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Abstract—A comprehensive mathematical model is developed for simulation of ion transport through nanofiltration
membranes. The model is based on the Maxwell-Stefan approach and takes into account steric, Donnan, and dielectric
effects in the transport of mono and divalent ions. Theoretical ion rejection for multi-electrolyte mixtures was obtained
by numerically solving the “hindered transport” based on the generalized Maxwell-Stefan equation for the flux of ions.
A computer simulation has been developed to predict the transport in the range of nanofiltration, a numerical proce-
dure developed linearization and discretization form of the governing equations, and the finite volume method was
employed for the numerical solution of equations. The developed numerical method is capable of solving equations for
multicomponent systems of 7 species no matter to what extent the system shows stiffness. The model findings were
compared and verified with the experimental data from literature for two systems of Na,SO,+NaCl and MgCl,+NaCl.
Comparison showed great agreement for different concentrations. As such, the model is capable of predicting the rejec-
tion of different ions at various concentrations. The advantage of such a model is saving costs as a result of minimizing
the number of required experiments, while it is closer to a realistic situation since the adsorption of ions has been taken
into account. Using this model, the flux of permeates and rejections of multi-component liquid feeds can be calculated
as a function of membrane properties. This simulation tool attempts to fill in the gap in methods used for predicting
nanofiltration and optimization of the performance of charged nanofilters through generalized Maxwell-Stefan (GMS)
approach. The application of the current model may weaken the latter gap, which has arisen due to the complexity of
the fundamentals of ion transport processes via this approach, and may further facilitate the industrial development of

nanofiltration.
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INTRODUCTION

Membrane processes are a novel and growing technology which
can be applied to a wide range of separation processes. They can
be driven by various driving forces such as pressure, temperature,
and electric potential. Pressure-driven membrane processes such
as reverse osmosis (RO), ultrafiltration and microfiltration use pres-
sure gradient across the membrane in order to transfer species [1].
These well-established membrane processes are very useful in the
removal of salts from aqueous solutions, e.g, to produce potable
water. Rejection of salts is mainly governed by exclusion and fric-
tion with the membrane matrix.

The major disadvantage of RO membranes is that they need high
pressures (up to 100 bars) due to the dense structure of RO mem-
branes, while very low fluxes are obtained (typically 100 kg-m™h™").
Therefore, alternative membrane processes have been developed.
Much attention has been focused on nanofiltration (NF) as an alter-
native for ion removal, and some promising instances have been
reported [2,3]. Nanofiltration membranes consist of pores which
are larger than those in RO membranes and on the order of low
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molecular weight salts. The salts are rejected by a combination of
electrical and dielectrical forces as well as sterical hindrance between
ions and membrane. In NF the operational pressure is considerably
reduced (about 10 bar) while moderate fluxes are (typically 50 kg
m > h™") achieved.

The most important factor in membrane separation is the rejec-
tion of various components. In addition to membrane properties
and molecular size, the rejection depends on process conditions
such as the velocity of phases, applied trans-membrane pressure,
and feed concentration.

Several studies have focused on the modeling of ion transport
through porous media [4-14]. From a scientific to an industrial
viewpoint, there is a definite need to develop comprehensive trans-
port models which require minimum adjustable parameters. The
first step is the development of a multi-component boundary layer
theory for the prediction of polarization layer adjacent to the mem-
brane wall. Some studies have used a film approximation in which
the properties do not explicitly depend on the flow field near the
membrane. Instead, other studies have used the main mass trans-
fer equation for the concentration polarization layer. Noteworthy,
if the diluted solutions are fed to membrane, the boundary layer
would not impose major effects on transportation of species.

The second step is prediction of the transport phenomena inside
the membrane pores. Modeling of transport through membranes
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has been the subject of a large number of studies. Multi-compo-
nent diffusion can be used to describe transport inside the NF mem-
branes. Generalized Maxwell-Stefan equations are the main equa-
tions used for the diffusion process in a multi-component system.
This formulation is able to describe the diffusion process in the
majority of phases (liquid and solid phases) as well as in micropo-
rous materials such as NF membranes. The Maxwell-Stefan equa-
tions can be solved either analytically (only in special cases) or by
numerical methods. Mass transfer is described in terms of inter-
molecular friction [15]. The generalized Maxwell-Stefan equation
(GMS) relates driving forces and intermolecular friction to net dif-
fusion velocities, and hence to mass transfer fluxes [15-17]. The
equations include frictional interactions among each set of species
(including the membrane).

The common result of mass transfer is conducted by gradient
in concentration of component(s). Ficks law of diffusion is also used
for the calculation of molar flux of component 4, N;. It is written as
a linear combination of the concentration gradients, —dc;/dz, of all
species [18]:

ndc;
= —d
N1 j:leij dz (1)

This formulation is phenomenological; the diffusion coefficients,
D, are obtained from experimental data and can be highly depen-
dent on the concentrations.

The third approach for the calculation of multi-component mass
transfer flux is irreversible thermodynamics. In this case, N; is a
linear combination of the chemical potential gradients, —dz/dz,
which are the driving forces for diffusion:

N-—%1, 34 @)

The elements L; are called Onsager phenomenological coefficients
which satisfy the relation L;=L; between each pair of ions.

These three approaches can be further connected to other theo-
ries; see, for example, [19] for derivation of the MS equations from
the classical Lagrange equations.

Among the different multi-component approaches, the MS equa-
tion has gained much attention. It has been used for modeling of
some processes, such as diffusion in microporous membranes [20],
pressure swing adsorption (PSA) [21], diffusion in carbon nanotubes
[22], capillary diffusion [23], remediation of contaminated ground-
water [24,25], membrane electrolysis process [26], gas transport in
porous fuel cell anodes [27,28], enantiomer separation by chromatog-
raphy [29] and membrane distillation [30]. Moreover, the MS equa-
tion is used to predict the diffusion, rather than in “standard” gas and
liquid phases, such as in high-temperature gas nuclear reactors [31].

Membrane characterization and modeling of membrane pro-
cesses are essential steps in the development and implementation
of new membrane filtration processes. Several models, e.g. extended
Nernst-Planck and Maxwell-Stefan, have been or are being devel-
oped for this purpose.

In NF process, generally steric hindrance (sieving effect), Don-
nan exclusion [32,33], dielectric exclusion [34] and/or increased
solute solvation energy are counted responsible for the retention of
solutes from solutions [35]. Mean pore radius, effective membrane

thickness, and the surface charge density are the parameters required
for Maxwell-Stefan model to predict the sieving and Donnan exclu-
sion effects in the NF process [36,37]. These parameters are usu-
ally obtained by fitting the model parameters to solute retentions
and membrane fluxes using pure water, single salt, and single sugar
solutions. The number of model parameters will increase if dielec-
tric exclusions (&, &,,) or changes in solvent structure are also taken
into account.

We developed a comprehensive mathematical model for the pre-
diction of ion transport through NF membranes. It is based on Max-
well-Stefan approach, which considers multi-component transport
in two sections of the membrane system: feed boundary layer and
membrane. Definitely, such a comprehensive model is unique in
terms of establishing finite volume method of discretization for lin-
earization and useful in designing new membrane systems for a
wide variety of NF separations.

For simple geometries, one can show that all three methods of
discretization (finite difference, finite element, and finite volume)
produce the same solution matrix, whereas using the finite volume
method enables the formulation for possible joining with CFD pro-
grams. On the other hand, the finite volume could be a better choice
due to its unity weight function over discreted volume and exact
global conservation, which is ensured for all grids, not only in the
limit of grid refinement. The main advantages/novelties of this study;
in comparison with similar works, could be summarized as:

1. Unlike the vast majority of the available literature which em-
ploys extended Nernst-Plank (ENP), this paper is based on gener-
alized Maxwell-Stefan (GMS), which considers interactions of ion/
ion, ion/solvent, solvent/membrane and ion/membrane.

2. The charge density is non-uniform along the pore, unlike many
studies, considering probable ion adsorption to the pore wall through
the Freundlich isotherm.

