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Abstract—Some theoretical aspects of the onset of buoyancy-driven instability in an initially quiescent, isotropic fluid-
saturated porous layer are considered. Darcy’s law is employed to examine characteristics of fluid motion under the
Boussinesq approximation. Using linear theory, we derive stability equations and transform them in the similarity
domain. Based on linear stability equations in the similarity domain, we prove the principle of exchange of stabilities
and show that the stability parameter is stationary. The temperature disturbance field is expressed as a series of ortho-
normal functions and the vertical velocity one is obtained in simple recursive form. The validity of the quasi-steady
state approximation (QSSA) is also proved by comparing the stability characteristics under the QSSA with those ob-

tained from the eigenanalysis without the QSSA.
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INTRODUCTION

The analysis of convective instabilities in the horizontal porous
layer begins with Horton-Rogers-Lapwood convection [1,2]. They
examined thermally-driven convection by using methods devel-
oped for convection in a homogeneous fluid [3]. In their work tem-
perature increases linearly with depth, which is appropriate for grad-
ual heating or for a steady state, e.g,, naturally occurring geother-
mal gradients in the subsurface. However, in many experimental
situations and field studies a relatively rapid change in temperature
or solute concentration occurs at one boundary. The basic profile
of temperature or concentration before the onset of convection
develops with time. Under linear stability theory, Caltagirone [4]
first tried to analyze this transient Horton-Rogers-Lapwood con-
vection using the quasi-steady state approximation and initial value
problem approach. The energy method is also considered in Calt-
agirone’s work [4]. Later, Yoon and Choi [5] reformulated the linear
stability equation in the similarity domain by adopting the thermal
penetration depth as a proper length scaling factor and calculated
the stability conditions.

Recently, carbon dioxide sequestration in deep saline aquifers has
been considered as one of the most feasible long-term CO, stor-
age strategies. In this CO, geological sequestration process, the super-
critical CO, is injected into geologically stable formations, and it
gradually dissolves into subsurface brine saturated in the porous
formations. Unlike other atmospheric gases, the dissolved CO, in-
creases the density of brine, makes the fluid system gravitationally
unstable, and induces convective motion. To analyze the onset of
convective instability in the CO, geological sequestration process,
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Ennis-King et al. [6], Xu et al. [7] and Hassanzadeh et al. [8] cor-
rected Caltagirone’s analysis [4] and extended it into anisotropic
porous media. They conducted their analysis in the global domain.
Later, Riaz et al. [9], Selim and Rees [10], Wessel-Berg [11] and Kim
and Choi [12] reexamined the above problem under the transient
concentration or temperature field in the similarity domain. Even
though the above studies give good understanding on the onset of
buoyancy-driven convection in a porous medium, some theoreti-
cal issues remain to be clarified.

In the present study, we consider some theoretical aspects on
the buoyancy-driven instability in an isotropic porous medium.
Based on the linear stability equations in the similarity domain, we
prove the principles of exchange of stabilities and show that the
characteristic stability parameter has a stationary property. Based
on the above theoretical basis, we examine the validity of the QSSA
which has been employed in the present and similar systems.

GOVERNING EQUATIONS

The system considered here is an initially quiescent, fluid-satu-
rated, horizontal porous layer of depth d, as shown in Fig. 1. The
porous layer has a constant porosity; & and a constant permeability;
K. The interstitial fluid is characterized by the thermal expansion
coefficient, 4 density, g heat capacity, (oc), and kinematic viscos-
ity, v The porous medium is regarded as a homogeneous and iso-
tropic material with heat capacity (oc).=&(oc)+(1-€)(oc),, and
thermal conductivity k.=ek;+(1-&)k,,. Here subscripts f and m
stand for fluid and porous matrix, respectively. Before heating, the
fluid layer is maintained at a uniform temperature, T;. For time t>0
the lower boundary is suddenly heated with a constant tempera-
ture, T, For this system the governing equations of flow and tempera-
ture fields are expressed by employing the Boussinesq approximation
and Darcy’s model [10]:
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Fig. 1. Schematic diagram of the system considered here.
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where U is the velocity vector, T the temperature, P the pressure,
the viscosity, a(=k,/(pc),) the effective thermal diffusivity, p, the
reference density and g the gravitational acceleration. Here the local
thermal equilibrium between the fluid and the porous matrix phase
is assumed. The important parameter to describe the present sys-
tem is the Darcy-Rayleigh number Raj, defined by

Ra, = 87KATd(P)y )
av_ (po),

where AT=T,~T,

A set of nondimensionalized variables z, 7and §, is defined by
using the scale of vertical length d, time d*/; and temperature AT.
Then the basic conduction state is represented in dimensionless
form by

