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Abstract—We reviewed numerical/analytical models for describing rheological properties and mechanical behaviors
of biopolymer networks with a focus on the cytoskeleton, a major component of a living cell. The cytoskeleton models
are classified into three categories: the cell-scale continuum-based model, the structure-based model, and the polymer-
based model, according to the length scales of the phenomena of interest. The criteria for classification of the models
are modified and extended from those used by Mofrad [M. R. K. Mofrad, Annual Rev. Fluid Mech. 41, 433 (2009)].
The main principles and characteristics of each model are summarized and discussed by comparison with each other.
Since the stress-deformation relation of cytoskeleton is dependent on the length scale of stress elements, our model

classification helps systematic understanding of biopolymer network modeling.
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INTRODUCTION

Recent studies in medicine have elucidated the need to under-
stand how the structures of biopolymers and the various physical
forces acting on them contribute to the synthesis, growth, trans-
portation, information processing and functioning of living cells
and tissues. Many of these forces and their effects have been iden-
tified and studied, such as hemodynamic shear stress on vascular
tissues, inspiratory pressure on lung functions, and tension on skin
aging [1]. In addition, numerous diseases, including tumors, lung
cancer, emphysema, neuro-degeneration, pulmonary fibrosis, etc.
[2-4], have been associated with the change of these physical forces
and, subsequently; the biopolymer structures. These physical forces
have also been found to be vital for cellular and genetic regulation
in the living body [5].

Living cells dynamically respond to any mechanical perturba-
tions in their environment solely by altering the cytoskeleton con-
figuration and functioning [6,7]. The cytoskeleton is a network of
protein tubules present inside a cell that is responsible for cellular
structure, shape, movement and growth. Cells are adhered to a scaf-
fold called the extra-cellular matrix. During the process of cell growth
and movement, the cellular forces in the scaffold and inside the
cell are balanced by the cytoskeleton [8-11]. Even the interactions
between two adjacent cells are affected by the mechanical behav-
ior of the cytoskeleton [12]. Thus it is imperative to identify the
various mechanical forces and analyze their effects on the struc-
ture and behaviors of the cytoskeleton in order to understand cell
functioning and abnormalities. This knowledge will lead to a bet-
ter understanding of the causes of disease and corresponding cures.
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Fig. 1. Schematic diagram which shows the structural components
of the cytoskeleton in a typical eukaryotic cell and the length
scales for each group of models.

There have been numerous efforts to model the relationships
between the structure of the cytoskeleton and its rheological prop-
erties and mechanical behaviors. However, due to the cytoskele-
tons complex structure and heterogeneous components, no single
approach has been able to accurately encompass all of its various
behaviors. As shown in Fig. 1, the cytoskeleton network is com-
posed of three main highly entangled protein structures: actin fila-
ments, microtubules and intermediate filaments. These components
together are responsible for the properties and mechanics of the
cells [13].

The actin filament (or F-actin), a filamentous form of mono-
meric G-actin protein, is the major component of the cytoskele-
ton, comprising up to 10% of the total cellular protein mass [14]. It
has a persistent length of about 15-17 pm [15]. The F-actin further
cross-links to create a bundle or an orthogonal cytoskeleton net-
work structure by the cross-linking of actin binding proteins [15-
21]. The F-actin filaments are also continuously undergoing polym-
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erization and depolymerization, leading to an active network struc-
ture [15,22-24]. These cross-linkers and the degree of crosslinking
also lead to strain stiffening behavior exhibited by the F-actin [13,
25].

Microtubules, the second major component of the cytoskeleton
network, exhibit hollow cylindrical shapes composed of monomers
arand Stubulin with persistent lengths of 6 mm [13,15]. They have
higher bending stiffness, are more active in nature than actin fila-
ments, and continuously undergo polymerization and depolymer-
ization [25,26]. The microtubules are known to be the compressive
load-bearing component of the network as balanced against the
tensed actin and intermediate filaments [27].

The intermediate filaments (persistence length ~1 pm) are the
least well studied of the three components of cytoskeleton [13,15].
They, along with the F-actin, act as the tension-bearing components
under deformation and have a rope-like structure consisting of dif-
ferent proteins [12-13,25]. They are more stable compared to F-actin
and microtubules and can withstand higher stresses and strains
before rupture [25].

The dynamics and properties of the cytoskeleton result from the
collective actions of the aforementioned components at various
time and length scales. Therefore, successful modeling of the cyto-
skeleton requires proper approximation of the behaviors and proper-
ties of those structural elements for the time and length scales of
the phenomena of interest. The length scale is important for ther-
mal and mechanical effects. However, biological effects or struc-
tural reorganization, including polymerization/depolymerization,
must consider both length and time scales. For example, the stress-
deformation behaviors within a time scale range where there is no
structural reorganization or polymerization/depolymerization are
referred to as “passive dynamics,” whereas “active dynamics” are
related to biological responses at longer time scales [13].

This review paper classifies numerous analytical and numerical
models used to analyze cytoskeleton behaviors and properties into
three groups according to length scales: cell-scale continuum-based
models, structure-based models, and polymer-based models, as
shown in Fig. 1. We focus on models used to analyze the passive
dynamics of the cytoskeleton. Length scales of individual cell mechan-
ical properties range from atomistic to the macroscopic cell level.
Note that we exclude models that work at the scale of collective
cell motions (>10 um).