3. Dielectric exclusion is considered in partitioning when com-
bined with GMS.

4. Good accuracy is obtained even for divalent cations.

5. Not assuming linear profile for electric potential and concen-
tration through the membrane.

6. Using a simple relation for maintaining the concentration po-
sitive instead of using complex numerical method to minimize the
positive penalty, which is the sum of residual of estimated and com-
putational values of concentrations (negative concentration has no
physical meaning).

7. The model and solving process have already been general-
ized for N components.

8. The provided procedure offers solving highly stiffed coupled
equations of PDE, exponential, and algebraic, which powerful soft-
wares are potentially incapable of solving, especially when the num-
ber of equations is increased as the number of components is in-
creased.

9. Considering non-ideality of solution in terms of activity coef-
ficient.

THEORY

1. Model Derivations
The main assumptions considered in this model are:

Korean J. Chem. Eng.(Vol. 32, No. 7)



1390 V. Hoshyargar et al.

- All components have a constant molar flux at steady state con-
ditions.

- The transport process in the membrane is isothermal. This
assumption obviates the need for the solution of energy equation.
Apparently, the assumption is allowed because no reaction, and
therefore, no heat consumption or evolution takes place inside the
membrane. Moreover, the heat generated due to ohmic resistance
(calculated according to the method described by [18]) was esti-
mated to be negligible.

For steady state conditions, the equation of continuity holds:

dd—I\ZI":o i=1,2,...,n 3)
Therefore, the molar fluxes are not functions of position in the mem-
brane.

Two approaches are reviewed to calculate the molar fluxes of
ions in the case of multi-component systems. The first one is FicKs
law of diffusion:

dc,

J i= Di, g?d; 4)
C; and J; are molar concentration and flux of component i, respec-
tively, D, , is diffusion coefficient of component 7 in the solvent and
z is the direction of diffusion. Ficks law of diffusion is valid if dif-
fusion of a component occurs in the same direction as that of con-
centration gradient. However, Wesselingh and Krishna [17] dem-
onstrated in an example the contravention of this phenomenon in
which Na' ions in a solution of NaCl+HCI diffuse in the opposite
direction of concentration gradient. Therefore, Ficks law of diffu-
sion is not capable to describe such a phenomenon.

The second approach is derived from a force balance between
frictional forces and driving ones. Krishna and Wesselingh [16]
represented the above model in terms of:

N,
T= kZ G ixi(w—uy) ©)
-1

where denotes net .7, driving force acting on component i (N-
mol ). The term . consists of three potential gradients: chemi-
cal, pressure, and electric potential gradients. The right hand side
(RHS) of Eq. (5) describes the total friction force between compo-
nent i and other components by introducing ¢, which is friction
coefficient between components i and k. The effect of viscous flow,
chemical potential, pressure, and thermodynamic non-idealities
could be readily introduced in Eq. (5) considered as ., (net driv-
ing force). Friction coefficient ¢, is related to Maxwell-Stefan dif-
fusion coefficient defined by Eq. (6) [17]:

i ;—Tk ©)

As discussed earlier, net driving forces (.;) consist of three ele-
ments, including chemical potential gradient, pressure gradient,
and electric potential gradient:

= — — —
V==V, =V,VP —z2Vy (7)
———
chemical pressure elctric
potential gradient potential
gradient gradient
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where
4= 4 +RTIn(y,c)+V P ®)
Therefore, Eq. (5) is rearranged as:

=V pti=V,VP-2FVy=3% " x(u,— ) ©
3

By using Eq. (6) and multiplying Eq. (9) in x/RT, Eq. (10) is given
as:

xx(0;—uy)

Dx, k (10)

A e

" RT RT

Eq. (10) could become more complex by considering the mem-
brane in an electrolyte solution. By introducing the membrane as
a new component to the system, some additional parameters, such
as diffusion coefficient in the membrane, porosity of membrane
(&), and tortuosity of the pores (7), should be implemented in the
equation. Since no information about mole fraction of the mem-
brane (x,,) is available, it would be better to merge diffusion coeffi-
cient and mole fraction of the membrane in one term provided in
Eq. (11):

_RT
S (1)

Therefore, Eq. (10) is rearranged as Eq. (12) [37]:

-x;V ptti—x,V,VP - XZFVI//—Zg“k Xxk(u uk)+§m xu; (12)

In pressure-driven membrane separation processes, such as nano-
filtration, transport occurs not only due to diffusion, but also due
to viscous forces [39]. As such, net velocity of each component (w;)
is equal to the summation of diffusion velocity (u;) and viscous
velocity (vy):

W=u+vy (13)

Viscous velocity is also given by Eq. (14):

<B
Vi=— ;_;O(AP + szk:szkFVw) (14)
where
r2
B,=-%£ 1
03 (15)

Eq. (14) is simplified to the Hagen-Poiseuille equation for un-
charged species, i.e., pressure gradient of fluid with an average veloc-
ity of v, through a pipe. The excess term in Eq. (14) is also the in-
fluence of membrane charge density on the transport of charged
components and flow regime [39]. Substitution of Egs. (13) and
(14) in Eq. (12) gives:

B

X,V plti— (V +¢& m—’%’)vr’ X, (z F4G cmt;xkzkr«)v %
T T

= Zk: - k;,XiXk(Wi —w+¢, m;Xi(Wi) (16)

By using the correlation which relates the molar flux of each com-
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ponent (N)) to velocity (w;) and mole fraction of the component
(x):
Ni=xw,Cys 17)
Eq. (16) is rearranged as:
-x,Vr P/J»—X(V.+ & E))VP—X»(ZH— & E)C, ,Zszk)FVq/
1 > 1 1 1 1, m 77 1 1 n,m 77 0 T
1 Zx,N.—x. N
= | SN XN+ 6N 18)
By defining chemical potential (V1 p14=RTV (Inyx)=RT(V (3x,)/
7x)=(RT/yx,)(dx,/dy)) and reducing the gradient operator to dif-

ferential in a 1-dimentional system, Eq. (19) is obtained:

RTdx; ( Bo)dP ( ByCyo ) dy
X Vit G oK Lt G Xz JEC
7 dy % n/dy S n zk: e dy

1 13 T
= | SN XN+ 6N (19)

To apply the narrow pore size of membrane to the equations, hin-
drance factors are introduced in the GMS equation. This was devel-
oped by Noordman and Wesselingh [40] based on the work of
Mason and Lonsdale [41] who also developed a modified form of
the Maxwell-Stefan equation that accounts for the selective charac-
ter of viscous flow. They inserted an empirical ‘bugger factor] o; in
the pressure term of the driving force. The final derivation is:

RTdx; Bo\dP ,BoCoot dy
- 7 dy _Xi(vi+ G mQ n)dy_xi(zi+ i m@ i 7 ;szk)F dy
_1 Z —x N
- C[g[[; é/i, kg(XkNi Xka) + é/i, mgth| (20)
where
1 _
a;= z m(;g Xl ak)) +q; 21
In which
a,=(1-0.2552,-1.2792° +1.0351))(2— ) (22)

See Egs. (28) and (32), respectively; for 4; and ¢. On the other hand,
the diffusion coefficient of the Maxwell-Stefan equation for any
combination of various species is not completely understood for
arbitrary materials. Wesselingh et al. [42] developed sufficient data
for predicting the order of magnitude of such diffusion coefficients.
If a negatively charged membrane is utilized to reject ions from a
solution, diffusion coefficients of water-matrix, anion-matrix, cat-
ion-water, and anion-water, are about 10~ to 10" m?/s, whereas
the cation-matrix for a mono-valent cation is about 10~"> m”/s. For
di-/tri-valent cations this value might be reduced to 10 and 107
m’/s, respectively.

For a system containing a single-electrolyte, diffusion coefficient
of anion-cation is calculated through Eq. (23):

b, =l s L -

where the (+) sign refers to cations and (—) refers to anions. In the

Table 1. Physical properties of ions compatible with Maxwell-Ste-
fan model [42]

Component D;,x107° (m%/s) rx107° (m)
Na* 1.33 0.164
cr 2.01 0.118
Ca™ 0.78 0.276
H,0 - 0.278

case of multi-electrolyte solutions, an experimental correlation is
applied [37]:

- (24)

where D, ,, and D_ , are diffusion coefficients of cations and anions
in water, respectively, and I, is the ionic strength, which is defined
as:

I= %szx,. (25)

The parameters D, , and D_ _ are estimated through distinctive
equations. A number of diffusion coefficients compatible with the
Maxwell-Stefan equation are listed in Table 1.

