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Abstract−The dynamics of a packed bed, used for handling enormous quantities of effluent wastewater from indus-
trial discharge, is a very important issue from a design point of view. Semi empirical Thomas and BDST Models are
applied to analyze the dynamic behavior of packed beds filled in with GAC and PAC. Variations in breakthroughs with
respect to exhaustion time, various bed depths, flow rates and influent solute concentrations are studied. The linearized
BDST model gives very high values of R2=0.9959 (for 20% breakthrough) and R2=0.9578 (for 85% breakthrough),
indicating the validity of the model for the present column system for both 20 and 85% of breakthroughs. For break-
throughs, below the 50% saturation, the BDST model is used to estimate the design of columns with various scale-ups
of the process for other flow rates and initial adsorbate concentrations without any additional experiments. BDST coef-
ficients of lower breakthroughs, below 50%, can also be used for evaluating other parameters such as critical bed depth,
adsorption capacity and rate constant. The values of BDST constants, N0 and K, are not affected by changing flow rates
for a particular adsorbent combination and changing influent concentrations. The validity of the Thomas model is
ensured by the high R2 values, ranging from 0.855 to 0.925, while estimating the Thomas kTh and q0.

Keywords: BDST and Thomas Model, Column Dynamics, Critical Bed Depth, Packed Bed, Wastewater Treatment

INTRODUCTION

Chromium behaves as a hazardous contaminant in water and
in the aqueous system. It is present in its soluble state in two forms:
trivalent chromium [Cr(III)] and hexavalent chromium [Cr(VI)].
Between these two forms Cr(III) is a bio-element and it is consid-
ered as not harmful, rather an essential nutrient for human [1,2].
According to Kalidhasan et al. [3], Cr(III) is required in mammals
for the metabolism of normal carbohydrate or glucose. On the other
hand, Cr(VI) is 500 times more toxic than Cr(III) [4]. Health haz-
ards related to water contaminated with Cr(VI) include gastric upset,
ulcer, kidney and liver damage, changes to genetic materials, weak-
ening the immune system, allergic reaction and rashes on the skin
etc [5,6]. This causes a variety of diseases such as severe diarrhea,
hemorrhage epigastric pain, affecting digestive organs, nausea and
vomiting [1,7]. Therefore, the presence of Cr(VI) in the environ-
ment is of serious concern. This form of chromium poses carcino-
genic, mutagenic and teratogenic features in biological systems, as
indicated by Fendorf et al. [8] and Han et al. [9]. Both the natural
and manmade sources are responsible for the water pollution gen-
erated by Cr(VI). Various industries like tanneries, steel industries,
metal processing industries, chromium plating, dye and pigment
preparation, textile industries, and wood preservation discharge a
huge amount of wastewater containing chromium into the inland
surface water body. On a long-term basis, this contaminates the
water bodies as well as soil. Chromium contamination levels vary

from 5 to 220 mg/L [10,11] depending on various industrial sources.
Among various pretreatment processes, chemical precipitation,
ion exchange, membrane filtration, solid phase and liquid-liquid
extraction, adsorption [12-16] are effective for removal of Cr(VI)
from the wastewater in order to protect the ecosystem and public
health. Some drawbacks like high cost, incomplete removal of the
metal, high-energy requirement or generation of high volume of
sludge put a restriction on the application of these methods. Ad-
sorption may be an effective and versatile method if less expen-
sive adsorbents are used for removing chromium from wastewa-
ter, particularly when combined with appropriate regeneration steps.
A column packed with suitable adsorbents can be used in a con-
tinuous mode for this removal process. Among various commer-
cial adsorbents, activated carbon is one of the least expensive ad-
sorbents for the treatment of wastewater [2]. Activated carbon is a
carbonaceous material that has high levels of porosity, internal sur-
face area and relatively high mechanical strength, which are some
of the required characteristics for it to act as a good adsorbent.
Many researchers [17-19] have shown that adsorption, using acti-
vated carbon, is a widely applied method, because of its economic
viability and high removal efficiency. Dynamics of a packed bed
filled with activated carbon is examined along with performance
of the bed for the removal of Cr(VI) with the help of breakthrough
curves. Successful design of this study requires prediction of the
concentration-time profile for the effluent. Effect of various param-
eters like bed height, influent (wastewater flowing into the packed
bed column defined as “influent flow”) concentration and flow rate
related to the breakthrough curves for a fixed bed column are tested.
The maximum adsorption capacity of an adsorbent is also found,
which is further used in the design of the packed column [20]. Apart
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from the pore diffusion model [21], many semi empirical models
are used to analyze the laboratory scale column in order to design
pilot scale columns [22,23]. These semi empirical models are used
for evaluating some more design parameters, which characterize
the performance and capacity of adsorbent in a dynamic system.
The theoretically predicted breakthrough curves obtained by these
models are compared with corresponding experimental breakthrough
curves. For the design of an adsorption column for various flow
rates, bed height and influent concentrations, the experimentally
obtained service times are compared with the theoretically predicted
values obtained by the semi empirical models. There are a num-
ber of mathematical models for designing full-scale adsorption
column. Amongst them, the most widely used models, which were
previously mentioned by many authors, are BDST and Thomas mod-
els. To evaluate these models with the experimental data for some
parameters of the packed bed dynamics, such as breakthrough and
exhausted time, initial influent concentration (C0), influent concen-
tration at any time t (Ct), service time (service time refers to the
time utilized by the adsorption column to reach the breakthrough
point with specific saturation percentage), linear flow rate, bed height
etc., need to be known.