Our dassification is adapted from that used by Mofrad’s review
in 2009 [13]. Models which describe the dynamic behaviors of a
single cell as an elastic continuum medium are classified as “cell-
scale continuum-based models” Mofrad named similar models
‘continuum-based models;” but we add “cell-scale” (typically around
10 um [28]) to distinguish them from continuum approaches at
smaller scales [28]. Structure-based models consider cytoskeleton
properties with discrete representative volume elements (RVE) which
approximate the stress-deformation relationship among structural
components (typically between 1 and 10 um [28]). As this model
name was used in Chens review in 2014 [29], these models encom-
pass the groups of “tensegrity models” as classified in Mofrad [13],
the models reviewed by Chen and co-workers in 2012 [30], and
the continuum polymer network models summarized in a review
by Unterberger and Holzapfel in 2014 [28]. The “polymer-based
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model” explains the cytoskeleton properties in terms of polymer
network structures (typically around 1 pm [28]) or a single poly-
mer molecule (less than 10 nm [28]), as in Mofrad [13].

Many reviews have summarized various models for cellular and
cytoskeleton dynamics using different approaches. As mentioned,
Mofrad provided a unified insight into the overall cytoskeleton
rheology and experimental techniques [13]. However, additional
structure-based and polymer-based models have subsequently been
added to other reviews. Chen and co-workers summarized models
by focusing particularly on the structure-based models [30]. Chen's
review classified models into continuum-based and structure-based
models. However, the author specifically arranged continuum-based
models related to indentation experiments into another separate
group: nanoindentation models. [29]. Nava and co-workers [31]
and Moeendarbary and Harris [32] have unified various models
ranging from cell mechanics (>10 um) to cytoskeleton behaviors
(~1 pm). The former, which is mostly related to mechanics of adher-
ent cells, proposed a model dlassification that included only contin-
uum-based models and structure-based models (they used the terms
of continuum model and microstructural model). The latter models
depict various cell phenomena at different time scales and length
scales, but do not provide much detail on cytoskeletons. There were
other reviews [28,33,34] which mainly emphasized polymer-based
models (from molecular level to network scale), but did not pro-
vide much discussion of cell-scale and structure-based models.

Our aim is to provide a systematic understanding of cytoskele-
ton models in terms of length scales, which determine the stress-
deformation relation of the cytoskeleton. This paper summarizes
the underlying principles, main applications, and advantages and
disadvantages of cytoskeleton models in each classified length scale

group.
CELL-SCALE CONTINUUM-BASED MODELS (~10 pm)

The cell-scale continuum-based models describe the mechani-
cal/theological behaviors and properties of a cell at cellular length
scales (typically ~10 pm), which is larger than the typical distance
between different cell components [28]), by assuming that cell cyto-
plasm is a homogeneous and continuous medium. These models
are usually used for the simulation of cell motions (migration, spread-
ing, etc.) or experiments for cell property measurements [35]. Based
on the level of simplification and the behaviors of interest, these
models can be further classified into elastic/viscoelastic models,
multi-phasic models and soft glassy models.

1. Elastic/Viscoelastic Models

Elastic/viscoelastic continuum-based models utilize Cauchy’s
momentum equation as well as constitutive equations that repre-
sent the stress-strain behavior of the cytoskeleton as a homogeneous
elastic or viscoelastic medium [13]. A cell cytoplasm is discretized
into small computational units (mesh) to solve those model equa-
tions by the finite element method with necessary boundary con-
ditions. The major application of this approach is for analyzing and
evaluating the cells’ experimentally measured in vivo and in vitro
force levels and their effects on cell behaviors [36]. It gives adequate
results when measuring the cell deformation macroscopically [37,38].

These models are classified into elastic models or viscoelastic
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models, depending on the dynamic time scale of the cellular behavior
of interest [13]. An elastic model is sufficient to describe small defor-
mations following Hooks law, whereas a nonlinear elastic model,
such as the Gaussian model, is required for larger deformations
[29]. However, the elastic models are only suitable for modeling
cell material properties and cell dynamic behaviors at limited time
scales (near equilibrium) due to their oversimplification [29,31].

The time-dependent stress-strain behaviors can be described by
the viscoelastic models that utilize typical viscoelastic constitutive
equations, such as typical or modified Maxwell models [31,32]. Vis-
coelastic models have been able to predict the cellular mechanics
for blood cells, which are under continuous shear and high mechani-
cal perturbations, as well as for adherent cells such as epithelial
and endothelial cells [39]. Recently, a 2D viscoelastic model was
used to simulate cell migration in a microchannel [39]. A recent
3D constitutive model was extended to simulate lipid bilayer-cyto-
skeleton coupling in an erythrocyte membrane [40].