For other ions, D; ,, is estimated through:

D

RT
o= 2
LwT N ( 6)

67r;n

avog

Friction factors of ¢;,, and D, ,, are estimated through an experi-
mental correlation [43], which is derived from hard falling spheres
in capillary tubes:

1
g, m= Ci, w(———z—z 71) (27)
(1-7)

where ¢, and ¢, are friction factors of component i with matrix
and solvent (e.g. water), and /, is the ratio of stokes radius to pore
radius of the ion:

Q== (28)

Now equations which are required for the prediction of ion trans-
port through NF membrane are completed. Nevertheless, the for-
mulations at both interfaces, i.e., feed-membrane and membrane-
permeate, are also required. Assuming thermodynamic equilib-
rium at both interfaces (Egs. (29), (33)) and ignoring concentra-
tion polarization, i.e., concentration at feed/membrane interface is
equal to that of the bulk of the feed, C; ;=C; ;, it gives: (see Fig. 1)

Yoo _ wexpl zFAyp ex (_ %)
7 O’Ci, 0 -0 P|: RT } P kT @)
where
Ay, 0= W= Wy (30)
2
AW, oy = ;Zie) (-4 (31)
TELNE, &,

In which AW g,,, is the Born salvation energy barrier, and
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Ay”

permeate

Membrane Section

Ay

< L
< >

Fig. 1. Schematic of membrane cross section for ion transport.

p=(1-24) (32)
at the permeate side of the membrane [10]:

Y 4rCi ur zFAy,, 4 AW;

Doty hdy ey [_I—vz}(ex (__1) 33)

VoG COPTTTRT PGt

Indeed, the thermodynamic equilibrium provided in Egs. (29), (33)
are corrected by three terms including steric restrictions (the first
term of RHS), Donnan exclusion (the second term of RHS), and
dielectric exclusion (the third term of RHS). Molar concentration
of component 7 in Eq. (33) could be replaced by its mole fraction
x=¢/C, y=C/C,,. This equilibrium is common between Nernst-
Planck and Maxwell-Stefan. However, in the case of Maxwell-Stefan
model, another equilibrium is required in order to consider the
solution: water. The latter is defined by Eq. (34):

RTIn(" "y ") + VP, =RTIn (72" ") + VP, (34)

solvent +

where y;” " is mole fraction of solvent outside the membrane. There-
fore;

V. Hoshyargar et al.

solvent_ solvent
0 [
solvent_solvent
o X .

Vi
exp[ﬁ(PO, _Po’)} (35)
Subscripts 0" and 0" denote feed-side and membrane-side of the
upper interface, respectively (see Fig. 1). Such a similar equation is
also satisfied at the other interface of membrane-permeate:

solvent_ solvent
\%

Ve Yoo ,
D ) —L _
_exp|: T(PA}; PAy,)}

solvent__solvent R
Ay XAy’

(36)

Subscripts Ay" and Ay denote permeate-side and membrane-side
of the lower interface, respectively (see Fig. 1).

Some other equations in the form of restrictions, including elec-
troneutrality (Eq. (52)), charge balance inside membrane (Eq. (53)),
component and total mass balance (Eq. (50)), and mole fraction
summations (Eq. (51)), are also applied to make the number of vari-
ables equal to that of equations.

2. Solving the Model Equations

The governing equations are numerically solved to calculate the
unknown variables including x;, y pressure inside the membrane,
X, permeater Wpermeate» A0 molar flux of each component. The model equa-
tions consist of ordinary differential, partial differential, exponen-
tial, non-linear, and algebraic equations. Simultaneous solution of
this set of equations is possible by linearization of the system in
order to deal with linear equations instead of a complex set of equa-
tions. Linearization is carried out in this work by applying Taylor
expansion for the following multi-variable function:

f(u, V)Ef(u*,v*)+§-£ ” ‘X(U*u*)Jraa—\f; ” 'X(V*V*) (37)
Superscript (*) represents the value of the assigned variable in the
previous iteration of the solving loop. In each iteration, all linear-
ized equations are solved using a matrix of AX=B to find X. Here
A is square matrix of coefficients, B is vector of constants, and X is
the unknown vector. New values of unknown variables would then
update the matrix A and vector B.

The equations which need linearization include partitioning equa-

Ay
e L.
. Ll
Cimm g
y Permeate
o .
- y I 3 Ci 6
Cib [ S— -
1
0 L]_'l iP
Nodes #l #2 #3 = #5 #6
& .
- -
¥
| o PZTozmmod ! |
| 4 L L 4 L t 4 1
W w P e E

Fig. 2. Schematic representation of membrane compartment and discretization.
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Table 2. Mole fraction’s coefficient in j* grid node for i" component in discretized GMS, Eq. (39)

Mole fraction Coefficient
GaN;
. A, ==
XLJ b 2C[ot
N
> "7 2C,
g, N T 6 .
X j SEET +E _27}7(1)]41_1)]' 5}’( '//]+1 V/])“‘Zg KX, ]+Xk j+1)
B 4 neN;
XNG,j Anc, iz 2C,,,

Table 3. Mole fraction’s coefficient in j+1” grid node for i” component in discretized GMS, Eq. (39)

Mole fraction Coefficient
SN
Xy iy B, . ==——
R b 2C,
[\
X, iy B, . =———
e » 2C,
é’l N* RT 91' * * ﬂi * * * *
X ja1 B, = Fm - E - FY(PjH_ P)- ﬁ]( Vi~ ’//J)+Zk:§ k(X i+ X 1)
) R
NC, j-
j+l NC, ] ZCM
tion at feed/membrane interface, partitioning equation at mem- +& wN;Ix 8y (38)
b te interface, and Maxwell-Stef: tion. Since thy «» « » . . .
rane/permeate interface, and Maxwell-Stefan equation. Since the By replacing “€” and “w” subscripts with the grid node counters,

Maxwell-Stefan equation should be solved along the membrane
pore, therefore discretization needs to be performed along the pore.
Discretization has been conducted using finite volume method.
The membrane pore is divided into M internal grids (for inside
the pore) and two grids at both interfaces. A schematic representa-
tion of membrane compartment and discretization procedure is
provided in Fig. 2.

A number of M grids inside the membrane would generate M—1
control volumes. Maxwell-Stefan is applied as a mass transport
model to each control volume. Employing finite volume method
to Eq. (19), GMS would result in linearized form of Eq. (38). The
details on the procedure for obtaining Eq. (38) are provided in Part
A of supplementary materials.

S ~(),)

7/3(( ) ( )((l/) 7([//) )+V (( i)w;(xi)ei(xi)w;(xi)e)éy)
_ a((x:ﬁ)w; (Xi )e((P)e _ (P)W) + VP*((Xi)w;— (Xi)e _ (Xf)w; (X:F)E) 5}’)
Dt Dy (O D5
7 1 ) TN ) - 2 v
T C 260k
torl K (Xj)w+(X:)EN N*((Xi)w+(xi)e (X:)w_'—(xj)e)
————N,—N; —
2 2 2

j+1 and j, the unknown variables would be rewritten in the form
of x;; or x; .1, N; or Ny, P; or Py, and s or ..

It is important to determine the coefficient of each variable in
each equation. Eq. (38) thus needs to be expanded in order to detect
the coefficients. In this way, all the mole fraction coefficients pro-
vided in Tables 2 and 3 as well as molar flux coefficients provided
in Table 4 will be obtained. Note that due to the summation in the
first term of right hand side of Eq. (38), all of mole fractions and
molar fluxes are involved in each GMS equation through each con-
trol volume.