In this study, we use a composite fixed bed where both powder
activated carbon (PAC) and granular activated carbon (GAC) are
used. Breakthrough curves for this packed column are examined
by both BDST and Thomas models. Parameters like bed height,
time, rate constant, and adsorption efficiency are evaluated by these
two models, and model outputs are validated by a fresh set of exper-
imental data. Lastly, up-gradation of the column for other flow rates
and influent concentrations is also attempted with the help of these
two models.

THEORETICAL BACKGROUND OF BDST
AND THOMAS MODELS

1. BDST Model
The concept of bed depth service time (BDST) model, first pro-

posed by Bohart and Adams [24] in 1920, has been regarded as
the simplest semi-empirical model in the fixed bed analysis that
enables most rapid prediction of adsorbent performance [25]. This
model, based on surface reaction rate theory, therefore assumes
that the rate of sorption is proportional to the fraction of sorption
capacity remaining on the adsorbent [26,27]. This model can pre-
dict the relationship of bed depth (or height) of the fixed bed col-
umn with service time [28,29]. Validation of the model stands on
the basic assumption that intra-particle diffusion and external mass
transfer resistance are both negligible and that adsorption kinetics,
controlled by the surface chemical reaction between the solute and
the adsorbent, is rare in real systems [30]. The symmetry of the
breakthrough curves, an assumption inherent in the BDST the-
ory, is rarely found to be true in practice. This shows the limitation
of this simple model [31]. The BDST model is practiced world-
wide, though it suffers from certain limitations. The model is ap-
plicable only to describing the initial part of the breakthrough curve,
approximately just up to the breakthrough point or 10-50% of sat-
uration points [23]. The systems taking long time to reach equilib-
rium are not suitable for a basic BDST analysis. This is mainly be-

cause the solid-phase loading of the bed does not show a constant
relationship with time at different bed heights of a column [32].
To eliminate this limitation a constant bed capacity throughout the
column operation is assumed for the original BDST model, which
may also not be true in most cases.

The original expression of BDST model, proposed by Bohart
and Adams, is as follows:

(1)

where, C0=Initial concentration of the solute in influent (mg/L)
where, Ct=Solute concentration in effluent at any time (mg/L)
where, K=Adsorption rate constant or BDST model constant (L/

mg h)
where, Z=Bed depth or height (cm)
where, N0=Adsorption capacity (mg/L)
where, v=Linear flow velocity (cm/h)
where, t=Service time (h)

The BDST model can be used to estimate few characteristic par-
ameters like adsorption capacity (N0), adsorption rate constant (K)
of the fixed bed etc. Eq. (1) can be rearranged in a linear form to
yield an expression for service time (t), proposed by Hutchins [33]
as,

(2)

When, expKN0Z/v>>1 the BDST model can be used for both break-
through point (breakthrough point is defined as the time in which
a packed bed is maximum utilized so that it has low adsorption
towards the effluent wastewater and the outlet from the bed has
sudden increase in concentration than the initial adsorption) and
exhausted point (the point on the breakthrough curve at which
solute or adsorbate concentration reaches almost equal to the influ-
ent concentration is refereed as “exhausted points”) of the break-
through curve. If the service time at breakthrough point is tb and
service time at exhausted time is tx with corresponding effluent
solute concentrations being Cb and Cx respectively, then the two
equations will be,

(3)

(4)

Both Eqs. (3) and (4) can be re-written in the form of a straight
line,

t=aZ−b (5)

where, slope=a=

And intercept=b=

Now plotting t versus Z of the bed for a fixed flow rate we get a
straight line, and from the slope and intercept of this straight line
we get the adsorption capacity (N0) and adsorption rate constant
(K), respectively. Different flow rates will give different straight lines
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with different N0 and K. This exactly means that the effect of flow
rates upon bed performance can be studied by BDST model. Now
the validity of the linearized form of the BDST model for a partic-
ular dynamic system can be established by the higher values of re-
gression coefficients [34]. After getting the values of N0 and K from
the graph, the theoretical values of service time (t) for a specific
bed height (Z) can be calculated from Eq. (2) and can be fitted as
model data along with the experimental data over a range of flow
rates.

There is a minimum bed depth required in an adsorbent col-
umn for a particular breakthrough concentration (Cb): the critical
bed depth (Z0) [23,35]. Z0 is actually a theoretical bed depth of ad-
sorbent column by which it can be ensured that the effluent sol-
ute concentration does not exceed the breakthrough concentra-
tion (Cb) at time t=0. So we can calculate Z0 by putting t=0 in Eq.
(2) and solving it in terms of Z0. We get

(6)

Therefore, this is another utility of using BDST model as we can
calculate a minimum bed height required for a particular influent
concentration and a specific flow rate. Now according to Vijayara-
ghavan et al. [36] critical bed depth will vary with the value of K.
As long as the value of K is large, even a short bed will avoid break-
through, but as K decreases, progressively longer bed is required to
avoid breakthrough.

