts of fractional cal-

culus have arisen, all of which affect potential results due to differ-

ent initial conditions. Therefore, a unique definition of fractional

differentiation should be considered to avoid ambiguity by restric-

tion to null values. The most commonly used method is the Rie-
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mann-Liouville (RL) definition [8], which is generalized by two

equalities that are easily proved for integer orders:

(1)

where Γ (•) denotes Euler’s gamma function. The values a and t

are the limits. Note that fractional calculus Eq. (1) develops a non-

integer (fractional) order functional operator, aDt

v
, wherein v(v∈ℜ)

represents the order of the operator that generalizes usual deriva-

tives (for positive v) and integrals (for negative v).

The Laplace transform of the RL fractional derivative/integral in

Eq. (1) under zero initial condition for order v (0<v<1) is given as

follows:

L{aDt

±v
f(t)}=s±vF(s) (2)

A fractional order system can be represented by a typical FODE

diagram in the time domain. A single-input, single-output (SISO)

linear time invariant (LTI) system, relaxed at t=0, are can be ex-

pressed as:

(3)

where u(t) and y(t) are the input and output of the system, respec-

tively.

As a result, system Eq. (3) can be described in the Laplace domain

by the following transfer function:

(4)

where vi and wj are arbitrary, real, and positive.

For both simulations and hardware implementations, the transfer

function including the fractional order of s is commonly approxi-

mated by an integer order transfer function with similar behavior,

which includes an infinite number of poles and zeros. Neverthe-

less, reasonable approximations can be obtained with finite num-

bers of poles and zeros by using the Oustaloup continuous integer-

order approximation [9], which is based on a recursive distribution

of poles and zeros:

(5)

Eq. (5) is legitimate in the frequency range [ωl, ωh], where the

gain, k, should be regulated so that both sides of (5) have unit gain

at the gain crossover frequency, sv (i.e. ωc=1 rad/s). The number of

poles and zeros (i.e. N=8) is chosen, since ωl and ωh are, respec-

tively, 0.001ωc and 1000ωc. Moreover, low values of N result can

give simpler approximations, but may cause ripples in both gain

and phase behaviors. The ripples can be functionally removed by

increasing N, but computation costs will be increased.

2. Design of FOPI Controller in Frequency Domain

The fractional integro-differential equation of a FOPI controller

is described by:

u(t)=KCe(t)+KIDt
−λe(t), (λ>0) (6)

where KC, KI and λ denote the proportional term, integral term, and

fractional order in the FOPI controller, respectively.

A continuous transfer function of the FOPI controller can be ob-

tained through Laplace transformation as in the following:

(7)

From Eq. (7), it is clear that the FOPI controller involves three

parameters (KC, KI, and λ) that require tuning, since the fractional

order λ is not necessarily an integer. This expansion provides more

flexibility in achieving control objectives, since the FOPI general-

izes the conventional integer PI controller.

The FOPI controller is represented in the frequency domain by

substituting s=jω into Eq. (7):

(8)

The fractional power of jω is written as

(9)

where n=0,   …,  Hence, the convenient form is given

as follows:

(10)

The FOPI controller in terms of the complex equation is estab-

lished by substituting Eq. (10) into Eq. (8):

(11)

3. SP-FOPI Controller Design Procedure

Consider a block diagram of a Smith predictor control scheme

as shown in Fig. 1, where G(s) and (s) are the transfer function

process and process model, respectively. Gm(s) and θm are the model

transfer function and model delay time, respectively. GC(s) denotes

the controllers. y(s), r(s), d(s), and u(s) correspond to the controlled

output, the set-point input, the disturbance input, and the manipu-

lated variables, respectively.

The closed-loop transfer function for set-point changes is given by:

(12)

D
v

a t f t( ) = 

1

Γ
 

n − v( )
-------------------

d
n

dt
n
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Fig. 1. Block diagram of a Smith predictor control structure.
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The closed-loop transfer function of Eq. (12) is commonly reduced

to Eq. (13) by assuming the perfect model condition, (s)=G(s).

(13)

Hence, the controller for a Smith predictor control scheme can

be directly obtained by using a direct synthesis (DS) approach:

(14)

Based on the DS approach, the controller is derived by employ-

ing two key assumptions: the process model (s) is available, and

the desired closed-loop response, [y(s)/r(s)]d, can be expressed as a

closed-loop transfer function for set-point changes. Accordingly, the

ideal controller, GC(s), can be derived by replacing the unknown

y(s)/r(s) by [y(s)/r(s)]d.