Table 4. Molar flux’s coefficient in discretized GMS

Molar flux Coefficient
GaN;
N C, ==—
' b thot
GiaN;
N C, ==—
: 2)] thut
&N
N; G, = 2C,,, ZCWZC k(xk ;*Xk ]+1)
éV NeN;
Nie Cye,j= 2C,,
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%Ak,jxk,ﬁ %Bk,jxk,ﬂﬁ ;Ck,ij'i' D, ;P;

+E; PitF v+ G wa=H, (39)

Also, the pressure coefficients in ;" and j+1" grid nodes and those
for electric potential do not need to be provided in a table because
the coefficients are the same for all components:

Di,j 5}70{1 ]+Xx ]+1) (40)
ei * *
E, =- E](Xi,j+xi,j+l) (41)
Fi,j 2§Y(XI ]+X1 ]+1) (42)
ﬁi * *
G, = E](Xi,j"'xi,jn) (43)
Hi,j zcng k(Nk(Xz ]+Xz j+1) N (Xk ]+Xk J+1))

(44)

ﬂi * * sk *
LT X DW= v5)

§Y(X1 ]+Xx ]+1)(P]+1 )_5-5‘_

The linear form of GMS is applied to each control volume (between

each two grids). Investigation of the number of equations and un-

known variables as well as degrees of freedom is given in Tables 5

and 6.

3. Linearized form of Partitioning Equations at Interfaces
Egs. (35) and (36) are in the form of exponential equations. Going

through the linear system, they need to be also linearized using
< solvenr>xxolvent+< *, solvent_*, solvenr&

Eg. (37). Linear form of Eq. (35) is:
V,‘ * *
0 0 o Yo RT€XP|:R—T(PO—— Po‘)}>Po‘
v (45)
_<y;olventexp|:_ ﬁ_’f(P;_ P; )}>yzvlvent

Table 5. Degree of freedom - population of equations

_ *, solvent_ *, solvent
- 0 0

V;‘ P* P* V;‘ P*
R Al )

and linear form of Eq. (36) is:

solvent Xsolvent_ solventex
Vay Xay Y 4y P

__\_/_i(P* _P* ) solvent
RTY 4 4y yAy*

Vv,
*, solvent _x, solvent ¥ i
+<yAy’ yAy* RT €xp _(PAy _PAy )}> (46)
_ *, solvent *, solvent __YL‘(P* _ ) __,(P* —P* )
4y Ay P RT" 4 47 RTY 4 Ay

*, solvent_x, solventv

— 7Ay’ yA)f RT p|:—(P

Also linear form of Eq. (29) would be
. * AW

<7,.,0»>x,,0‘—<7,-, Ow,-eXp( K T)eXp[ (vy— v, )}> Vi o
<Y, s (/J,eXP( i\/\;)( ' ) Xp 2 —w})}>l//o+ (47)
<yt o 71 o (p,exp( i\/i)(z F) XP[}Z{%I;(I//;— ‘//;')}> Vo

<Y, oo (/J,eXP( i\/\;)( ) Xp[%(l//}— l//})}( Wy l//f})>

Same procedure has been applied to Eq. (33):
. AW F ..
7y %, Ayf—<7, 4y PiX p( K T) [R—T(wAy+— wﬁy—)}>y,~, 2
. . AW\ (z, zF .
+<Y,-, w1y @-eXP(— ﬁ)(ﬁ)exp{ﬁ( Yoy~ Way )}> W, o (48
oo
—<Y,., a2y PP o R [ (wAy Wi )}> Yy

. ( AW,)(Z,F) R : . :
—<y,-,Ay‘7,-,Ay+¢,-eXp oT\RT eXp[RT(wM—wAy )}(wdy—wAy+)>

sz,)JPAy+>

Equation Population Details

GMS, Eq. (38) N.M-1) For each component in each control volume
Partitioning, Eq. (45)-(48) N.+N, For each component at both interfaces
Electroneutrality, Eq. (52) 1 At permeate interface grid

Charge balance, Eq. (55) M For all components at each grid inside membrane
Mass balance, Eq. (50) N-1 N,—1 “non-repetitive” equations

Mole fraction summation, Eq. (51) M+1 At each grid inside +1 at permeate interface grid
Total NA+M+1)(2+N)—-1

Table 6. Degree of freedom - population of variables

Variables Population Details

Mole fraction (x;) N x(M+1) M grids inside +1 at permeate interface grid for N, components
Electric potential () M+1 M grids inside +1 at permeate interface grid

Pressure (P) M M grids inside

Flux of components (N) N, -

Total NAM+1)2+N)-1
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4. Governing Conditions and Restrictions

Four governing conditions, including the mass balance on per-
meate, summation of mole fractions, electroneutrality in the per-
meate side, and charge balance within the membrane, are present
in the system which should be implemented into the model equa-
tions. By implementing the latter conditions the degree of freedom
will become zero.

o Mass balance on permeate

The main relation for the mass balance on the permeate side is
introduced by Eq. (49):

—i_Jip (49)
N, Y,

After linearization, Eq. (49) will become in the form of Eq. (50):
W PNANDY, = (i N, = (N, = (N, = Noys ) (50)

« Mole fraction summation:

> x;=1
(51)
2vi=1

No linearization is needed.
o Electroneutrality in the permeate side:

> (zyy;=0 (52)
which is already linear.
+ Charge balance inside the membrane:
X
X+ =—=0 (53)
z <Z >X Ctof

where X is the net charge per unit volume (charge density) in which
X is related to the mole fraction by following isotherms (deduced
from [37]):

L 59

The details of linearization are presented in Part B of supplemen-
tary materials, while the final result would be:

§<z,. Q*|zi|Ks(;|qu;)K“l>x,. - Q*@ZAX;)K“(P Ky ()

With regards to the second claim alluded in section 1 (introduc-
tion), the model is capable of considering membrane charge den-
sity within the governing equation, more closer to actual conditions
(adsorption of ions to the pore wall and consequent non-uniform
charge density), while it does not jeopardize the agreement between
experimental results and predictions.

5. Degree of Freedom (DOF)

Assuming =0 as the reference and P,=0 as atmospheric
outlet, the equations and variables for a system consisting of N, com-
ponents (solvent-+electrolyte), which is discretized to M grids inside
the membrane added by two grids at both interfaces, are provided
in Tables 5 and 6, respectively.

According to data provided in Tables 5 and 6, the degree of free-
dom is equal to zero due to equality of variables and equations.
Therefore, the set of equations would have a singular solution. The
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flowchart introduced in Fig. 3 represents the solving procedure.
Meanwhile, the vector of unknown variables and complementary
explanations are provided in Appendix A.

6. Iterative Process of Solving

Matrix of coefficient that is captured through linearized equa-
tions could be solved via values of initial guess as the first iteration.
At the next step, the matrix of coefficients and vector of constants
must be updated by substituting values of such coefficients with
that of calculated in previous iteration. The same goes for the sub-
sequent iterations. Oftentimes, continuing this iterative method to
deal with the non-linear set of equations indicates numerical insta-
bility (i.e., divergence or oscillation) during the solving process. To
achieve converged iterations [44] suggested a relaxation method
that ensures more reliable convergence with bounded values.

Two different, but similar, relations of relaxation were employed
for mole fraction and pressure/electric potential. The reason would
be that the former is always positive while both the latter can take
positive or negative values. The pressure and electric potential are
assumed to be zero on the last node (as reference value). The fol-
lowing relaxation formulas are used:

l//new: l//old+5(

Id calculated old.
P"" =P+ &P -P™

Wmlmlared _ l//old)
(56)

where J'is the relaxation factor, which usually is between 0<0<1
known as under-relaxation factor. With this formula, the relaxed
value 1" drops between the value of the previous iteration 1™
and the value calculated through solving the linearized system of
equations, ie. y“““*, If one employs no relaxation factor, so 5=1
and then "=y as expected.

Slightly different relaxation scheme was used for the mole frac-
tions of the species. Here, one must ensure that the mole fractions
are always positive and maintained (negative mole fractions are
physically unreliable). The following relaxation scheme ensures this
condition:

; IJ (57)

calculated __ old

old
new old calculated old. s X
X, =%+ A —-X; )mln[]
i i

The last term that is multiplied, ensures that even when ((x"*“*“~

X )/x)>1, the maximum value of min(|x/™/(x***“—x/?, 1) is <1.
So, with accordance to Eq. (57), the value of x;” is not going to
become negative.