2. Multiphasic Model

The multiphasic continuum model was first proposed by Gui-
lak and co-workers, based on the idea that the viscoelastic behav-
iors of cells can be attributed to the intrinsic viscoelastic property
of the cytoskeleton (solid phase in cytoplasm), the fluid viscosity
of the interstitial fluid (cytosol: water with ions), and the solid-fluid
interaction within a cell [41]. The basic approach of the biphasic
cell model [42] can be extended to a more realistic physical repre-
sentation of a cell by adding more phases. Therefore, the biphasic
approach requires constitutive stress-strain equations in each phase
as well as additional momentum and mass conservation equations
over those phases. For example, the triphasic model considers a
viscous liquid phase, an elastic solid phase, and an ionic phase, where
two stress-deformation equations are required for the liquid and
solid phases and an additional equation exists for the osmotic pres-
sure in the ionic phase [43,44].

Time or deformation rate-dependent response to stress can be
described by the poro-elastic or poro-viscoelastic concept, which
views the cytoplasm as a wetted porous solid [45-47]. Under this
context, the cell viscoelasticity is a measure of the time scale (func-
tion of the poro-diftusivity, which is proportional to a combined
variable of elastic modulus of the solid phase, porous size, and the
fluid phase viscosity) needed for the redistribution of the intracellular
fluids and cell response under mechanical perturbations. As the
poro-diffusivity increases, the relaxation of the cell gets faster [32].

A combination of the above models with the structure-based
models can be used to study the phase interactions and cell mechan-
ics. The multiphasic approach can more accurately predict the cell
rheological behaviors, such as creep response of the cell [48] and
the chondrocyte mechanics [49]. However, one of the major dis-
advantages of these models is the increased number of estimated
parameters and the increase in complexity of the model [32,41].

3. Soft Glassy Models

The soft glassy rheology model [50,51] (also referred as power-
law rheology [29]) was initially proposed by Sollich and co-work-
ers [52,53], describing soft glassy materials with weak dependence
of storage (G') and loss (G") moduli on frequency, @ Soft glassy
materials generally have a disordered structure of aggregated dis-
crete components (foams, pastes, colloids, etc.) that interact weakly.

They usually have low moduli in the range of Pa to kPa, and are
not thermodynamically stable. Based on the above observations of
the resemblance of the cytoskeleton to soft glassy materials, the soft
glassy rheology was proposed as another interpretation of the contin-
uum-based cytoskeleton model to explain how the macroscopic
cellular response is related to the localized structural rearrangements
caused by meta-stability and disordered structure [32,50,51]. This
model can adequately predict the frequency dependency of elastic
and loss moduli for all animal tissue types, including the smooth
muscles in human airway, endothelial and epithelial cells, for a wide
time range of ~0.001-100 sec using a universal parameter called a
noise temperature. However, microscopic interpretation of this par-
ameter has not been performed [50].

4. Discussion of the Cell-scale Continuum-based Models

The aforementioned cell-scale continuum-based models have
been widely used for simulation of whole cell behavior as well as
for cell material property experiments. According to the conditions
of the behaviors of interest, different models can be chosen. For
example, even for simulations of the same micropipette aspiration
experiments, different models have been chosen according to the
ranges of deformation and time [48,54,55].

There are some major disadvantages with all of the above con-
tinuum-based models. First, these models emphasize macroscopic
cellular behaviors and dynamics. Microstructure and individual
cytoskeleton component behaviors are not considered by approxi-
mation at the continuum level. For example, the effects of actin
cross-linkers, thermal fluctuations, and polymerization/depolym-
erization are neglected. Therefore, the interpretation of the molec-
ular level interactions is not allowed. Additionally, the macroscopic
models cannot predict and understand the pre-stressed phenome-
non observed in the cytoskeleton network [56]. The structure-based
models and the polymer-based models, which will be discussed in
the subsequent sections, portray a better understanding of cyto-
skeleton properties and behaviors from a microstructural point of
view.

STRUCTURE-BASED MODEL (1~10 pm)

Structure-based models utilize discrete structural elements, which
represent the individual stress-strain relationships among the micro-
structural components of the cytoskeleton, to describe the rheolog-
ical properties and mechanical behaviors of the cytoskeleton [29,
32]. Since the heterogeneity of the cytoskeleton is considered through
the microstructural stress elements, these models can describe some
cell behaviors that cannot be simulated by the cell-scale continuum-
based models, such as stability of the cell shape and cell stiffness
[56]. The structure-based models can be further categorized into
pre-stress (pre-existing tensile stress) models and semi-flexibility
models. Pre-stress models, which include the cortical membrane
model, the tensed cable nets model, and the tensegrity (cable and
strut) models, consider pre-stress in the intercellular force balance
to predict cell shape [56]. Note here that some reviews, such as by
Mofrad [13], named all pre-stress models as tensegrity models.
Semi-flexibility models include open cell foam models, the semi-
flexible network element model (“element” is added to be distin-
guished from other polymer-based network models), and contin-
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uum polymer network models, which utilize RVE to represent the
coarse-grained semi-flexible actin network [30]. The pre-stress model
is important because the pre-stress is related to the cell shape sta-
bility and the cell stiffness [56]. The semi-flexibility model relates
the bending ability of actin filaments with cell behaviors, such as
strain hardening [30,31]. Since the stress elements of these models
consider the cytoskeleton components, the element length scales
are considered to be smaller than cell scale (<10 um) [28]. How-
ever, since the stress element is still an imaginary representation of
the actual polymer network, the element length scale is considered
to be larger than the polymer network scale (>1 pm) [31,56]. These
models consider affine approximation (local deformation is the same
as the macroscopic deformation) of the discrete elements, allow-
ing continuum interpretations of the deformations, resulting in less
numerical and computational complexity than the polymer-based
models [56].
1. Cortical Membrane Model