06, 06,

EEae 6

with the following initial and boundary conditions,

6=0 at 7=0, (7a)
=1 at z=0 and 6,=0 at z=1. (7b)

The above equations can be solved by using the conventional sep-
aration of variables technique or Laplace transform as follows:

o 1 . 2 2
490=1—z—27§)n—”sm(n7zz)exp(—n 7 1), (8a)

-3 DS et S
00—;){erfc<ﬁ+2§) erfc( 7 2)}, (8b)

where ¢=2/./7. Eq. (8b), which is based on the boundary-layer
(5 &) coordinates rather than the global (7 z) ones, converges
more rapidly than Eq. (8a) for a small-time region. The evolution
of the basic profiles of temperature with time is described in Fig. 2.
For the deep-pool system of 7<0.01 the basic temperature pro-
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Fig. 2. Basic temperature fields. For 7>0.1, the basic temperature
fields clearly deviate from the similarity solution (9).

files are reduced to

6y= erfc(g) R )

which is self-similar. The Leveque-type solution (9) is in good agree-
ment with the exact solution (8) in the region of 7<0.1.

THEORETICAL ANALYSIS

1. Linear Stability Theory

Under linear stability theory the disturbances caused by the onset
of thermal convection can be formulated, in dimensionless form,
in terms of the temperature component &, and the vertical veloc-
ity component w, by decomposing Eqs. (1)-(4):

Viw,=-V16, (10)
00, 006,
a—;-&—RaDWIa—ZO:VZHl, (11)

where V’=(5"/0X)+(0°/0y’)+(0107") and Vi=(5"/0x)+(O°10Y’).
Here the temperature and velocity components have the scale of
AT/Ra;, and o/d, respectively. The proper boundary conditions
are given by

w;=6,=0 at z=0 and z=1. (12)
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The boundary conditions represent no flow through the boundar-
ies and the fixed temperature on the boundaries.

According to the Fourier mode analysis, convective motion is
assumed to exhibit the horizontal periodicity [3]. Then the per-
turbed quantities can be expressed as follows:

wi(z %,y 2), Q5% Y 2)]=[wi(5 2), (7 2)lexplilkx+k,y)], (13)

€«

where “1” is the imaginary number. Substituting the above Eq. (13)
into Egs. (10) and (11) produces the usual amplitude functions in
terms of the horizontal wavenumber k=(k> +k, 22,

(aa—z—kz)wlzkzel, (14)

yA

06, (& 26

a_;:(;_kz)el_Raleé_zO' (15)
Z

For the extreme case of ﬁ <<1, it is expected that the onset time
is independent of the vertical extent of the system. In other words,
the system can be treated in a semi-infinite domain. For this case,
as discussed by Ben et al. [13], Riaz et al. [9] and Pritchard [14],
the dominant diffusional operator, 3*/0z° does not have localized
eigenfunctions that vanish at the infinite boundary, and therefore,
the disturbances which are localized near the diffusion front can-
not be accurately captured in the (7 z)-domain. Following a coor-
dinate transformation to the similarity variable of the base state
¢=2/ /7, the disturbance equations can be expressed as

10 > 2
(_fa_gz_k wi=1c6,, (16)
06 1 06, 1 §6 2
+RaD[ aé, T(aé“ Ea—é,— )9 (17)

under the following boundary conditions:

w,=6,=0 at £=0, (18a)
w;—0 and 6,—0 as {—>o. (18b)

Note that the transformation to the semi-infinite domain by (7
z)—>(7; ¢) is singular at 7=0. Hence, the temporal evolution of the
disturbance must be restricted away from the singular limit of 7=0.
In any case, any semi-infinite domain solution produces the unre-
alistic limit of the infinite gradient or amplitude at 7=0.
2. Exchange of Stabilities

Now, we shall show that the principle of the exchange of stabili-
ties is valid. To prove the exchange of stabilities, let us rearrange
Eq. (17) as

(D2+§D—k"2— rggelz—RaZWIﬁeXP(— % (19)

where D=0/0¢ and K'(=ky/7) is the wavenumber rescaled with
the penetration depth A(=d./7). By multiplying Eq. (19) by exp(¢%/
4)6, and integrating over the range of & the following relation can
be obtained;

{jexP(éz) Gl—d;'} Iexp(%)é(pz.;- gD— a*z) 6,dg
= J=Rap[wBd 0)
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where 6, is the complex conjugate of 6 and exp(¢?/4) is the weight-
ing function of the following Sturm-Liouville equation:

L§¢n:7 A‘n¢n’ (21)

where L,=D’+(/2)D. Eigenfunctions and eigenvectors for Eq. (21)
are to be discussed later.
By integration by parts we obtain