The activity coefficients which are used in GMS as well as mem-
brane interface equilibriums (called partitioning) are also converg-
ing in an inner loop for a single iteration (because they are depending
on the calculated concentration by their own). Of course it increases
the time of convergence, but almost all studies in this regard ignore
the non-ideality of electrolytes and assume the activity coefficients
equal unity (refer to claim #9).

RESULTS AND DISCUSSION

The experimental results which are introduced in this paper from
Déon et al. [8] are those which have been extrapolated at infinite
feed flow rate. At this condition concentration polarization could
be called off while it has no impact on the results as shown by Déon
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Table 7. Properties of solutions based on [8]

. . . . 3
Concentration of ions in solution (mol/m’)

Ton NaCl/Na,SO, NaCl/MgCl,
90/10  50/50 10/90  90/10  50/50  10/90

Na* 50 50 50 45 25 5

cr 45 25 5 50 50 50

39 Species’ 2.5 125 225 25 125 225

"3 Species in NaCl/Na,SO, system is SO; while that in NaCl/MgCl,
one is Mg™*

et al. [45]. The supplied membrane was a polyamide film one which
was operating under cross-flow conditions.

The mesh network is decided (after optimizing computing time
and mesh independency) to include 30 nodes at the active layer.
Properties of considered solutions are introduced in Table 1, while
concentrations of systems introduced in sections 3.1 and 3.2 are
given in left and right-hand side of Table 7, respectively. Other prop-
erties of the system are found in Table 8.

It should be mentioned that numerical testing in Geraldes and
Brites Alves (2008) shows that the major cause for the stiff behav-
ior of such systems would be the difference of scales between the
diffusion coefficients (eg, Dy,/=0.302x10™ m”/s and Dj~=0.429x
10" m?/s) inside the membrane (refer to steric hindrance, Eq. (22)).
So, a similar stiff system introduced in Geraldes and Brites Alves
[12] is fed to our model and results are compared in supplemen-
tary materials part C. The comparison shows our model is also capa-
ble of dealing with stiffness well (Proof of claim #8).

1. Electrolyte Systems of NaCl and Na,SO,

In this section, simulation results and tuning for electrolyte sys-
tem of are discussed. The results are compared with the experi-
mental data reported by Déon et al. [8]. Three mixtures with molar
ratios of 90/10, 50/50, and 10/90 of NaCl/Na,SO, were considered
in the simulations. These proportions correspond to the ratio of
the charge concentrations (i.e., in eq/m’) of non-common ions, the
ratio corresponding to the monovalent and divalent percentages.
The rejections for these ions are reported in the experimental work

Table 8. GMS model parameters considering in NF system

1 S S
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- 06 ——50;" model
S —T8  —— CI" model
i __,._«:r"‘c”rr.---"”ﬁf —— Na~ model
)
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® Na® experimental

0.2

o 05 1 15 2 25 3 as 4
J, = 10° (m*/m*.5)
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model
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- experimental
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o
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0.6

0.4 — .
—— 50; model
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Rejection

< €1" experimental

0.2 ® Na~ experimental

0.4
0.6

0.8

o

05 1 15 ] 25 3 35 4
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Fig. 4. Comparison of simulated and experimental rejection curves
for solutions containing various molar ratios of NaCl/Na,SO,
(a) 90/10 (b) 50/50 (c) 10/90.

Parameters Description Value Reference

T Temperature (K) 298 Room temperature

I Stokes radii of ions (107" m) 1.84/1.21/2.31/3.48 (6]
Na'/Cl'/SO; /Mg

I, Mean pore radius (10~ m) 0.53 (8]

& Water dielectric constant at 25 °C 78.4 (7]

L, Membrane permeability 107" m’m™ 1.6 (8]

n Water dynamic viscosity (Pa-s) 0.9 Global

& Pore dielectric constant To be fitted -

Q Freundlich parameters To be fitted -

K, Freundlich parameter To be fitted -

(o} Species molar fraction at feed side Given for each mixture -

], Water flux Varies to calculate rejection -

% Activity coefficient of species Converging in an inner loop -

Korean J. Chem. Eng.(Vol. 32, No. 7)
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Table 9. Fitted parameters of K, Q" and g

Systems
NaCl/Na,SO, NaCl/MgCl,

90/10 50/50 90/10 50/50 10/90
% 3" Species’ 5 33 5 33 82
K, 0.008 0.009 0.057 0.054 0.056
Q —-8.984x107° —-1.157x107° —-0.203x107° —4851x10™ —1.799x10™* —-0.929%x10™*
& 45.401 39.924 33.809 54.04 51.19 47.88
Accuracy 1.0x10°7° 1.3x107* 9.5x10°° 24x107° 22x107° 1.3x107°

3" Species in NaCl/Na,SO, system is SO~ while that in NaCl/MgCl, one is Mg’

of Déon et al. [8]. Note that the concentration polarization layer is
not considered in this simulation due to the dilution of solutions.
The concentrations of ions in the solutions are listed in Table 7.

Mesh independency test was performed in the active layer of
membrane and it was clear that the optimum number of meshes
is M=50. Other parameters of the considered system are briefly
reported in Table 8.

Comparisons between observed and calculated rejections are
shown in Fig. 4(a), (b), (c). QK. and &, are chosen as model param-
eters with respect to Eq. (58). The values of these fitted parameters
are also given in the left-hand side of Table 9. To fit the parame-
ters, Eq. (58) should be minimized:

. ii(Rexp - Rsim) (58)

nxmTg

Q=

where #n and m are the number of experiments and ions, respec-
tively. Parameters R, and Ry, refer to experimental and predicted
rejections, respectively. To be the foremost comprehensive model
introduced so far, and determining the governing equations, the
dielectric exclusion effect (third term in Eq. (29)) is also consid-
ered; meanwhile some studies such as Afonso and de Pinho [46],
Bowen et al. [47], Schaep et al. [48] did not. Since &, is a key param-
eter for the solvent that measures the capability of carrying ions
and the ability of storing electrical energy, therefore it seems neces-
sary to be involved in the model. Due to limitation of figures we
prefer not to demonstrate the results gathered without adjustable
parameter &, which serves as importance of dielectric effect of the
model (with accordance to claim #3). A further discussion would
be presented on this topic, but as we are more interested in the ions
competition and contribution in rejection, this was offered earlier
(in this and next section).

It is indicated that rejection of SO} is frequently near unity in
all three solutions. The reason for this behavior is high electric
charges density of membrane opposed against entrance of this ion
into the membrane pores (in fact the membrane charge is negative),
although the ion diameter is smaller than membrane pores, and
charge exclusion prevails. This observation confirms that the Don-
nan effect is predominant in comparison with steric hindrance.
Another reason is that the Born Eq. (31) is proportional to square
of the ion charges [9]. Therefore, the hindrance shows a resistance
four times greater than those for monovalent ions against dissolu-
tion of SO;~ (see Eqgs. (33)-(36)). By increasing the amount of SO;~
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in the solutions, Figs. 4 ((a) towards (c)), rejection of Na" increases
while rejection of CI” decreases. The latter observation is attributed
to high rejection of SO,” which enforces Na" ions to remain in
the feed side to insure the electroneutrality conditions. This ten-
dency is opposite for CI” ions, so Cl ions are transferred to the per-
meate side. Furthermore, by comparing diffusivities, it is obvious
that CI” diffusivity is higher than those for other ions while its radius
is the smallest. This phenomenon increases the probability of per-
meation for CI” through the membrane. In other words, the latter
phenomenon explains the observation of negative rejection at the
condition where SO}~ concentration is high and CI" concentra-
tion is low. It means that CI” ions are pushed to the permeate side
in the presence of SO; ions and, therefore, rejection decreases in
comparison with the condition at which no SO;~ ion presents, i.e.,
pure NaCl, and may even reach negative values.

For higher fluxes of permeate, as expected, rejection of all spe-
cies increased, due to higher pass of water molecules. On the other
hand, to satisty electroneutrality condition in permeate side, one
Na' jon must be transported with each Cl ion. Since concentration
of Na" ions in the feed is higher than that of Cl ions, therefore the
observed rejection of Na' is higher than that for CI". This event inten-
sifies by decreasing Cl~ concentration in the feed side (Fig. 4(c)).