This model assumes that the stress bearing elements of the cyto-
skeleton are restricted within a thin or several thin distinctive cor-
tical layers with the stress balanced either completely by the pres-
surized cytoplasm itself, or by the cytoplasm and extracellular matrix
together [57]. This model can also predict the linear stress and cell
stiffness relationship and give a good approximation for suspended
cell (e.g., blood cells) and non-adherent cell behavior [58,59]. The
major disadvantage of this model is that its primary assumption,
that the resistance to cell shape alteration is provided by a thin cor-
tical layer, cannot be applied to adherent cells [60]. Thus, the lim-
itation of this model inspired the shell-like 3D pre-stress models in
the next section [30,56].
2. Tensed Cable Nets Models

This concept models a network completely constituted of ten-
sile cable elements (linear-elastic springs) without the balanced
compression in the microtubules. The pre-stress is maintained and
supported by the external extracellular matrix. The model predicts
a linear relationship between stiffness and stress when the cable
tension is constant; otherwise, the trend is non-linear [56]. As in
the cortical membrane model, the pre-stress in the cortical mem-
brane can be simulated with 2D tensed cable nets [59,61,62]. One

Fig. 2. A typical example of 2D tensed cable nets models: Reinforced
squared nets (Redrawn from [61,62]).
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example of a typical 2D cable net (reinforced squared net) is shown
in Fig. 2. In the case of the behavior of suspended cells, such as blood
cells, this model provides very good agreement with the experi-
mental observations; however, the behaviors of adherent cells, such
as cell spreading and cell migration, require more complicated 3D
models for better simulation [30,56].

The 3D tensed cable nets models construct 3D cable networks
with uncrossed free-sliding joints as well as pin joints [63,64]. The
pre-stress is equal to the sum of all the tensile forces in the cables
across a cross-sectional area [63,65]. This model is also able to pre-
dict some of the mechanical properties, such as Young’s modulus,
of the cytoskeleton and has good accordance with micropipette
aspiration experiments. It also provides better interpretations of
cell mechanics compared to the open cell foam models, which will
be introduced later [30]. Major disadvantages with these models
are that they do not include anything about compressed microtu-
bules and still have limited ability to predict the behavior for adher-
ent cells [27,31,56].

3. Tensegrity (Cable-strut) Models

The tensional integrity; or tensegrity, model employs a discrete
network of self-stabilizing pre-stressed tension bearing components
(actin and intermediate tubules) which are balanced by locally com-
pressed units (microtubules), each subjected to mechanical equi-
librium and geometric deformation [10,27,66]. I vivo probing has
clarified that the actin filaments are the stiffest of all cytoskeleton
components with a linear shape, whereas the microtubules appear
curved. Thus, the principal assumption of this model is that actin
and intermediate tubules are the stress bearing components but
the microtubules resist compression, which is in accordance with
the above observations [10,67,68]. The stress element of this model
is based on variations of Buckminster Fullers tensional integrity
structure, proposed in 1961 [69]. This model describes a network
system stabilized by continuous tension rather than continuous
compression units [27]. Thus, the mechanical stability of the net-
work depends on the arrangements and re-arrangements of these
components. One of the most typical tensegrity elements, the octa-
hedral structure, is shown in Fig. 3. This basic structure consists of
six rigid struts (compression-resisting elements) and 24 elastic cables
(tensile-bearing elements). Depending on the experimental condi-
tions, more complicated structures [70], viscoelastic cables [71],
additional tensegrity elements and cables for nucleus and interme-
diate filaments [10,72], and multimodal or additional tensegrity
elements [10,73,74] can be added.

The model correctly predicts the linear increase in the stiffness of
the network with that of the applied stress in accordance with experi-
mental results [27,56]. This model can also predict both static and
dynamic behaviors of various cell types (e.g,, human airway smooth
muscle cells and the adherent cells) and has confirmed that the cells
maintain their shape by redistributing and balancing the stress be-
tween the cytoskeleton and the extracellular matrix [31,32,56]. The
pre-stress and subsequent increase in cell stiffness as predicted by
this model can probably also explain the high elasticity and non-
linear viscoelastic behaviors observed in cells [32]. In contrast, this
model still has a disadvantage in the prediction of the elastic mod-
ulus greater than experimentally measured values and a limitation
in the description of cell viscoelastic behaviors, which requires con-
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Fig. 3. A typical octahedron tensegrity element structure. The inset is a view from the xy-plane, which looks identical to the views from the

zx-plane and the yz-plane (Redrawn from [71]).