(15)

The controller given by Eq. (15) does not have the standard form

of an FOPI controller. Therefore, it is necessary to find an FOPI

controller that closely matches the ideal Smith predictor controller

by considering the desired closed-loop transfer function of the frac-

tional-order system given by the unit feedback system in Fig. 2.

(16)

where L(s) is the ideal open-loop transfer function given by Bode

feedback amplifiers [16], which is defined as L(s)=(ωcg/s)
γ, γ∈ℜ+.

The value ωcg is the gain crossover frequency of L(s). The value

denotes the slope of the magnitude curve, which may assume non-

integer values. L(s) is a fractional-order differentiator for γ<0 and

a fractional-order integrator for γ>0.

In accordance with Eq. (16), the dynamic behavior of this trans-

fer function corresponds to the first- and the second-order systems,

so it is often used as the reference system. Moreover, this transfer

function can be considered as the result of closed-loop connection

between the fractional-order integrator with gain and order of sys-

tem. Bode [16] calls this transfer function the ideal open-loop trans-

fer function. Motivated by these results, we developed the tuning

of the SP-FOPI controller based on this fractional reference model

in this paper.

To account for the time delay, the closed-loop transfer function

of the fractional reference model becomes [11]:

(17)

By substituting Eq. (17) into Eq. (14), the controller for the de-

sired set-point changes is generally obtained by:

(18)

Since a first-order-plus-dead-time (FOPDT) process model is

commonly used in the process industry, it is assumed that the pro-

cess has FOPDT dynamics, namely,

(19)

where K, τ, and θ denote the process’s gain, time constant, and dead

time, respectively.

Substituting Eq. (19) into Eq. (18), gives the ideal controller for

FOPDT processes as:

(20)

By substituting s=jω into Eq. (20), the resulting FOPI controller

is established in the frequency domain as:

(21)

where,

e−jθω=cos(φ)− jsin(φ), φ =θω (22)

(23)

By comparing Eq. (21) and Eq. (11), analytical tuning rules of

the integral and proportional terms of the proposed FOPI controller

are obtained, respectively:

(24)

(25)

These tuning rules can be applied for various dynamic models,

since many systems can be approximated as an FOPDT model. Note

that the ideal FOPI controller to give a desired closed-loop response

given in Eq. (17) perfectly must have frequency-dependent con-

troller parameters as seen in Eqs. (24) and (25). However, the con-

troller we aim to design is an FOPI controller with constant control-

ler parameters that approximates the ideal FOPI controller closely.

For this purpose, the frequency variables ω and ωcg will be consid-
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Fig. 2. A fractional-order control system based on Bode’s ideal
transfer function.
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ered as a decision variable in the optimization problem for finding

optimal controller parameters. Eqs. (24) and (25) will then be used

for estimating the corresponding optimal KC and KI values.

4. Selection of Tuning Parameters

The tuning parameters have been selected in such a way that the

resulting controller can be obtained in terms of the tradeoffs between

performance and robustness for both servo and regulatory prob-

lems. Accordingly, an integral absolute error (IAE) criterion is con-

sidered for the evaluation of the closed-loop performance:

(26)

To evaluate the robustness of the control system, the maximum

sensitivity (Ms) criterion is commonly considered in the literature

for its many useful physical interpretations. In particular, the Ms

value is the inverse of the shortest distance from the Nyquist curve

of the loop transfer function to the critical point (−1, 0), which in-

dicates a correlation between the Ms value and the stability margin

of the control system.

The Ms value is defined as the maximum value of the sensitiv-

ity function over frequency, namely,

(27)

To ensure fair comparison, the proposed SP-FOPI controllers

are tuned by adjusting the ratio ω/ωcg and γ so that Ms values are

identical, i.e., each controller has the same or higher robustness com-

pared with the other controllers in terms of the maximum magni-

tude of the sensitivity function.

In general, the procedure of selection of tuning parameters can

be given as follows: the fractional-order of integral (λ) is first selected

on the basis of process dynamics. Second, the suitable Ms value

(robustness level) for the specified control system is selected. Finally,

the parameters of proportional and integral gains are obtained by

adjusting the values of ω, ωcg and γ to satisfy the given Ms value.