At 50% of the breakthrough curve where effluent solute con-
centration Ct is just half of the influent solute concentration C0, that
is Ct=(1/2)C0, the logarithmic term in Eq. (2) becomes zero. Thus,
and can be written as,

(7)

where, t50 is the service time at 50% of the breakthrough curve [31,
37]. From this expression, we can see that there is no intercept of
the straight line. If t50 versus Z is a straight line that passes through
the origin, it can be said that the adsorption data of the fixed bed
follow the BDST model well.

An experimental run with one flow rate can be reliably scaled
up for the other flow rates without further experiments [38,39].
This can be done by predicting the slope of the straight line of t
versus Z plot of a new flow rate from the known slope of a previ-
ous one. If the previous flow rate is Q with slope a, then the new
slope (a1) of new flow rate (Q1) will be obtained by the relation,

(8)

Here the intercept of the straight line (b) is not adjusted since this
is not affected by changing flow rates but depends only on the influ-
ent solute concentration (C0).

Designing the column with other influent solute concentrations
can be done by one influent solute concentration using the BDST
approach [40]. The slope and intercept of the known system are
used to get new values of the slope and the intercept of changing
influent concentration. If the a and b are the slope and intercept of
the known system with the influent concentration C1, respectively,

then the new slope (a2) and new intercept (b2) of the influent con-
centration C2 can be calculated by the following equations:

(9)

(10)

where, CF=effluent concentration at influent concentration C2

where, CB=effluent concentration at influent concentration C1

2. Thomas Model
The Thomas model [41] describes the design, performance and

dynamics of an adsorption column [42-44]. This model, derived
from the second-order reversible reaction kinetics (the rate deter-
mining step), is followed by any adsorption system [45]. The basic
assumption of the Thomas model is Langmuir kinetics of adsorp-
tion-desorption without any axial term [35,46]. The experimental
can be fitted to the Thomas Model in order to obtain the maxi-
mum adsorption capacity of the packed bed column along with
the kinetic rate constant [47,48].

General expression of the Thomas model is,

(11)

kTh=Thomas rate constant (ml/min/gm)
Q=Flow rate (ml/min)
q0=Maximum adsorption capacity of the adsorbent bed (mg/g)
M=Mass of the adsorbent (g)
Veff =Volume of the effluent (ml)

The linearized form of the Thomas model is as follows:

(12)

Based on our previous discussions, the service time, t=Veff/Q. So
Eq. (12) can be re-written as,

(13)

From this linearized form of Eq. (11), plotting ln(C0/Ct−1) ver-
sus t we get a straight line. So the Thomas rate constant (kTh) and
the maximum adsorption per gm of adsorbent (q0) can be calcu-
lated from the slope and the intercept of the straight line, respec-
tively. Predicted data are correlated to the experimental data and
the nature of breakthrough curves can be estimated by the fitness
of the model line. The main drawback of this model is that it is
derived from second-order reversible reaction kinetics, whereas
physical adsorption is not chemical reaction kinetics always, rather
controlled mostly by the inter phase mass transfer [20,49]. Thus,
when this model is used for a physical adsorption process in a packed
bed column, it can develop some error. On the other hand, cases
with chemisorption may be well validated by the Thomas Model.
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MATERIALS AND METHODS

1. Materials
Artificial wastewaters of this experiment were prepared in our

laboratory. We prepared Cr(VI) solution by dissolving potassium
di-chromate (K2Cr2O7) in double distilled water. We tried to pre-
pare stock solution of Cr(VI) for our experiment for a range of 10
to 50 mg/L. All chemicals and commercial adsorbents (PAC and
GAC) used were of analytical reagent grade and purchased from
MERCK and SD Fine Chemicals.
2. Experimental Design

The experiments for continuous adsorption of wastewater are
conducted in a glass column of internal diameter 24mm and a length
of 30 cm. A storage tank, a pumping arrangement with a peristal-
tic pump and a distribution system (see Fig. 1) are the accessories
of the treatment system. The column is packed with known quan-
tity of GAC and PAC in a 9 : 1 ratio in order to obtain a particu-
lar bed depth of the column. This packed column is supported by
cotton on both sides of the packing, where a blob of cotton pro-
vided the support of the packed bed as well as maintained a uni-
form distribution of the wastewater along the packed bed. The cotton
at the top of the bed prevents the washout of adsorbent materials
along with the outgoing stream of the treated wastewater. The inlet
of the adsorption column is equipped with a distribution system
in order to get uniform flow across the cross section of the adsorp-
tion column. The simulated wastewater containing Cr(VI) is fed
through the fixed-bed column in an up-flow mode to avoid chan-
neling and flooding of the effluent and unnecessary compaction of
the bed. Before the operation, the bed is rinsed with distilled water
and left overnight to ensure a closely packed arrangement of parti-
cles with no additional voids, channels, or cracks. A peristaltic pump
(Make: Masterflex C/L, Model no. 77122-00) is used to control the
flow rate at the inlet and outlet.
3. Operational Condition