(c)

Fig. 4. The RVE:s of (a) a typical open cell foam model (cuboid), (b) the semi-flexible polymer network model, and (c) the continuum poly-
mer network models (8-chain model) (More details of each model are available in each original reference. Images were also redrawn

[75,76,81]).

sideration of polymer structure at smaller scales [28,30].
4. Open Cell Foam Model

In this model, the actin network is a rigid cross-linking of beam-
like structures, of which the shape is either cuboid, dodecahedron,
tetrakaidecahedron, or icosahedron, with bending and twisting of
the struts as the major stress-generating component. One of the
typical stress units is a cuboid as shown in Fig. 4(a) [30,75]. This
model has a major application when studying endothelial cells. It
can also predict the strain hardening under compression for the
adherent cells exposed to local mechanical perturbations [31]. The
open cell foam model does not include pre-stress and thus does
not explain the effect of stress on cell stiffness. The rigidity of the
cross-link is a major disadvantage of the model, as in reality the
actin cross-links are not rigid [12]. Overall, this model may not be
able to provide as much information regarding cytoskeleton mechan-
ics compared to the other models [30,31].
5. Semi-flexible Network Element Model

We named this model as the semi-flexible network element model
because it describes the cytoskeleton rheological properties using
an RVE-based approach to represent the structure of a semi-flexi-
ble polymer network [76]. As shown in Fig. 4(b), the RVE of this

model consists of four equal-length strings and elastic springs, which
simplifies the complex network structure. This model can predict
Young’s modulus as well as the shear modulus in terms of the rela-
tive ratio between the bending stiffness and the axial stiffness as
well as the cross-link density. Although this model relates the micro-
structure of the cytoskeleton network to cell mechanical proper-
ties, it is not suitable for the simulation of cell dynamics due to the
lack of structural information at larger scales (3D structure and
microtubules) [30].
6. Continuum Polymer Network Model

The concept of this model is based on rubber elasticity in con-
tinuum mechanics; however, it also considers the force-extension
relation of polymer chains, which is not directly included in the
cell-scale continuum-based models. The RVE of this model is a
continuous medium with principal stretch axes, as shown in Fig.
4(c). Different shaped RVEs have been used for describing poly-
mer networks [77-80]. The eight-chain model or all-direction model
was used for actin-filament networks [20,81].

This type of model has recently been improved to overcome
the limitation of affine approximation and to include the predic-
tion of negative normal stress behaviors. van Oosterwyck and co-
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workers considered the inextensibility of chain and sliding cross-
links for non-affine deformation [82]. Recently; two nonlinear springs
connected in a series were used to show the effect of the linker stiff-
ness on the rheological properties [83]. Unterberger and co-workers
nonaffine homogenization method can show the negative normal
stress behavior [84,85]. A different approach, where a rigid rod con-
nected to the surrounding elastic medium by cross-linkers, was re-
ported to show the effect of the flexibility of the cross-link on the
rheological properties [86].

Using a proper application of this model to the finite element
method, the cell behavior, such as that observed in a microindenta-
tion experiment, can be simulated. However, only qualitative agree-
ment was achieved, which is conjectured to be due to the lack of
larger scale information as in the semi-flexible network element
model [84,85].

7. Discussion on the Structure-based Models

The structure-based models provide a better understanding of
the cytoskeleton behaviors and properties related to microstruc-
tural information, such as pre-stress and semi-flexibility, which are
neglected in the cell-scale continuum-based models. But it is still
an affine continuum approach and thus does not provide informa-
tion about thermal fluctuations, network morphology; actin polymer-
ization and cross-linking effects. The polymer-based model has been
used to overcome those limitations, which will be discussed in the
next section.

Although the structure-based models are more suitable for de-
scribing the cytoskeleton properties rather than the cell behaviors,
the RVE approach is usually used when averaging over the cell and
cannot be used for local fluctuations of deformations in a cell. How-
ever, proper choice of finite element method and multiscale simu-
lation can allow structure-based models to simulate cell behaviors.
For example, Chen used the tensegrity models to simulate cell spread-
ing [87], and Unterberger and co-workers used the continuum
polymer network model to simulate micropipette aspiration [84,
85]. However, the computational time is generally longer than that
for continuum-based models due to the more complex calculations
for each RVE.

Among the pre-stress models, the tensegrity model seems to be
the best because it considers the actin networks as well as the micro-
tubules, whereas other models do not consider the microtubules.
Compared to the semi-flexibility models, the pre-stress models are
generally better at describing larger cell scale behaviors due to the
inclusion of the pre-stress. However, the semi-flexibility models are
better in that more microstructural information (semi-flexibility)
can be incorporated in simulating the cytoskeleton properties.

POLYMER-BASED MODELS (<1 pm)

We classify models which consider the structure of polymer mol-
ecules (actin filaments) or the morphology of polymer networks
to predict cytoskeleton material properties as polymer-based mod-
els. The models in this type are further categorized into the discrete
polymer network model (Mikado model) and the single polymer
chain model. The original classification of the polymer-based model
can be found in a review by Mackintosh [88] as well as one by Mof-
rad [13]. Recently, Unterberger and Holzapfel published a thor-
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ough review on polymer-based models in 2014 [28]. However, they
also included the continuum polymer network model in their
review. Here, we classify the continuum polymer network model
as a structure-based model because the actin network structure is
simplified into an RVE with chains in principal axes in a continu-
ous medium.