Profiles of concentrations and electric potentials of three ions
for all expected conditions at constant J,(=2x10"> m’/m’s) are shown
in Fig. 5(a), (b), (c). In all figures, the concentration of SO;~ inside
the membrane is about zero, as a result of high rejection by the mem-
brane. Also CI” and Na" concentrations are equal in the permeate
side to satisfy electroneutrality condition. By decreasing the amount
of CI ions and increasing SO; ions in the feed solution (from Fig.
5(a) toward Fig. 5(c)) and with respect to approximately equal por-
tion of Na* ions in three cases, rejection of Na* increases with SO~
ions in the feed; therefore, fewer Na" enter the membrane pores
(Fig. 4(c) compared with Fig. 4(a)) and because of more rejection
of Na', the concentration of this ion and also Cl in the permeate
side decreases.

2. Electrolyte Systems of NaCl and MgCl,

In this section, the predictions and tuning of the developed model
for an electrolyte system consisting of NaCl & MgCl, are introduced.
The investigation includes three mixtures of different molar ratios of
NaCl/MgCl, proportional to 90/10, 50/50 and 10/90 based on Déon
et al. [8], while the model predicts the rejection of constituent ions.

Fig. 6(a), (b), (c) demonstrate results of experiments (taken from
Déon et al. [8] and predictions of the current simulation. Parame-
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Fig. 5. Concentration and electric potential profile (a) 90/10 (b) 50/50 (c) 10/90.

ters Q', K, and & are used as adjustable parameters to tune the re-
sponses. The values of these fitted parameters are also given in right-
hand side of Table 9. The aforementioned parameters have been
chosen where Eq. (58) is minimized again.

As it is shown in Fig. 6 that rejection of Mg™* cation is increased
from Fig. 6(a) to 6(c), while rejection of Na* cation is decreased at
the time concentration of CI” anion is approximately constant regard-
ing the data provided in Table 9. Actually, various concentrations
of Mg™* have been employed within the suggested mixtures.

Fig. 6(a) could be discussed in such a way that at low concen-
tration of Mg™" cation, almost equal rejection of Na* and CI” ions
would observed (due to Eq. (53)).

In the case of solutions with no MgCl,, similar condition would
be obtained. The tiny difference between former and earlier case is
due to the presence of Mg’* cations. Description of Fig. 6(c) (con-
centrated solution of MgCl,) is closely related to that of Fig. 6(a),
and almost equal rejection of Mg™* and CI ions is attained due to
simultaneous movement of ions. It is clear that rejection of CI from
Figs. 6(a) to 6(c) is getting apart from that of Na" and joins to Mg™*

retention. In fact, as Mg’" increases and Na" decreases; Na" cations
are rejected to the permeate side in order to satisfy electroneutral-
ity. On the other hand, Na" ions are accompanied with Cl” ions
passing through the membrane. Since Cl™ anions concentration is
high in the feed side while concentration of Na" cations is low, the
negative rejection values would be observed (facilitated transporta-
tion of ions). In this case, rejection of Cl ions is positive yet, and
this effect will be intensified at lower concentrations of Na* and
higher concentrations of Mg*".

Finally, for the reasons of greater diffusion coefficient ratio of
Na' to Mg™* (=2 times), less positive charge (weaker dielectric effect),
and less stocks ion radius ratio of Na* compared to Mg”™* (=0.5 time),
the transport of this ion (from feed side to permeate side) would
potentially be increased in a manner that gives rise to higher per-
meate concentration of Na* in comparison with feed concentra-
tion (negative rejection). The reason for increment within the re-
jection from Fig. 6(a) to 6(b) is decreasing the absolute value of
membrane charge density (which is directly related to Q" accord-
ing to Eq. (54)); besides, the dielectric constant of the solution inside

Korean J. Chem. Eng.(Vol. 32, No. 7)
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Fig. 6. Comparison between experimental data [8] and simulation
at various molar ratios of NaCl/MgCl, of (a) 90/10 (b) 50/
50 (c) 10/90.

the membrane (g,) is also decreased. The first one causes reduction
in attracting forces of positive ions to negatively charged membrane,
while the second one results in increasing dielectric exclusion effects
(increasing rejection consequently).

In all cases, rising rejection at higher fluxes of permeate is ob-
served for all components, as it was expected, due to more trans-
portation of water molecules.

To compare components of this mixture and electrolyte solu-
tion of NaCl+Na,SO,, which is explained in the previous section,
it is anticipated that the rejection of Mg™* totally differs from that
of SO; ™. This is due to the high positive charge density of Mg™*
that is attracted to the “negatively charged membrane” which results
in a lower retention, in comparison with that of SO} (see Figs. 4
& 6). Based on Born equations (Eq. (31)), anions and cations have
approximately similar dielectric exclusion (due to squared charge).
Therefore, the rejection of Mg would be relatively high, but less
than rejection of SO; ™. This could be attributed to higher contri-
bution of electrical exclusion relative to dielectric exclusion. From
a different point of view; as said before that the divalent ions carry
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high charge density; they could affect the ionic strength of electro-
lyte as well as <z> which is usually a main coefficient unequal to
unity for non-monovalent ions, precisely affecting the equations
and the results, while Figs. 4 and 6 show good agreement for experi-
mental and model prediction of Mg”* and SO respectively (Refer
to claim #4.).

Concentration and electric potential distributions of the three
ions in all three cases at a constant J,(=2x10"> m*/m’-s) are demon-
strated in Fig, 7(a), (b), (c). In Fig. 7(a), concentration of Mg"* inside
the membrane is about zero (as a result of high rejection by mem-
brane and low concentration in the feed side). By comparing Fig.
7(a) to 7(c), one can deduce that the concentration of Mg™ is in-
creased in the feed side, while the same is also increased in the mem-
brane as well as in the permeate side. As discussed earlier, this matter
motivates propagation of the gap between Na* and Cl” ion con-
centrations in the permeate.

On the other hand, the concentration of Na" ions is decreased
and that of Mg™* ions is increased in the feed side conducting from
Fig. 7(a) to 7(c). These three figures prove that increasing concen-
tration of Mg’ in the feed side will decrease rejection of Na* (change
in the slope of concentration profile to positive value as evidence).

Despite the fact that some literatures [5,49] assume linear elec-
tric potential across the pore length, which imposes some simplifi-
cations, we have no particular considerations (with the exception
of neglecting radial distribution for electric potential). Figs. 5 and 7
obviously reveal that the electric potential profile did not vary lin-
early, especially when the third species (divalent species) concen-
tration increases. Therefore, such simplification may not be valid for
many cases.

3. Comparison between GNP and GMS Models

Since the accuracy, which is introduced in Table 9, is somehow
implying the goodness of fit while simultaneously plotting the simu-
lated results from this manuscript and that of Déon, makes it very
hard to distinguish between, we could suffice making the compar-
ison through Q (of Déon introduced in Eq. (58)) and our accuracy.

Comparing these two parameters generally reveals the adequacy
of Déoris model, although graphical comparison claims somewhere
that Déon's model operates better and somewhere our GMS model.
Since the number of fitted parameter is 2 vs. 3 (in our job), one
may assert the Déon's model would be better, but with regards to
being closer to real conditions (adsorption of ions to pore wall and
employing Freundlich isotherm for varying membrane pore charge
density), the authors certainly prefer the GMS model.

To some other extent, it is possible to compare the trend of changes
of Q" and X within our model and conventional Nernst-Planck,
respectively. Since those parameters have not comparable values, it
seems that plotting them for tree different solutions with primary
and secondary axis would help comparing the trends (see Fig. 8(a)
and 8(b)) between Déon's work and this work. The dashed lines
point to the former and solid lines point to the latter.

Fig. 8(a) shows the dielectric constants of pores at same condi-
tions (solutions, operational conditions, physical properties, efc.),
while the solid line utilizes GMS and the dashed one employs GNP
Interestingly; not only the trends but also the values are in a good
consistency within both mixture solutions. Also in Fig. 8(b) the
membrane charge density (of GNP) on the left-hand side axis and
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Fig. 7. Concentration and electric potential distribution at various molar ratios of NaCl/MgCl, of (a) 90/10 (b) 50/50 (c) 10/90.