Other variables for the breakthrough curve analysis are bed depths

(8, 16 and 24 cm), influent concentrations (10, 20 and 30 mg/L)
and flow rates (1.53, 2.45 and 3.07 mL/s). The wastewater is treated
until the ratio Ct/C0=0.85. The experiments are carried out at dif-
ferent flow rates, feed concentrations and bed heights without chang-
ing the ratio of the adsorbents. Wastewater was coming out from
the column collected at every 20 min interval and then was ana-
lyzed for Cr(VI) concentration. So the changes of concentration
after every 20 min were measured by spectroscopic method.
4. Analytical Procedure

A spectrophotometer [Make: PERKIN ELMER; Model: PRE-
CISELY LAMDA 25 UV/Visible; Range of wavelength: 330-900
nm], equipped with a standard 10 nm path length sample cell, is
used for absorption measurements of Cr(VI). Cr(VI) is determined
by spectrophotometric method where reaction with 1-5 di-phenyl
carbazide (DPC) in an acidic solution can produce a violet colored
(magenta chromagen) complex, absorbing light at λ=540 nm, as
per standard methods [50]. Here, the required amount of filtrate
(after adsorption) is taken in a 50 ml graduated make-up flask by
eppendorf automated pipette and the volume is made up with ultra
pure water. Concentrations of Cr(VI), in each solution, are calculated
from a standard curve already developed. Sulfuric acid is added
prior to the addition of DPC to lower the pH of the solution.

RESULTS AND DISCUSSION

In a fixed bed, during the adsorption process, required concen-
tration gradients between adsorbent and adsorbate are always avail-
able as the adsorbate is continuously in contact with a given quantity
of fresh adsorbent [51,52]. The design and theory of fixed-bed ad-
sorption systems focuses on establishing the shape of the break-
through curve [44]. Also, the breakthrough times and bed volumes
are used in the evaluation of the performance of a fixed-bed col-
umn [53,54]. Mostly three important parameters influence the break-
through curve in a dynamic system: the flow rates, bed height and
inlet concentration of the solute. The performance of the bed is
thus studied with respect to the effects of changing flow rates, bed
heights and an inlet concentration (feed concentration) until the
breakthrough time is reached. At the initial part when the bed was
completely unsaturated maximum adsorption capacity of the bed
remained near about 20% of the total concentration of Cr(VI). So
there is a point in the breakthrough curve from which curve got
its first break at Ct is 20% of C0 (Ct/C0=0.2) and this is called the
“breakthrough point.” Similarly, when the Ct is increased and reached
its maximum where no more adsorption capacity of the bed was
left, the breakthrough curve again changed, and this point is called
the “exhausted point.” In our experiment it came at the time when Ct

was 85% of C0 (Ct/C0=0.85) and is called the “point of exhaustion”.
1. Effect of Bed Depth on Breakthrough Curve

The effect of bed depth (varying from 10 to 30cm) on the packed
bed column was investigated, keeping the influent solute concen-
tration and flow rate fixed at 10 mg/L and 1.53 mL/s respectively.
The ratio of effluent solute concentration (Ct) at time t and the influ-
ent solute concentration (C0) were plotted against the service time (t).
Ct/C0 versus t plot is known as a breakthrough curve. The break-
through curve of varying bed depth is presented in Fig. 2. From
Fig. 2 we can see that the shape and gradient of each curve is dif-

Fig. 1. Experimental setup for the packed bed column made by com-
bination of GAC and PAC in a ratio of 9 : 1 for the removal
of Cr(VI).
1. Storage tank of 06. Glass column
1. Cr(VI) solution 07. Packing materials
2. Delivery line 08. Effluent outlet
3. Peristaltic pump 09. Funnel
4. Influent flow of wastewater 10. Sample collecting
5. Column stand 10. apparatus
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ferent with variation of bed depth. Maximum Cr(VI) uptake is ob-
served at the beginning of the fixed bed, but the removal decreases
as time progresses. The lower the bed depth is, it is saturated ear-
lier than a bed with higher bed depth as more adsorbent materials
are present in the column with a higher depth. Amounts of adsor-
bent (activated carbon) present in the 8, 16 and 24 cm columns
are 20, 40 and 60 gms, respectively. The longer column (24 cm)
contained more adsorbent than the shorter one (8 cm), so more
adsorbing sites are available in the column with higher bed depth.
Thus, adsorption capacity is increasing with increase in the bed
depths. Apart from the availability of more adsorption sites, higher
contact time is also available in a longer bed for Cr(VI) adsorp-
tion than in beds with lower bed height. Due to the longer con-
tact time and availability of huge number of adsorption sites, the

breakthrough comes later in case of column with higher bed depth
than with a lower one. Therefore, for the column with bed height
8 cm, breakthrough curve is much stiffer than for the column with
height 24 cm.
2. Effect of Flow Rate on Breakthrough Curve