The structure-based models utilize many imaginary microstruc-
tural units, which have been proposed to model the complex physi-
cal properties of cells. However, these models still lack actual in-
formation on the detailed structure and behaviors of the cytoskele-
ton at polymer molecular-level scales, such as cytoskeleton network
morphology; cross-linker properties, and thermal fluctuation. Since
the cytoskeleton is a complex structure of biopolymers, such as actin
filaments, modeling the cytoskeleton structure at smaller polymer
scales (~1 um for polymer networks and <10 nm for single chains
[28]) is essential to understand the origin of the unusual physical
behaviors of cells. The polymer-based models have been used to
elucidate the nonlinear mechanical response of the cytoskeleton to
external forces in terms of collective behaviors (the effects of con-
nectivity for networks and entanglements for solutions) as well as
single chain properties (semi-flexibility and finite extensibility) of
actin filaments.

The single polymer chain models provide the force-extension
relationship of an actin filament, which is a fundamental aspect of
all the models at larger scales. The discrete polymer network mod-
els are used to elucidate the interplay between the polymer net-
work structure and the semi-flexibility of individual actin filaments.
One of the distinguishing unusual behaviors of the cytoskeleton is
the negative normal stress effect [89], which is explained only by
polymer-based models that consider semi-flexibility.

1. Discrete Network Models

In this model, the RVE is a simulation box filled with cross-linked
polymer chains. Each simulation method is different in how it sim-
ulates semi-flexible polymer chains, the properties of cross-linkers,
and how to construct the network structure.

Simpler approaches include the 2D network models. Head and
co-workers used random 2D networks of worm-like chains to derive
the scaling of the bulk modulus and the affine/non-affine elastic
deformation regime as a function of the concentration and con-
tour length of an actin filament [90,91]. An elastic beam was used
as the network element to predict the scaling of shear modulus
[92]. A network of Euler-Bernoulli beams was employed to iden-
tify the elastic deformation regime according to the magnitude of
strains [93]. The same network model was also used to explain the
negative normal stress phenomenon with an asymmetric force-
extension relation of actin filaments [94]. This model was also com-
bined with a kinetic Monte Carlo method to show the strain de-
pendence of the cross-link rupture and stiffness [95]. Alonso and
co-workers proposed a model based on the flocking theory. Poly-
mer chains are considered as point particles, while cross-linkers
are represented as potential functions [96,97]. This model can sim-
ulate strain hardening, viscoelastic creep, stress relaxation, network
rupture, and network reformation. Fallquivt and co-workers also
used a 2D network model to study the effect of the filament length
dispersion and the cross-linker compliance on the network mate-
rial properties. They also performed a simulation using the con-
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tinuum polymer network model to connect the effect of the cross-
linker properties to a larger scale model [98].

Although 2D network approaches have been used for many stud-
ies, their limitations, such as the inability to represent the effect of
3D morphologies of cross-linkers on the actin network structure,
have inspired the development of 3D network models. Huisman
and co-workers have used the 3D network of Euler-Bernoulli beams
[99] and an inextensible worm-like chain model [100,101] to study
the strain-stiffening and scaling of elastic moduli. Brownian dynam-
ics (BD) simulation method was used to study similar cytoskele-
ton network properties. Polymerization/depolymerization was simu-
lated using actin monomers represented as rod-like units, which
results in a 3D network structure [16,102,103]. Both the model by
Huisman and the BD model [102] discovered that stress is con-
centrated in a few chains at high strain. The BD model was also
used for extensive study of actin network behavior, such as identi-
fication of distinctive regimes and mechanisms of creep, as well as
the origin and control of viscous flows in cortical cells [104]. The
BD simulations and the dynamic cross-linking of the actin filaments
can also be studied to understand the behavior of cancerous cells
[105]. Whereas many models assume isotropic deformation, some
models can predict the different morphologies of cytoskeleton net-
works, such as bundled filaments. The aforementioned BD model
demonstrated the different morphologies as a function of cross-
linker properties. Cyron and co-workers used stochastic govern-
ing equations to demonstrate different morphologies [106]. A recent
study, which proposed a form-finding model (a 2D model was used
earlier [107]), found that cells create parallel rather than disordered
bundles of actin filaments during cell motion and cell adhesion.
The parallel bundles align in the stretched direction, increasing the
stiffness of the cell [108].

2. Single Polymer Chain Model

The single polymer chain model describes the most fundamental
physical behaviors and properties of the cytoskeleton in the poly-
mer molecule scale (<10 nm). Modeling the nonlinear force-stretch
relationship of a single polymer chain is one the main issues in this
type of model.

Molecular dynamics (MD) simulations are used for the small-
est atomic scale. Matsushita and co-workers simulated a single F-
actin filament with a full atomic structure to estimate its exten-
sional stiffness [109]. Coarse-grained MD (CGMD) simulations
were also performed by Chu and Voth to estimate the persistence
length [110]. CGMD was also used to identify the heterogeneous
mechanical properties of F-actin according to G-actin subunit struc-
tural differences [111-113].