Note that the set of (ω, ωcg, γ) is not unique to a given Ms value.

The remaining degree of freedom is used to find the optimal set of

(ω, ωcg, γ) for the best IAE value while it satisfies the Ms equality

constraint. In the case of the implementation in practice, it also fol-

lows the above-mentioned procedure; the resulting controller parame-

ters and the corresponding values of optimal set of (ω, ωcg, γ) are

used in Eqs. (24) and (25) as a fixed value.

SIMULATION STUDY

To demonstrate the simplicity and effectiveness of the proposed

SP-FOPI tuning rules, five examples are given in this section. More-

over, the integral order λ is one of the most important factors and

significantly affects the performance and robustness of the closed-

loop system. Therefore, the effects of λ are also analyzed in this

section. The fractional-order is scanned in the range of λ; the best

proposed controller parameters are then picked based on the IAE

criterion for a given desired Ms value.

1. Example 1

Consider the FODT process model studied by Padula et al. [18]:

(28)

The fractional order λ ranges from 0.7≤λ≤1.4. The proposed

SP-FOPI controller parameters were calculated for different λ val-

ues with a desirable Ms value of 1.20 as shown in Table 1. Fig. 3

shows the effects of λ values on the closed-loop performance. The

best fractional order λ that provides the smallest values of IAE for

both set-point tracking and disturbance rejection is 1.0. Accordingly,

the proposed SP-FOPI controller becomes an integer Smith pre-

dictor PI (SP-PI) controller.

Since no valid design methods for SP-FOPI and/or SP-FOPID

controllers exist in the literature, the FOPI controller tuning rules

suggested by Padula et al. [18], Chen et al. [19], and Gude et al.

[20] are used to design the controllers, which are compared with

the proposed SP-FOPI controller. To achieve more robustness, the

proposed controller was tuned to have Ms=1.20, since the frac-

tional order λ=1.0 was selected. The resulting controller parameters

and the calculated performance and robustness indices are summa-

rized in Table 2.

Unit step changes in the set-point and load disturbance were in-

troduced at t=0 (sec) and t=15 (sec), respectively. The correspond-

ing simulation results are shown in Fig. 4. It is evident from Table

2 and Fig. 4 that the proposed controller affords improved closed-

loop performance with fast and well-balanced responses over those

of the other controllers for both the set-point and disturbance rejec-

tion problems. The controller output (manipulated variable) responses

shown in Fig. 5 demonstrate that the control efforts of all compara-

tive controllers are sufficiently smooth for successful operation.

IAE = e t( )dt
0

∞

∫

Ms = 

1

1+ GC jω( )Gm jω( )
------------------------------------------

0 ω ∞< <

0 ωcg ∞< <

1 γ 2< <

limmax

G s( ) = G̃ s( ) = 

e
−0.67s

s +1( )
-------------

Table 1. Controller parameters and performance index for var-
ious values of (example 1)

λ ω/ωcg γ KC τI Ms IAEsp IAEd

0.7 3.700/2.920 1.370 0.783 0.135 1.20 2.070 1.93

0.8 3.980/2.995 1.381 1.167 0.177 1.20 1.450 1.24

0.9 3.985/3.390 1.390 1.751 0.201 1.20 1.144 0.89

1.0 4.300/3.120 1.425 1.746 0.186 1.20 1.135 0.77

1.1 4.500/2.345 1.301 1.720 0.258 1.20 1.280 0.83

1.2 4.700/2.154 1.234 1.696 0.305 1.20 1.430 0.92

1.3 4.800/1.963 1.168 1.663 0.375 1.20 1.610 1.07

1.4 4.900/1.775 1.100 1.624 0.490 1.20 1.840 1.31

Fig. 3. Effects of fractional order λ on IAE for example 1.
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2. Example 2

The following process model is considered as follows [18]:

(29)

The fractional order λ is scanned in the range of 0.5≤λ≤1.4. Table

3 summarizes the simulation results with different values of λ and

a given Ms=1.20. Fig. 6 shows the effects of λ on the IAE values

for this process. It is clear that the best value of λ is 0.70, which

produces the smallest value of IAE for set-point tracking and ac-

ceptable value of IAE for disturbance rejection. Accordingly, the

proposed SP-FOPI control system consistently affords prominent

performance with λ=0.7 in comparison with those of the other order

counterparts.