Columns were run at various flow rates of 1.53, 2.45 and 3.07
mL/s with a fixed bed height of 24 cm and an influent concentra-
tion of 10 mg/L to study the effect of flow rate in the performance
of the packed bed. The results are shown in the Fig. 3. The results
indicate that with the increase of flow rates at a constant bed depth
and fixed influent concentration the service time of breakthrough
curves decrease. This is because, with the increase of flow rate the
residence time of the bed decreases, which lowers the removal effi-
ciency of the packed bed. At higher flow rate when the velocity is
high, the mass transfer rate increases and due to this, equilibrium
time of adsorption would come faster. On the other hand, low flow
rate with relatively lower velocity would shift the depth of the adsorp-
tion zone and mass transfer zone to the lower end. As the adsor-
bent of packed bed needs sufficient time to bind Cr(VI), low flow
rates with high bed contact time are effective for the removal of
Cr(VI). Packed beds with low flow rate take longer time to be sat-
urated and reach breakthrough, as the adsorption zone moves slowly
to the top of the column, which increases the contact time for ad-
sorption.
3. Effect of Influent Solute Concentration on Breakthrough
Curve

The effect of influent solute concentration was evaluated with
three initial feed solutions of 10, 20 and 30 mg/L keeping the bed
height fixed at 24 cm and flow rate 1.53 mL/s. The breakthrough
curves of these variable feed concentrations are shown in Fig. 4.
The service time of these curves decreases with increasing influent
solute concentrations. From the result we can say, the adsorbent
bed is saturated faster for higher influent concentration. Probably
because of non-linear interferences in adsorption, the breakthrough
comes later with lower Cr(VI) concentration. This non-linear ad-

Fig. 3. Breakthrough curves for the dynamic study for removal of
hexavalent chromium by composite bed at different flow rates
maintaining a constant bed height and constant inlet con-
centration.

Fig. 4. Breakthrough curves for the dynamic study for removal of
hexavalent chromium by composite bed at various inlet con-
centrations maintaining a constant bed height and a con-
stant flow rate.

Fig. 2. Break through curves for the dynamic study for removal of
hexavalent chromium by composite bed at various bed heights
maintaining a constant inlet concentration and a constant
flow rate.
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sorption behavior is a common feature in fixed bed analysis where
the values of (Ct/C0) are higher at low influent concentration than
with high influent concentrations.
4. Application of BDST Model

From the breakthrough times (corresponding to Ct/C0=0.2) and
the exhausted times (corresponding to Ct/C0=0.85) for the bed depths
of 8, 16 and 24 cm, a graph of service time (t) versus bed depth
(Z) is plotted, as seen in Fig. 5. For 20% and 85% saturation of the

Fig. 5. Bed depth vs. service time plot at breakthrough time (20%)
and exhausted time (85%) in fixed bed column for the re-
moval of hexavalent chromium.

Table 1. Comparison between experimental and predicted values of breakthrough time (tb) and exhausted time (tex) for various controlling
parameters of packed bed column like bed depth, flow rate and influent concentration by BDST Model

Fixed
parameter

Variable
parameter

Breakthrough time (tb)
at 20% Ct/C0 (in min)

[experimental]

Breakthrough time (tb)
at 20% Ct/C0 (in min)

[predicted]

Exhausted time (tex)
at 85% Ct/C0 (in min)

[experimental]

Exhausted time (tex)
at 85% Ct/C0 (in min)

[predicted]
Q=1.53 ml/s Z=8 cm 100 100.87 135 128.33
C0=10 mg/L Z=16 cm 125 123.41 170 183.33

Z=24 cm 143 145.95 240 238.33
Z=24 cm Q=2.45 ml/s 140 120.48 211 176.36

C0=10 mg/L Q=3.07 ml/s 090 111.97 160 155.55
Q=1.53 ml/s C0=20 mg/L 060 072.91 140 119.15

Z=24 cm C0=30 mg/L 018 048.60 115 079.43

Table 2. Predictions of N0 and K for the other flow rates and other influent concentrations, the scale up processes at different flow rates
and influent concentrations by BDST model analysis

Analysis Fixed parameter Scaling up
parameters

Breakthrough at 20%
Ct/C0

Exhausted at 85%
Ct/C0

Linear
flow rate
v (cm/h)

Critical
bed depth
Z0 (cm)N0 (mg/L) K (L/mg h) N0 (mg/L) K (L/mg h)

Experimental C0=10 mg/L; Z=8-24 cm Q=1.53 ml/s 34260.47 −0.0017 83747.81 0.0024 1218.15 −27.85
Predicted C0=10 mg/L; Z=8-24 cm Q=2.45 ml/s 34260.86 −0.0017 83740.55 0.0024 1950.63 −44.60
Predicted C0=10 mg/L; Z=8-24 cm Q=3.07 ml/s 34258.88 −0.0017 83740.69 0.0024 2444.27 −55.89
Predicted Q=1.53 mL/s; Z=8-24 cm C0=20 mg/L 34254.38 −0.0017 83735.63 0.0024 1218.15 -
Predicted Q=1.53 mL/s; Z=8-24 cm C0=30 mg/L 34242.19 −0.0017 83723.45 0.0024 1218.15 -

column, required times are found for each of the column bed depths
using Fig. 2. From the plot of Fig. 5 two straight lines for 20% and
85% saturation are drawn and the equations of these lines are as
follows:

tb=2.8125z+78.333 (for 20% saturation of Ct/C0) (14)
tx=6.875z+73.333 (for 85% saturation of Ct/C0) (15)

These two straight lines are experimentally obtained and predic-
tions for other flow rates and other influent concentrations can be
estimated by using equations of these two lines.
4-1. Analysis of BDST Model: Variation of Bed Depth