The dynamics features of a single filament can be modeled at a
larger scale (polymer chain level: ~10 nm) than the atomistic scale (~1
nm) in MD simulations. These types of models are called worm-
like chain models. Although the atomic scale information can be
scaled up [114] or modeled as an elastic rod that incorporates the
helical structure of the filaments, the worm-like chain model [115,
116] has been widely used. Based on the previous analyses [88,90,
91], although a short filament with a length scale that is much smaller
than its persistence length, its longitudinal response is determined
by transverse thermal fluctuation. The model equation for the rela-
tionship between the force and the extension was later developed

by Holzapfel and Ogden [117], and the Monte Carlo simulation was
developed by Blundell and Terentjev [118]. There is also an approach
using the finite element method to solve the Langevin equation for
wormlike chain dynamics, which has also been extended to model
2D network behaviors [119].

3. Discussion on the Polymer-based Models

Consideration of polymer structure in models made it possible
to predict or explain cytoskeleton properties/behaviors, which was
not possible using larger scale models. For example, the frequency
dependence of shear moduli, can be predicted by considering the
polymer network structure, whereas the soft glassy model predicted
that same behavior by adjusting a parameter [50]. The effects of
cross-linkers are essential in determining the overall actin physical
properties and the consequent cytoskeleton properties. The affin-
ity of the actin binding proteins to the actin filament, the resulting
network morphology (bundle or orthogonal), the degree of cross-
linking, concentration, and the molecular weight affect the non-
linear viscoelastic response of the cytoskeleton [120,121].

However, the general disadvantages of considering microstruc-
tural information at smaller scales are heavy computational cost
for larger scale simulation and the neglect of structural informa-
tion at larger scales. Due to computational limits, the frequency
dependence of shear moduli cannot be investigated for longer time
ranges, and some filaments that are larger than the simulation box
cannot be modeled [102]. The simulation of active behaviors, includ-
ing polymerization/depolymerization of actin filaments, requires
longer time scales. Polymerization/depolymerization can be con-
sidered only in the generation of a 3D network structure but not
in the simulation of active behaviors [102,122]. However, Alonso
and co-workers simulated active behaviors such as network recon-
struction using a 2D model, which is computationally less costly
[123].

It is understood that the behavior of the cytoskeleton network is
not a function of one single component but is interdependent on
the behaviors of all of the three major components together [10,
68]. Considering that, a model based solely on actin cannot predict
and analyze the true cytoskeleton behavior. Similarly, these models
also do not consider the compression in microtubules and the im-
portance of intermediate filaments in bearing stress.

DISCUSSION/SUMMARY

We dlassified many mathematical and numerical models for mech-
anical behaviors and rheological properties of the cytoskeleton of a
cell, which have been published up to 2014. The categories used
are adapted from those used in a review by Mofrad in 2006: the
cell-scale continuum-based model (originally continuum-based
model), the structure-based model (tensegrity models and other
RVE-based models), and the polymer-based model. These catego-
ries may be further dlassified into five groups by dividing the struc-
ture-based models into the pre-stress model and the semi-flexibility
model as well as by dividing the polymer-based models into the
single polymer chain model and the discrete polymer network model.
Table 1 briefly summarizes the models we classified and discussed
in this paper. The length scale classification is expected to promote
a more systematic identification of the principles and characters of
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Table 1. Summary of the cytoskeleton models

Models Principle (how to model) Advantage/Disadvantage
L Computationally efficient
. . Constitutive )
Elastic/Viscoelastic . enough to describe the near
rheological s .
model [13,36] . equilibrium/transient
equation . .
Cell-scale Good for cell behaviors of cell dynamics.
. Cytoplasm o o .
continuum a5 continuous Constitutive dynamics simulation/
nodel Multiphasic model media rheological No microstructural More accurate at the cost of
(~10 um) [41] equations in information computational cost
each phase
Soft Glassy Model Sollichs Prediction over large time scale
[51] equation ranges
Cortical Model )
and 2D/3D Cable Cable Pre—str(?s§ .is considered. La.ck of mlg.lVOtuElUle and
Strlljlctu;e— Nets Model networks Polis(liblhty f‘or bogq ;Ezzrrrrllzﬁlj:le ament
ase [56,57,61,63] Pre-stressed ee cynamies ai
Pre-stress stress unit cell properties. Lack - -
model ' of polymer structural Con§1ders all actin ﬁlament.s,
(4~10 um) Tensegrity Model Cable-Strut information microtubules, and sometimes
[10,56] networks (semi-flexibility) intermediate filaments.
Versatility of the model
Prediction of bending
Open Cell Foam Rigid beam Semi-flexibility or dominated deformation.
Model [75] structure bending is Some structural information
Str]?;t:;e— considered. Lack of is not correct.
) Semi-flexibility . Simplified microtubule and Complex network behavior is
Semi- Stress unit with L
s Network Element P, oolymer polymer molecule well simplified. Lack of 3D
flexibility semi-flexibility . . . .
model Model [76] network information (network structural information
(I~4pm)  continuum Continuous morphology). ; Continuum mechanics and
. . Generally, not good for microstructural strain-stretch
Polymer Network medium with cell dynamics .
. Y relation are connected.
Model [81,84] principal axes e .
Possibility for cell dynamics
Simpler than 3D. Active
. 2D ks of
Polymer 2D Networks si\r]relitvzl(:;dlilg dynamics may be possible.
based [90,96] R, Polymer morphology Lack of 3D morphological
discrete Actin filament and collectlve. information.
network network network motions are - -
model 3D Networks of considered. Not good De.talls of n'ncrostructur'al
(10 nm~ 3D Networks semi-flexible for cell dynamics information are considered.
[16,99] . Computational load limits
1 um) chains . .
active dynamics
Chain stretch dynamics
Polymer- Worm-like Chain Continuous ) ) considering semi-flexibility
based Model [117] chain Bazlc chal'n stIr\?tch q and finite inextensibility can
single Single actin ynamics. Not goo be obtained
? . for network
chain Molecular filament chain .
. G-actin properties and cell Basic parameters, persistence
model Dynamu:s d amics 1 d ﬁn b]_l
(<10 nm) simulation mgnomer yn eng]tah a111) . 1:16 extensibility
109,110] units can be obtaine
models. the models in those categories. These models describe the relation