J'exp(g)ﬁl(D + CD K )9 ds= J’exp(éz)|D 91|2d§
—jexp( )k 6fdc, )
since the integrated part disappears through the boundary condi-
tion (3.9). By similar approach, the integration of the right side of
Eq. (20) yields
[Giw,dg=— {2 [wy(D*~K*)w,d¢= éIIDwf +Kw[fdg (23)
0 0 0

Combining Egs. (20), (22) and (23), the following relation is ob-
tained:

U*TIeXp(£)|0| dg+jexp( ){|D9| TK6fde

RaD

(24)

where the temporal growth rate, ¢ is defined as

; 1 2
e I—@lexp( )dg (25)
{lHIIZeXP(%dC{ ? }

is a function of 7 only, for a given k. The real and imaginary part
of the this equation must vanish separately; therefore, the imagi-
nary part should be

Im(o) TTGXP(%Z)|91|2(1§: 0. (26)
0

Since the integration jexp (%2)| 6,’d¢ has a real value,
0

Im(c")=0. 27)

This means that ¢ is a real function for all positive 7and that the
principle of the exchange of stabilities is valid for the present prob-
lem. Since 6"=G", the temporal growth rate defined in Eq. (25)
can be rewritten as

O'*lw;{](%ﬁl +6, %)exp(é/z)dg“} (28)
2£|91|26Xp(§)d§ or 1o

3. Variational Principles
The transition from stability to instability must precede the sta-
tionary state since & is a real function for all positive 7 By setting
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o =0, the neutral state is characterized from Eq. (24) as

K27 exp(%z){|D91|2+k*2|91|2}dg :
Rap= Y - =
j|Dw1|2+k 2|w1|2d§

0

1
E. (29)

Let SRay, be the change in Ray, when w, is subjected to a small
variation ow,, which satisfies the boundary condition on w;. From
Eq. (29) the following variational relation is obtained:

SRay= Il(ail—Ra;az), (30)
2
where
* 9 2 *
81,22k ] exp(%){D@lé‘(DHl)Jrk 20,50,1d¢, 31)
0
and
81,=2[ {Dw, &(Dw,) +k *w,ow, }d< (32)
0

After a sequence of integrations by parts, the following relation is
obtained

81,=2K /7] eXp(%){DZHﬁ gD 91+k*291}591d§, (33)
0
and
l,=2k > [w,86,d¢ (34)
0
Therefore,
*_2k*2 7 §_2 2 & *2
§RaD——I—2—ﬁ£exp(4) (D +2D7k )91
* 1 4,2
+RaDw1A/7zexp(— 4)}5@@4’, (35)
From the above equation, it follows that dRa,=0 if
2 4D 1) 0m - Raw,Lexp( - &
(D +2D k )91— Raleﬁexp( 4). (36)

The above argument means that the characteristic value Ray, has a
stationary property when Eq. (36) is evaluated in terms of charac-
teristic functions which satisfy Eqs. (26)-(28).
4. Eigen Anlaysis and Propagation Theory

Recently, Kim and Choi [12] expressed the disturbance fields as

0= 3 a,(Da,4,(£) @)

Here the eigenfunction ¢, and corresponding eigenvalue 4, of the
Sturm-Liouville Eq. (21) are

2,

¢n:H2,H(§/)exp(— %) and 4,=n=1,2, -~ (38aand b)

where H is the k-th Hermite polynomial. The scale factor a;,={2""*
7" J(2n) } " is inserted to guarantee the orthonormal relation:

¢

] e )46 39)

where exp(¢?/4) is the weighting function of the Sturm-Liouville
Eq. (21).
From Egs. (16), (18) and (37), w, is expressed as

wi= z a, (D, (K, O, (40)

where 1, can be obtained by solving

(O’ -K")y,=k",, (412)
under the following boundary conditions:

,=0 at =0 and {—>. (41b)

Using the method of variation of parameters [11] or the inverse
operator technique [12], the solutions of Eq. (41) can be expressed
as

V==K sinh(K' ) g exp(- K )d&-Sexp(-K O exp( 9
0 0
o *
+Sexp(k O d.exp(-K &de 42)
0