CMQ*(Z|Z,-|X?W)KS (of GMS) on right-hand side axis are demon-
strated. An acceptable similar trend for NaCl+Na,SO, solution is
observed, whereas that of NaCl+MgCl, solution is uncertainly inco-
herent. Anyhow; values of membrane charges on both vertical axes
are approximately in good agreement. Of course, precursor outcome
does not jeopardize the experimentally assessed results in the orig-
inal study of Déon et al. [8]. The divergence may occur as differ-
ent approaches for modeling as well as distinct method to describe
the physical principle of membrane charge. This is probably related
to adsorption of Mg’ inside the pores which conforms to negatively
charged membrane, which is considered in the current modeling.

CONCLUSIONS

The Maxwell-Stefan model was used to investigate the separa-
tion of mixed solutions of salts with common ion by NE The aim
was to test the ability of the GMS model to describe the separation
of ions of greater complexity, i.e. containing three ions (four com-
ponents since water is considered as solvent), generalization for N,
components and M mesh-grids in addition to considering non-

ideality of electrolyte, dielectric exclusion, and non-uniform charge
density along the pore simultaneously, by nanofiltration. A numer-
ical model was developed to simulate the mass transfer of such multi-
component electrolyte solutions through charged nanofiltration
membranes, based on the Donnan steric partitioning pore, and di-
electric exclusion model. The model incorporates the membrane
micro structural parameters, the solute molecular properties, the
feed solution physical properties and the operational conditions
into one rigorous mathematical description. A unique approach was
applied for the solution of equations, which was found to be capa-
ble in predicting the experimental data.

The predictions of the observed solute rejection coefficients agree
well with the experimental and numerical values reported in the
literature, for multi-ionic systems of NaCl+Na,SO, and NaCl+MgCl,
at three various concentrations for each system. The model can be
used to describe the transport through pores of cylindrical geome-
tries. The coupling among the various mechanisms involved in the
retention phenomenon is pointed out and discussed. The volume
charge density of an NF polyamide membrane was determined
through a Freundlich type isotherm that relates mole fraction of

Korean J. Chem. Eng.(Vol. 32, No. 7)
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Fig. 8. Comparison between GNP and GMS models through (a) fit-
ted pore dielectric constant (b) membrane charge density
and Freundlich isotherm constant.

ions to the charge density of membrane. The model was then used
to assess the rejection rate of the membrane, the dielectric constant
of the solution filled the pores, Q" and K; as an adjustable parame-
ter of the model. It is clearly shown that the dielectric exclusion
cannot be neglected in the analysis of the filtration properties of
NF membranes.

In the last section, two comparisons between i) dielectric con-
stant of pores and ii) the trend of changes on Q" (Y JzJx{"") " and
X (within our model and conventional Nernst-Planck respectively)
were made. For the second one, results were plotted on one figure
with primary and secondary axis to help making comparison. Results
show the dielectric constants of pores at same conditions interestingly
are in a good consistency (not only the trends but also the values) for
both mixture solutions. The most important collation would be
that for membrane charge density (of GNP) and Q" (Y Jz)x;")
(of GMS). Similar trend for NaCl+Na,SO, solution was observed,
whereas shallower analogy for NaCl+MgCl, solution could be at-
tributed to adsorption of Mg’* inside the pores, which is expected
within negatively charged membrane.
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NOMENCLATURE

A :cross sectional area of control volume [m’]

July, 2015

- hydraulic permeability [m’]

: molar concentration inside membrane [mol/m’]
: molar concentration outside membrane [mol/m’]
: total molar concentration [mol/m’]

: diffusion coefficient [m?/s]

: Maxwell-Stefan diffusion coefficient [m?*/s]
: Faraday constant (9.64867x10* C/eq)

: net driving force acting on component i
:lonic strength [mol/]]

: flux of component i [mol/m’-s]

: Boltzmann constant (1.38066x10™* J/K)

: Freundlich parameter, (dimensionless)

: Onsager phenomenological coefficient

: membrane permeability [m’/m’-s-Pa]

g : Avogadro number, (6.023x10” mol ™)
:number of components

:molar flux [mol/m®-s]

: pressure [Pa]

: Freundlich parameters, (dimensionless)
:ideal gas constant (8.314 J/mol-K)

: stokes radius of ions [m]

:average pore radius [m]

: temperature [K]

: average velocity [m/s]

: diffusion velocity [m/s]

:viscous velocity [m/s]

: partial molar volume of ion i [m’/mol]

: net velocity of each component [m/s]

: membrane charge density [mol/m’]

:mole fraction inside membrane

:mole fraction outside membrane

: charge number

: membrane-side interface

: feed-side interface

:indicator of coefficient of variables in linearized form

Sooew
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ZE

S
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=0 T Z Z
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\

Subscripts

: cation

:anion

: component

: eastern control volume

: experimental

: convective flow

: component i

: component i in water

i,m :component i in membrane
j : component j

k  :component k

P :on-grid value or constant pressure
p

s

--\§wh|+

=

: permeate or pore
:solute
sim  :simulated
T  :atconstant temperature
tot  :total concentration
w  :western control volume
avr  :average value
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Superscripts
* : value at previous iteration
¢ :at standard conditions

Greek Letters

o;  :viscous selectivity of component i

o  :bugger factor

0  :relaxation factor

AV :volume of control volume [m’]

AW, g,,, : Born salvation energy barrier [J]

Ay"  :permeate-side interface

Ay :membrane-side interface

Ay  :membrane thickness

J0y  :distance between two consecutive nodes [m]

: electric potential [V]
: friction coefficient

&  :permittivity of the medium [F/m] or porosity of membrane
&  :vacuum permittivity (8.854x10 > F/m)
&  :bulk dielectric constant

g, :membrane material dielectric constant
g  :pore dielectric constant

@  :steric partitioning factor

¥y :activity coefficient

n  :dynamic viscosity [kg/m-s]

A, :ratio of solute i radius to pore radius

4 :chemical potential [J/mol]

11 :osmotic pressure [Pa]

p  :density of fluid [m/s]

7 :tortuosity of the pores

7

4
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APPENDIX A: ENUMERATION VECTOR
OF UNKNOWN VARIABLES

The [X] vector that represents unknown variables (refer to Fig.
3) is the basis for generalizing the evaluation and solving process.

The corresponding matrix of coefficient [A], as well as [B] vector
of constants can also be generated via same addressing no matter

(M+1)N,

M+1)(N,+1)

July, 2015

M1 (M+2)(N,+1)—1 | (M+D(N+2)+N -1

how much the number of components is (insert as the program
input). Such vector is suggested to be generated in the form of:

One can count on this enumeration in generalization for com-
ponents and grid-mesh as a part of solver fulfillment (due to address-
ing for each variable in general case of computer program). Such
addressing would help to form generalized coefficients matrix [A]
and constants vector [B], respectively.
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PART A: SOLVING THE MODEL EQUATIONS

The governing equations are numerically solved to calculate the
unknown variables including x;, ys pressure profile inside the mem-
brane, X; permeates Whermeat» a1 molar flux of each component. The model
equations consist of ordinary differential, partial differential, expo-
nential, non-linear and algebraic equations. Simultaneous solution
of the set of equations is possible by linearization of the system to
deal with linear equations instead of complex set of equations. Lin-
earization is carried out in this work by applying Taylor expansion
for the following multi-variable function:

x(y=y) (A1)
.

«  Of
i y.X(X_X )+a

~ * * ﬁ
f(x, y)=f(x, y )+8x

Superscript (*) represents the value of the assigned variable in pre-
vious iteration of solving loop. In each iteration, all of linearized
equations are solved using a matrix of AX=B to find X. Here A is
square matrix of coefficient, B is vector of constants, and X is the
unknown vector. New values of unknown variables then update
the matrix A and vector B.