The polymer-based models consider the stress elements, single
polymer chain and polymer network at the smallest scales among

between the cell properties and the molecular structure of the cyto-
skeleton. However, the high computational load prevents the use of
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those models to simulate cell behavior. For example, the BD model
[102] shows the limitations in the simulation of polymer chains
longer than the simulation box, frequency range in the shear modu-
lus prediction, and the simulation of structural rearrangement by
polymerization/depolymerization. Additionally, the effects of the
microtubules and the intermediate filaments, which are larger scale
cellular components than actin filaments, are not included in the
simulation box of actin networks.

The structure-based models describe the cytoskeleton properties
and dynamic behavior using an RVE of imaginary stress elements,
which coarse-grain the polymer chain and network behaviors. The
semi-flexibility models connect the effects of semi-flexibility and
the stiffness of polymer chains to cytoskeleton behavior at larger
scales. The pre-stress models can explain the cell shape stability
and the cell stiffness in terms of the pre-stress of the cytoskeleton,
which is not considered in the cell-scale continuum-based model.
The structure-based model can generally be used to model cyto-
skeleton material properties with better computational efficiency
than the polymer-based models. However, they can also be used
for cell dynamics with proper multi-scale numerical schemes. We
also conjecture that models or studies which connect the pre-stressed
model and the semi-flexibility model would make up for the dis-
advantages of both models.

The cell-scale continuum-based model, which handles the larg-
est length scales among those model categories, can be used for
modeling cell dynamics or behavior, which are associated with exper-
iments on cell property measurements. The coarse-grained mathe-
matical constitutive models cannot give information on cytoskeleton
microstructure.

As we have reviewed, cytoskeleton modeling presents different
challenges compared to usual entangled polymer system model-
ing, where smaller scale models based on microstructural infor-
mation can describe polymer behavior and properties with more
detail [124,125]. Due to the heterogeneity of the cytoskeleton net-
work, models at smaller scales may lose larger scale structural infor-
mation, such as the effects of pre-stress and microtubules. Therefore,
the proper choice of models, especially for the structure-based mod-
els, as well as for multi-scale modeling or studies connecting mod-
els in different scales, is important. Furthermore, the development
of a model using a new approach that employs coarse-graining to
include more information from smaller scale studies to connect
models should also be considered. For example, the mean-field ap-
proach used in stochastic models for simulating complex entan-
gled polymer systems is being explored as a new interpretation of
the cross-linking and rearrangement of networks [125].

In this review; we focused mainly on models based on the pas-
sive dynamics associated with pure mechanical/rheological responses.
However, there are models based on different approaches, such as
the gel-like model that was proposed by Pollock in which the cell
movement and shape alteration can be described by the phase-tran-
sition mechanism of a gel-like structure [126]. There have been
models that consider the active behaviors which are related to bio-
logical responses or structural rearrangement by polymerization/
depolymerization. For example, the granular model considers micro-
tubule rearrangement to describe cell crawling [127]. There have
been models which described active behaviors of motor proteins

[128] and growth and remodeling [129]. Although many reviews
have pointed out the need to improve models for active dynamics
[28,30,31], apparent barriers to that development include the inher-
ent complexity of the models for passive dynamics and the need
for broader interdisciplinary research including biomedical engi-
neering, medical science, biophysics, biology, chemistry, materials
science, and chemical engineering.

CONCLUDING REMARKS

This review provides a framework for approaching and under-
standing the plethora of biopolymer network models in terms of
length scales, which are related to the stress components and the
phenomena of interest. Identifying the length scale categories of a
model can give quick insight into the advantages and disadvan-
tages of the model, and the types of behaviors and properties de-
scribed. Conversely, models can be selected based on the length
scale of the phenomena of interest. The correct prediction of bio-
polymer network mechanical/rheological properties is important
in many biomedical applications associated with biopolymer net-
works [1,130,131]. Therefore, the framework provided by this review
is expected to promote various studies on biopolymer networks.
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