The set-point and disturbance output responses of the various

controllers are shown in Fig. 7, where unit step changes in the set-

point and load disturbance were introduced at t=0 (sec) and t=6

(sec), respectively. The performance improvement of the proposed

method is apparent. The results shown in Fig. 8 imply that all the

control efforts of all controllers are smooth enough for successful

G s( ) = G̃ s( ) = 

e
−0.1s

s +1
-----------

Table 2. Controller parameters and performance index for example 1

Set-point Disturbance

Tuning methods KC τI λ Ms IAE Overshoot TV IAE Overshoot TV

Proposed 1.746 0.186 1.00 1.20 1.135 0.251 3.373 0.770 0.545 1.648

Padula et al. 0.610 1.100 1.00 1.42 1.803 0.000 0.483 1.803 0.631 1.000

Chen et al. 0.740 0.710 1.00 1.89 1.731 0.231 1.596 1.267 0.607 1.556

Gude et al. 0.470 1.190 1.12 1.26 3.186 0.069 0.688 3.100 0.661 1.150

Fig. 4. Simulation results of various controllers for example 1.

Fig. 5. Controller output of various controllers for example 1.

Table 3. Controller parameters and performance index for var-
ious values of (example 2)

λ ω/ωcg γ KC τI Ms IAEsp IAEd

0.5 23.000/21.885 1.3885 3.990 0.045 1.20 0.487 0.442

0.6 21.558/19.041 1.3982 5.995 0.068 1.20 0.331 0.260

0.7 17.150/14.186 1.3970 6.00 0.088 1.20 0.243 0.163

0.8 11.523/6.9750 1.3592 3.500 0.133 1.20 0.393 0.249

0.9 8.000/5.05300 1.3597 2.896 0.160 1.20 0.412 0.209

1.0 7.0000/5.0000 1.3670 3.361 0.163 1.20 0.392 0.148

1.1 6.1140/4.9530 1.3880 3.826 0.160 1.20 0.427 0.145

1.2 5.173/4.86500 1.4310 4.316 0.155 1.20 0.456 0.144

1.3 4.958/4.70930 1.4279 4.858 0.150 1.20 0.487 0.145

1.4 4.750/4.54000 1.4074 5.496 0.147 1.20 0.524 0.155

Fig. 6. Effects of fractional order λ on IAE for example 2.

Fig. 7. Simulation results of various controllers for example 2.
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operation. The resulting controller parameters, together with the per-

formance and robustness indices, are listed in Table 4, which indi-

cates that the proposed method provides better performance for both

set-point tracking and disturbance rejection with smaller IAE values.

3. Example 3

The following process model is considered as follows [15]:

(30)

Table 5 shows the simulation results via the proposed method,

since the fractional order λ ranges from of 0.8≤λ≤1.4 and the de-

sired Ms is given by 1.20. Fig. 9 implies that the best fractional order

λ is 1.1, which provides the best proposed SP-FOPI controller based

on the least IAE values for both set-point tracking and disturbance

rejection problems.

Accordingly, the F-MIGO controller (i.e., peak sensitivity con-

strained integral gain optimization for the fractional-order PI con-

trol system) introduced by Monje et al. [15] has demonstrated su-

periority over integer PI controllers, such as the AMIGO controller

[15]. In simulation studies, the proposed SP-FOPI controller is com-

pared with those of the F-MIGO and AMIGO design methods, as

well as the SP-PI controller. For F-MIGO method, λ is also chosen

as 1.1. For the SP-PI method, the controller parameters are designed

based on the direct synthesis for a first-order delay-free process model

in following forms: Kc=τ/Kτc and τI=τ, where τc is a tuning param-

eter that corresponds to the close-loop time constant.

To provide a fair comparison, the proposed SP-FOPI controller

was tuned to have the same robustness level as that of the SP-PI

controller (τc=1.914) for Ms=1.00, since and were selected.

Fig. 10 and Fig. 11 show the closed-loop time responses and con-

troller output signals to both set-point and disturbances changes, re-

spectively. The resulting controller characteristics are listed in Table

6. These tables and figures imply that the proposed SP-FOPI con-

troller has the fastest and best-balanced responses with the lowest

settling time and IAE values compared with other schemes.