From Eqs. (14) and (15), which are obtained experimentally,
the predicted values of breakthrough time (tb) and exhausted time
(tex) for the varying bed depth (8 to 24 cm) with flow rate 1.53 ml/s
and an influent concentration of 10 mg/L were calculated and both
the experimental and predicted values are presented in Table1. From
the data of Table 1, the predicted values for both of tb and tex (for
each of the bed depths) are in good agreement with the experimen-
tal values. Close matches of the predictions by the BDST model
with the experimental values suggested that the BDST model could
be acceptable for this packed bed system. Linear relationships of
these two Eq. (14) and (15) are obtained with R2=0.9959 (for 20%
saturation) and 0.9578 (for 85% saturation). These high values of
R2 indicate the validity of the BDST model for the present column
system for both 20 and 85% of breakthroughs.

The adsorption capacity (N0) and the BDST rate constant (K)
were then calculated from the slope and the intercept of Eq. (2)
and (3), respectively, for both the 20% and 85% of C0. The values
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of N0 and K for the three bed depths with flow rate 1.53 ml/s and
influent concentration 10 mg/L (calculated using BDST approach)
are presented in Table 2. There was a rise in slopes about 2.5 fold
from 2.8125 to 6.875 for a change in breakthrough from 20% to
85% saturation, evidenced from Eqs. (14) and (15). From Table 2 a
subsequent increase in corresponding No from 34260.47 to 83747.81
mg/L was observed. This can be explained by the fact that there
are more active sites of the GAC and PAC present, which are un-
occupied by Cr(VI) ions at lower breakthrough (20% of Ct/C0) value
and thus the adsorbent remained unsaturated. The dynamic adsorp-
tion capacity in such low breakthrough condition is therefore bound
to be lower than the full bed capacity of the adsorbent. Goel et al.
[39] reported an increase in the magnitude of slope from 12.5 to
35 at breakthrough values of 20-60% Similar fact was also observed
by Sharma and Forster [22] with an increase in slope by 4.72-fold
from a breakthrough of 30-70% on removal of Cr(VI) by activated
carbon. The rate constant for the 20% breakthrough is −0.00177,
which is also very low with respect to the rate constant of 0.0024
for the 85% breakthrough. The lower rate constant at 20% satura-
tion also suggested the lower adsorption capacity at 20% than at
the 85% saturation.

The critical bed depth, (Z0) for this packed bed system, with a
flow rate of 1.53 ml/s and an influent concentration of 10 mg/L,
was calculated from Eq. (6) for 20% breakthrough and the values
are shown in Table2. The critical bed depth (Z0) is −27.85cm, show-
ing that the present bed depth is sufficient for the adsorption zone
to produce an effluent within the 20% of C0 limit with this opera-
tional condition. Another way to examine the application of the
BDST model is to check the 50% breakthrough curve. According
to Eq. (7), the curve for 50% breakthrough should pass through
the origin. But the result is not satisfactory as the intercept obtained
here is 111.67, which is quite a high value for the present opera-
tional conditions, proving the non-conformity of the BDST model
with the adsorption of Cr(VI) by activated carbon at 50% break-
through curve. Similar case of non-conformity on BDST with respect
to 50% breakthrough on removal of Cr(VI) and total chromium
by leaf mould and activated carbon and PANI-jute is also reported
by Sharma and Forster [22] and Kumar and Chakraborty [40], re-
spectively. All these experimental details, along with the findings
from scientific literature, suggested that it is not necessary for the
BDST model to be validated for higher breakthrough percentages.
Therefore, BDST coefficients of lower breakthroughs, below 50%,
can still be utilized for evaluating other parameters such as critical
bed depth, adsorption capacity and rate constant. Also, lower break-
throughs, below 50%, can be estimated using the BDST model to
design columns with different scale ups for processes with other
flow rates and initial adsorbate concentrations without further experi-
ments.
4-2. Validation of BDST Model for Various Flow Rates

The parameters of a fixed adsorbent bed, obtained from experi-
mental observations, are used for the design of an adsorption col-
umn for practical use. To investigate the scale up process by the
BDST method, a new column with the same bed depth (24 cm)
and influent concentration (10 mg/L) was operated at two differ-
ent flow rates of 2.45 and 3.07mL/s. The validity of the BDST model
could be tested for the prediction of these two different flow rates

from the experimental data of a third and unique flow rate. These
experimentally obtained values of tb and tex were compared with
the predicted values of tb and tex for different flow rates. If the slope
of the experimental data is known, the slopes for other flow rates
are easily calculated by applying Eq. (8). The value of the intercept
is not affected significantly by flow rate, so the adjustment in the
intercept is not required. For flow rates of 2.45 and 3.07 ml/s the
equation of service time and bed depth can be written as,

For flow rate=2.45 ml/s,
tb=1.7564z+78.333 (for 20% saturation of Ct/C0) (16)

tx=4.923z+73.333 (for 85% saturation of Ct/C0) (17)

For flow rate=3.07 ml/s,
tb=1.4016z+78.333 (for 20% saturation of Ct/C0) (18)

tx=3.426z+73.333 (for 85% saturation of Ct/C0) (19)

Slopes and intercepts obtained from the Eqs. (16) to (19) were used
to calculate the tb and tex for the flow rates of 2.45 and 3.07 ml/s.
These predicted values, along with the corresponding observed val-
ues, are shown in Table 1 for comparison between theoretical and
experimental values. It could be said from Table1 that the experimen-
tal values are at par with the theoretical values for both the break-
throughs of 20% and 85%. This means that BDST model is effective
in predicting the scale-up of processes with varying flow rates.