After performing the integrations, Eq. (42) can be simplified recur-
sively as
W, =4K *(W, 1=, 1)» N=2,3, (43a)
with
w=- k*zﬁexp(k*z)[exp(f k' é’)erf(f kK + Zg)
rexp(k’ c;)erf(k* + @ —2sinh(k’ cj)} (43b)
Substituting € and w, into Eq. (17) and performing the orthog-

onalization process, the stability equations are reduced to the fol-
lowing matrix form:

da

rd_r =Ba, (44a)
where
an:_(2’m+k*2)6nm+Ra;amanhmn’ (44b)
Bk = [4,(Dw, S (440)
0
a:[al) aZ) a3) “']T) (44d)

for m, n=1, 2, ---. It is stressed that the partial differential Eqs. (16)-
(18) are reduced to simultaneous ordinary differential Eqs. (44),
without spatial discretization. Furthermore, the characteristic matrix
B is normal, B=B/, since h,,,,=h,,,, through
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7 17 & o
By = A= —f vl —=-K7)p,d
- iwm g kzgw(dgz )v/ ¢
(L dvs
0k dg dd

S )dC=h,, (45)

To trace the growth of the disturbance, the norm of the distur-
bance ||6]|| is defined as

> 1/2
||91||{ J'H?exp(%)dg“} = Ja"a, (46)

Based on the this quantity; one can define the growth rate o as

o 1dl0]_ 1 rda” nda)
o= ol dr — oH (dra+a 1. (47)
1 2a a

which is equivalent to Eq. (25). With the aid of basic matrix opera-
tion, the growth rate defined in Eq. (47) can be rewritten as

o T=— (48)

where E=(B”+B)/2. Note that E=B since the matrix B is normal.
For the normal matrix B, the following Rayleigh quotient can
be defined [15]:

H
a Ba
—
aa

R(B, a)=

(49)

And, the maximum value of R(B, a) reaches the maximum eigen-
value of B when a is the corresponding eigenvector:

R(B, a)<maxf{eig(B)}. (50)
By using Eqs. (48) and (50), the following relation is obtained:

o' r<max{eig(B)} at r=7 (51)
Therefore, the growth rate of the most dangerous disturbances at a
given time 7 defined in Eq. (50) can be expressed as

o’ r=max{eig(B)}. (52)

Yoon and Choi [5] reformulated the linear stability equation by
adopting the thermal penetration depth as a proper length and cal-
culated the stability conditions. They called their method propaga-
tion theory. Under propagation theory, they assumed da/dr=c"a

and expressed the dimensionless amplitude functions of disturbances
as

wi(5 &), 6(5 =W (K, &), ' (]exp(c” ). (53)
Then, the stability equation is obtained from the Eqs. (16)-(18) as
(D*-K?)w'=k"6’, (54)
o' 10 +Rapw D, =(D+ 5D}, (55)
2
w'=0"=0at £=0, (56a)
w'—0and 6" —0as {0, (56b)

Selim and Rees [10] derived the above stability equation under the
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Fig. 3. Comparison of the neutral stability curves obtained from
the QSSA and the present eigen analysis.

quasi-steady state approximation (QSSA). This means that Yoon
and Chois [5] propagation theory corresponds to the QSSA in the
(1, £)-domain. Setting *=0 in Eq. (55), and approximating &) as
a simple fourth-order polynomial, Yoon and Choi [5] suggested
the critical conditions as

7=154.5Ra;” and k =0.0736Ra,,.

Recently, Kim and Choi [12] showed that the present analytical
eigen analysis and the QSSA of Selim and Rees’s [10] give exactly
the same stability conditions. The neutral stability curves obtained
from the numerical shooting method [16] based on the QSSA and
the present eigen analysis using nine terms in Egs. (37) and (40)
are compared in Fig. 3. The leading-term analysis which corresponds
to the 1-term approximation is also conducted and summarized
in Fig. 3. This figure implies that the present QSSA, Eq. (55) is use-
ful for the present system whose characteristic matrix B is normal.
The basic reason for the present consistency might arise from the
fact that the base field is time-independent in the (7 ¢)-domain, as
shown in Eq. (9). Therefore, Yoon and Chois [5] propagation theory
is a good approximation of the present exact the eigen analysis.

CONCLUSIONS

Some analytical features of the Horton-Rogers-Lapwood con-
vection under the transient base field have been considered here.
We proved analytically the principle of exchange of stabilities and
showed that the characteristic stability parameter Ray, has a station-
ary property. Furthermore, we suggested disturbance fields which
are more compact than the previous ones. Also, we found that the
characteristic matrix B is normal, and therefore, the growth rate
can be obtained from the maximum eigenvalue of the matrix B. It
is very interesting that the present stability results are exactly same
as those under the QSSA and the propagation theory Based on these,
the present study might give a robust theoretical background, which
has been assumed and ignored in the previous studies. Further-
more, considering the similarity between heat transfer and mass
transfer systems, the present study can be applied to the onset of
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buoyancy-driven convection in the CO, geological sequestration
process where convective motion accelerates the CO, dissolution
into the brine saturated in geologically stable formations.
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