4. Example 4

The following high-order and non-minimum phase process model

G s( ) = G̃ s( ) = 

e
−s

0.09s +1
--------------------

Fig. 8. Controller output of various controllers for example 2.

Table 4. Controller parameters and performance index for example 2

Set-point Disturbance

Tuning methods KC τI λ Ms IAE Overshoot TV IAE Overshoot TV

Proposed 6.00 0.088 0.70 1.20 0.243 0.231 16.35 0.163 0.138 1.557

Padula et al. 3.75 1.000 1.00 1.40 0.267 0.000 3.481 0.267 0.195 1.007

Chen et al. 3.26 0.410 0.70 1.71 0.690 0.217 8.617 0.540 0.183 1.707

Gude et al. 3.39 0.740 1.12 1.35 0.460 0.065 3.047 0.310 0.206 1.134

Table 5. Controller parameters and performance index for vari-
ous values of (example 3)

λ ω/ωcg γ KC τI Ms IAEsp IAEd

0.8 17.00/12.260 1.3438 0.170 0.0158 1.20 1.272 1.241

0.9 14.00/9.0000 1.3652 0.150 0.0165 1.20 1.223 1.208

1.0 7.000/6.0000 1.2850 0.110 0.0160 1.20 1.170 1.157

1.1 20.000/9.090 1.3550 0.441 0.0260 1.20 1.138 1.108

1.2 13.000/9.115 1.3760 0.550 0.0265 1.20 1.158 1.123

1.3 9.870/8.6600 1.4090 0.658 0.0270 1.20 1.171 1.138

1.4 8.585/7.7260 1.4180 0.792 0.0290 1.20 1.199 1.156

Fig. 9. Effects of fractional order λ on IAE for example 3.

Fig. 10. Simulation results of various controllers for example 3.
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is considered as follows [18]:

(31)

It can be approximated as an FOPDT by [18]:

(32)

The fractional order λ ranges from of 0.7≤λ≤1.4, since Ms=1.39.

It is evident from Table 7 and Fig. 12 that the best proposed con-

troller is obtained, while the fractional-order λ is chosen as 1.0.

To obtain the same robustness level for other comparative con-

trollers, such as the FOPID controller suggested by Padula et al. [18]

and integer PID obtained by AMIGO [18], the ratio ω/ωcg=1.5/0.9

and parameter γ=1.2248 were selected for the proposed method,

and the closed-loop time constant was adjusted to be τc=6.625 for

the SP-PI method in terms of Ms=1.39. The simulation results are

summarized in Table 8, while the closed-loop time responses and

controller output signals are plotted in Fig. 13 and Fig. 14, respec-

tively. It is evident from the tables and figures that the proposed

SP-FOPI controller provides a performance improvement for both

set-point tracking and disturbance rejection.

5. Example 5

Consider the previously reported fractional-order plant model

for a heating furnace [21,22]:

(33)

To apply the proposed SP-FOPI tuning rules, Eq. (33) has to be

approximated as an FOPDT using Oustaloup’s recursive approxi-

mation [9,23], which is widely used in fractional calculus:

G s( ) = G̃ s( ) = 

1− s

s +1( )3
----------------

G s( ) = G̃ s( ) = 

e
−2.39s

1.62s +1
--------------------

G s( ) = G̃ s( ) = 

1

14994s
1.31+ 6009.5s

0.97
 +1.69

---------------------------------------------------------------------

Table 6. Controller parameters and performance index for example 3

Set-point Disturbance

Tuning methods KC τI λ Ms IAE Overshoot TV IAE Overshoot TV

Proposed 0.487 0.148 1.1 1.00 1.402 0.017 0.563 1.401 1.000 1.034

F-MIGO 0.320 0.604 1.1 1.56 2.262 0.054 0.830 2.257 1.000 1.107

AMIGO 0.160 0.381 1.0 1.48 2.381 0.000 0.840 2.381 1.000 1.000

SP-PI 0.047 0.090 1.0 1.00 2.140 0.055 1.072 2.141 1.000 1.119

Fig. 11. Controller output of various controllers for example 3.