The N0 and K values could also be calculated from the predicted
slopes and intercepts of the straight line for higher flow rates, and
these values are given in Table 2. From the values of Table 2, there
is almost no difference of N0. For 20% breakthrough; there is only a
decrease of N0 from 34260.47 to 34258.88 mg/L, and for 85% break-
through, the decrease is from 83747.81 to 83740.69 mg/L. The cor-
responding K values are same for both 20% and 85% breakthrough
for all the flow rates. From these results, it is concluded that N0 and
K would not be affected by changing flow rates for a particular
adsorbent combination. The Z0 values were also calculated and shown
in Table 2 from the predicted slopes and intercept of the two flow
rates. Therefore, the advantage of the BDST model is that any exper-
imental outcome could be reliably scaled up for other flow rates
without undertaking a new set of experiments.
4-3. Validation of BDST Model for Various Initial Concentrations

It is also proposed that the data collected from one influent solute
concentration could be adjusted by the BDST approach for design-
ing systems for other influent solute concentrations. The degree of
predictability for different initial concentrations of Cr(VI) by BDST
model was checked by running the column with two different influ-
ent concentrations of Cr(VI), 20 and 30 mg/L, at a fixed flow rate
of 1.53 ml/s and column bed depth of 24 cm. Theoretical tb and tex

are obtained from previous column study, conducted at a flow rate
of 1.53 ml/s with the same depth of 8 cm and influent concentra-
tion [Cr(VI)] of 10 mg/L. Using Eq. (9) and (10), theoretical slopes
and intercepts were calculated and breakthrough times were eval-
uated (Table 1) for an initial Cr(VI) concentration of 20 and 30 mg/
L, respectively. With these values of slope and intercept, the equa-
tion of service time and bed depth can be written as,

For an influent concentration=20 mg/L,
tb=1.406z+39.166 (for 20% saturation of Ct/C0) (20)
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curves obtained at various bed depths, flow rate and influent sol-
ute concentration was tested. It could be seen from the figures that
all the breakthrough curves are predicted quite well by the Thomas

tx=3.437z+36.666 (for 85% saturation of Ct/C0) (21)

For an influent concentration=30 mg/L,
tb=0.937z+26.111 (for 20% saturation of Ct/C0) (22)

tx=2.291z+24.444 (for 85% saturation of Ct/C0) (23)

From Table 1 the theoretical and experimental values are well
comparable for an influent concentration of 20 mg/L, but the the-
oretical values deviated from experimental values for 30 mg/L con-
centration. With the increase in influent Cr(VI) concentration from
20 to 30 mg/L corresponding, 20% breakthrough time decreased
from 60 to 18 min. At higher influent Cr(VI), the fixed-bed was
saturated with chromate ions more quickly, thereby decreasing the
breakthrough tb and tex. The N0 and K values were calculated from
the predicted slopes and intercepts of the straight line (Refer to Eqs.
(20) to (23)) for other influent concentrations (see Table 2). N0 cor-
responding to higher influent concentration is changed only a little
bit, as compared to the previous value corresponding to the influent
concentration of 10 mg/L. The value of N0 at 20% breakthrough
for 20 and 30 mg/L is 34,254.38 and 34,242.19 mg/L, respectively,
whereas the experimental value is 34,260.47 mg/L. The N0 value
for 85% breakthrough decreased from 83,747.81 mg/L (experimen-
tal) to 83,735.63 (predicted) for an inlet concentration of 20 mg/L.
The same reduced from 83,747.81 mg/L (experimental) to 83,723.45
mg/L (predicted) for an inlet concentration of 30 mg/L. There was
no change in K values with the changing influent concentrations
for this particular combination. Therefore, application of BDST model
is successful to scale up the process to accommodate higher influ-
ent concentrations.
5. Application of Thomas Model

The linearized form of the Thomas model, ln(C0/Ct−1) versus t,
was used to estimate the two unknown parameters kTh and q0 of
the Thomas equation. The estimated values of the Thomas param-
eters and the regression coefficient (R2) of the linear form of the
plots are listed in Table 3. The values of R2 (ranging from 0.855 to
0.925) indicate that the results of the linear plot are easily accept-
able. We can also see from the table that maximum adsorption
capacity of the adsorbent bed is also very encouraging, although
the rate constant is quite low.
5-1. Validation of Experimental Data by Thomas Model

The comparison of experimental and predicted breakthrough

Table 3. Adsorption capacity (q0) and Thomas rate constant (kTh)
or various operational conditions

Fixed
parameter

Variable
parameter

kTh

(ml/min/gm)
q0

(mg/g) R2

Q=1.53 ml/s Z=8 cm 0.002610 75.960 0.8876
C0=10 mg/L Z=16 cm 0.001820 54.996 0.8553

Z=24 cm 0.001830 47.892 0.8726
Z=24 cm Q=1.53 ml/s 0.001830 47.892 0.8726

C0=10 mg/L Q=2.45 ml/s 0.001630 67.746 0.9145
Q=3.07 ml/s 0.002510 57.372 0.9256

Q=1.53 ml/s C0=10 mg/L 0.001830 47.892 0.8726
Z=24 cm C0=20 mg/L 0.000805 52.223 0.8642

C0=30 mg/L 0.000760 41.582 0.8597

Fig. 8. Comparison of experimental and predicted (Thomas model)
breakthrough curve obtained at different influent concen-
trations 20 and 30mg/L, keeping the bed depth and flow rate
constant at 24 cm and 1.53 mL/s respectively.

Fig. 7. Comparison of experimental and predicted (Thomas model)
breakthrough curve obtained at different flow rates 2.45 and
3.07 mL/s, keeping the bed depth and influent concentra-
tion constant at 24 cm and 10 mg/L respectively.

Fig. 6. Comparison of experimental and predicted (Thomas model)
breakthrough curve obtained at three different bed depth
24, 16 and 8 cm keeping the flow rate and influent concen-
tration constant at 1.53 ml/s and 10 mg/L respectively.
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model. The dynamic behaviors of the column predicted with the
Thomas model are shown in Figs. 6 to 8 with the experimental
results (indicated by markers) and the theoretical calculated points
(given as lines) for each parameter. It appears that the simulation
of the whole range of breakthroughs for all flow rates and inlet con-
centrations studied is effective with the Thomas model, and the
breakthrough curves computed from this model are in good agree-
ment with experimental data for all types of operating conditions
studied (refer Table 3). This model is one of the most general and
widely used theoretical methods to describe column performance.
The suitability of the Thomas model may be tested by the basic
assumptions of this model: the external and internal diffusions are
not the limiting step; Langmuir kinetics of adsorption-desorption
is valid; no axial dispersion is present during the adsorption. How-
ever, adsorption is usually not limited by chemical reaction kinet-
ics, but is often controlled by interphase mass transfer and the effect
of axial dispersion may be important especially at lower flow rates.
This discrepancy can generate some errors while modeling the ad-
sorption process in the sorbate-sorbent systems.

CONCLUSION

Semi empirical Thomas and BDST models were applied to ana-
lyze the transient behavior of packed beds filled in with GAC and
PAC in terms of variations in breakthroughs with respect to exhaus-
tion time, various bed depths, flow rates and influent solute con-
centrations. Application of BDST model is successful to scale up a
dynamic process to accommodate higher influent concentrations,
other than those used to parameterize the model. The validity of
Thomas model is ensured by the high R2 values ranging from 0.855
to 0.925, while estimating the Thomas kTh and q0.

Linearized BDST model gives very high values of R2=0.9959 (for
20% breakthrough) and R2=0.9578 (for 85% breakthrough), indi-
cating the validity of the model for the present column system for
both 20 and 85% of breakthroughs. Here we can also calculate the
BDST rate constant at different saturation points of the breakthrough
curve. The rate constant of the 20% breakthrough is −0.00177, which
is also very low with respect to the rate constant of 85% breakthrough
being 0.0024. This low rate constant at 20% saturation suggested
lower adsorption capacity of the bed at 20% than at 85% satura-
tion. From the lower breakthroughs, below the 50% saturation, the
BDST model can be used to estimate the design of columns with
various scale-ups of the process for other flow rates and initial ad-
sorbate concentrations without any additional experiments. Along
with this, BDST coefficients of lower breakthroughs, below 50%,
can also be utilized for evaluating other parameters such as criti-
cal bed depth, adsorption capacity and rate constant. The values of
N0 and K would not be affected by changing flow rates for a par-
ticular adsorbent combination. There are also no changes in the
values of K with the changing influent concentrations for the GAC-
PAC combination.

The simulation of the whole range of breakthrough curves for
all the flow rates and inlet concentrations studied is effective with
the Thomas model. The breakthrough curves computed from this
model are in good agreement with experimental data for all the
types of operating conditions studied. The validity of Thomas model

for the GAC-PAC system is ensured by the high R2 values rang-
ing from 0.855 to 0.925.
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NOMENCLATURE

Symbol
a : slope of straight line obtained by BDST model [-]
b : intercept of straight line obtained by BDST model [-]
CO : initial concentration [mg/L]
CB : effluent concentration at influent concentration C1 [mg/L]
Cb : effluent concentration at breakthrough time [mg/L]
CF : effluent concentration at influent concentration C2 [mg/L]
Ct : solute concentration in effluent at any time [mg/L]
Cx : effluent concentration at exhausted time [mg/L]
K : BDST model rate constant [L/mg h]
kTh : thomas rate constant [ml/min/gm]
m : mass of the adsorbent [gm]
N0 : adsorption capacity [mg/L]
Q : flow rate [ml/min or ml/s]
t : time or service time [min or h]
tb : time at breakthrough point [min]
tx : time at exhausted point [min]
t50 : service time at 50% of the breakthrough curve [min]
Veff : volume of the effluent [ml]
Z : bed depth or height [cm]
Z0 : critical bed depth [cm]
ν : linear flow velocity [cm/h]
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