Table 7. Controller parameters and performance index for var-
ious values of (example 4)

λ ω/ωcg γ KC τI Ms IAEsp IAEd

0.7 1.629/1.0990 1.2245 0.734 0.407 1.39 4.982 4.959

0.8 1.542/1.0420 1.2280 0.865 0.520 1.39 4.265 4.222

0.9 1.520/0.9630 1.2360 0.935 0.611 1.39 3.706 3.703

1.0 1.500/0.9000 1.2248 1.035 0.725 1.39 3.290 3.333

1.1 1.450/0.8440 1.2138 1.120 0.825 1.39 3.417 3.380

1.2 1.350/0.7640 1.2230 1.127 0.890 1.39 3.647 3.454

1.3 1.278/0.6755 1.2115 1.135 0.982 1.39 4.055 3.713

1.4 1.250/0.5880 1.1625 1.158 1.113 1.39 4.578 4.172

Fig. 12. Effects of fractional order λ on IAE for example 4.

Table 8. Controller parameters and performance index for example 4

Set-point Disturbance

Tuning methods KC τI τD λ μ Ms IAE Overshoot TV IAE Overshoot TV

Proposed 1.035 0.725 0.00 1.0 1.0 1.39 3.29 0.029 1.61 3.33 0.75 1.40

Padula et al. 0.370 1.570 1.01 1.0 1.2 1.39 5.20 0.082 0.86 5.24 0.74 1.18

AMIGO 0.480 2.120 0.69 1.0 1.0 1.39 4.52 0.043 1.61 4.66 0.78 1.64

SP-PI 0.240 1.620 0.00 1.0 1.0 1.39 9.03 0.000 0.76 9.24 0.84 1.73
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(34)

Following a similar approach, the best fractional-order λ is 0.7

for obtaining the best SP-FOPI controller via the proposed method.

To quantitatively evaluate the performance enhancement of the pro-

posed controller with some typical kinds of PID controllers, such as

the PID controller obtained by Lee et al. [24] and the PID cas-

caded with a lag filter provided by Rivera et al. [25], the proposed

controller was tuned to have more robustness than others, since the

ratio ω/ωcg=0.129/0.00562 and parameter γ=1.0252 were selected

to satisfy Ms=1.0. All controller characteristics are listed in Table 9.

The set-point and load disturbance responses are shown in Fig. 15,

where unit step changes in the set-point and load disturbance were

introduced at t=0 (sec) and t=10000 (sec), respectively. Clearly,

the proposed SP-FOPI controller provides superior closed-loop re-

sponses, the smallest settling time and IAE values for both servo

and regulatory problems, since the controller efforts are sufficiently

smooth for successful operation as shown in Fig. 16.

CONCLUSIONS

A new methodology for designing a fractional-order proportional-

integral controller embedded in the Smith predictor is systemati-

cally proposed on the basis of fractional calculus and Bode’s ideal

transfer function. The analytical tuning rules of the proposed SP-

FOPI controller are simply derived by considering the frequency

domain for achieving enhanced performance for both servo and

regulatory problems.

Many illustrative examples have been used to demonstrate the

flexibility and effectiveness of the proposed method. The simulation

results demonstrate that the proposed SP-FOPI controller consis-

tently affords improved performance with fast and well-balanced

G s( ) = G̃ s( ) = 

1.110e
−32.1s

953.289s +1
-----------------------------

Fig. 13. Simulation results of various controllers for example 4. Fig. 15. Simulation results of various controllers for example 5.

Fig. 16. Simulation results of various controllers for example 5.Fig. 14. Controller output of various controllers for example 4.

Table 9. Controller parameters and performance index for example 5

Set-point Disturbance

Tuning methods KC τI τD λ Ms IAE Overshoot TV IAE Overshoot TV

Proposed 4.35 076.32 00.00 0.7 1.00 185. 0.029 3.69 0164.9 0.154 1.09
Lee et al. 1.48 954.17 00.88 1.0 1.30 0581.2 0.000 3.33 0645.1 0.234 1.00
Rivera et al.a 0.57 969.34 15.71 1.0 1.30 1532.0 0.000 0.90 1701.0 0.515 1.00

aGC s( ) = KC + 

1
τIs
------ + τDs⎝ ⎠

⎛ ⎞ 1
τFs +1
--------------, where τc =1500, τF =15.714
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closed-loop responses for various process models.
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