The equations which need linearization include partitioning equa-
tion at feed-membrane interface, partitioning equation at mem-
brane/permeate interface, and Maxwell-Stefan equation. Maxwell-
Stefan equation should be solved along the membrane pore. There-
fore, the pore has to be discretized using Finite Volume method.

The membrane pore is divided into M grids and 2 grids for 2
interfaces. A schematic representation of membrane compartment
and discretization procedure is provided in Fig. 2. A number of M
grids inside the membrane would generate M—1 control volumes.
Maxwell-Stefan is applied as a mass transport model to each con-
trol volume. Applying finite volume from Eq. (GMS):

j Ry AV - j (Vﬁgma,&))VPdV
av 7 n
BoCo d
—Aj'vxi(zi+ & omo: 077' t;xkzk)Fd—l;/- dv (A2)

1
== N;—x;N N, |-av
A_‘. C |:Z§ k (Xk —X; k)+§1 me :|

As an example, the third integral would be calculated in this manner:

_ o tot dl//
=[x 32+ G met ST 4 F dv (A3)

Each grid-dependence variable should be replaced by the average
of its value in former and latter boundary, whilst the differentia-
tion should be replaced by difference:

f(x; X0 W)
X . . +X. B,C X i1 T Xp s el
_ XmtX, ( BoCror X, jr1 T X, j ) 1 7
—1—12 2+ & 7 Zk: 5 7, |F S (A4)

Linearization of triple-variable nonlinear function is applied by using
Taylor expansion:

Sk =X X W= gk(xz’xk>l//)+(x X)—

i,y v (A5)

’/’)q,‘
Xxk'//

L * * ok * * ok * * %
=XKW =X X W+ (X — X)X ¥+ (X=X )% W+ (= 1 )%, %

.d
+(Xk_xk)d—)g(l;

X, X Y

= (50 )X+ (5 WX+ (X)) = 2x ./ (A6)
Therefore, the electrical term is rewritten as:

+X; +X; i Xp it X
_ i, j+1 i, j+1 i, j k1T Ak,
f=— F—;l2 L/ (2 Ag k( ,v/jﬂ)

= R 3

Xt X Xt X
*Akgk( ,,+12 f, = ;+12 b ‘//,-D (A7)

BOCtat

where A, =¢; ,,ai—— " 7, F

or:

oy in, X Vi Y

i 2 5}7

Xk J+1+Xk, « X, it X
_Z j+1 )

(A8)

.
Xi,j+1+X1] * )Xk,j+1+xk,j

+ (Ak 2 j+1 2




1]+1+X Xk ]+1+Xk] *

2 j+1

Xk +X X
7+1 k,j o x|, i, j
+Z( V’J) 2

+X, Xp X
1]+1 i, j o x|\ Rk, j+1 T Ak,
+(A’< 2 "’1) 2

-2/,

* *
Xi X
+(/1k 1)]“2 =1

* * * *
X, i1t X « X, i1t Xe i+
2 2 J

* *
X, jr1t X, j)
2 i

—24,

That reforms to

zF «
f=— E(Xi,j+l+xi,j)( V= ¥)

* * * *
F (W= V)t X = (X 1+ 7))

_Z(A X_kLJ(l/,]H ))—’J“zil

(/1 _’&( Vi ))X_k%l (A9)
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*
+X X +X
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In order to avoid more stiffness and complication during the numeri-

cal procedure, it is suggested that Zxkzk is replaced by ( ) (elec-
troneutrality in membrane) for an “easier calculation: Cu
rBO
j VX dv- j (V,-+g,ma,-—->VP4dV
AV 1 77
B,X
- | x\z,—= & ,a— |FVy-dV (A.10)
[l gna=R)pvw

- '[C |:Z§k N =xN)+ & = N:| dv

tot!

If the solving process is converged, no problem occurs due to replac-
ing few variables by * values, i.e. values gathered in the previous
iteration, and is considered as constant values. So:

4

—
B
- j—vX -dv- (v,.+ g’ma'—") [ x,VP-dv
av 7 i
—
rBOX
- F(zi— i mO —77—) I x,Vy-dv (A.11)
av
1 T 2
[ &5 x4 v

For the case of product of two variables (e.g:: x;VP or x;V ), it can
be linearized as:

f(x y)=xy=f(x, )=x'y +y (x-x)
+X (y-y)=x"y+y (x-x") (A12)
Substituting x and y with the main variables gives:
f(x, Vi)=x,xViy=x; Vi+V i/ (x,- X)) (A13)
Integration of the two last terms in the left hand side would give:
[xixVy-dVz[xVy-dV+ [V (x,-x;)-dV
=X (AY). = (Ap),)+ VY (x=x))AV
[xxVP-dV=[x;VP-dV+[VP'(x;—x;)-dV
=x; ((AP),—(AP), )+ VP"(x,—x])AV

(A.14)

(A.15)
So:

- %_I«Axi)e— (Ax),)

~BEIAD (AP, VY (5~ X)AV)

_ G ((AP),— (AP),) + VP"(x,~x)AV) (Al6)

== [zg 2N XN+ NdeV

In one-dimensional case: AV=0yx1x1; A=1x1:

- Rf((x,.)e— x),)

= BN (W)= (W),) + Vi ()= (X7)p) 5Y)

= G(()p((P),— (P),) + VP ((x)),— (x,)p) 5Y) (A17)

_;;C—t:r|:z§ B (Xk)PN +N7 ((Xk)p (Xk)P)

= (PN + N5, = ()P 1+ & N1 x Sy

Since (x;)p is not an on-grid value (central variable on control vol-
ume), so it is replaced by ((x),+(x).)/2 to be adjusted with un-
known variables:
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PART B: LINIEARIZATION FOR CHARGE BALANCE
INSIDE THE MEMBRANE

Charge balance inside the membrane is:

D {zyx+ Cl =0 (B.1)

tot

where X is net charge per unit volume (charge density) in which
X is related to mole fraction by isotherms such as:

X
Ctot

= Q' (Yzfx)" (B2)

Where Q" and K, are model parameters. With combining Egs. (B.1)
and (B.2) gives:

fix) i=1...Ne

r—’ﬁ
2(z)x; —Q*(Z|zi|x,) =0 (B3)
216+ 20| =~ Q (e )
’ 1 ’ (B4)

* * * K1
-SG5 < Qel S )
So charge balance would be rewritten in the form of:

«\Ks
X;

Z<Zi>xi_ Q*(Z|Zi

(B.5)

_ ;((X,._ x)x Q*|zi|KS(;|zk|x;)K“1) -0

Z<Zi>xi_ Z(Xi x Q*|Zi|KS(;|Zk|XZ)K’_1)

, : (B6)
=Q(Zhebs ) - 25 < Qe D))

;<Z,~ - Q*|Zi| Ks(;|lk|xz>&_ l>xi = Q*(ZMXT) § (B7)
_ (Zk]zk XZ)KS?IZI.:(X: xQ’ 2|Ks)

;<Zi_ Q*|Zi|KS(;|Zk|Xz)K§1>Xi: Q*@ZJXQ KS (B8)
L Oy

Zi:<zi -Q'le] KS(Zk:|Zk|Xz)KSI>Xi = Q*(Zi:|z"|xj)xx (B9)

- QKT

;<z,- - Q*|z,-| Ks(;|zklx;>&l>xi = Q*(;|Z,{Xr)l<§(l— K) (B.10)

PART C: SIMULATING STIFF CONDITIONS IN
COMPARISON

As said through section 3, numerical testing in [10] shows that
the major cause for the stiff behavior of such systems would be the
difference of scales between the diffusion coefficients (e.g. Dy, =
0302x10” m’/s and D,3»=0429x10""m’/s) inside the membrane,
so the highly stiff system introduced in section 4.2 of [10] is simu-
lated with our model. The simulating condition is: Na* (10 mol/
m’), CI” (50 mol/m’) and Mg”* (20 mol/m’), at 298 K. The other
simulated conditions are J,=5.0x10° m/s, Ay=2.5 um, r,=0.40 nm,
X=-30mol/m’ and &=60. The concentration polarization was not
taken into account and the activity coefficients were calculated using
the Davies equation. The hydrodynamic radius and diffusivity of
the magnesium ion used in the simulation were 0.35 nm and 0.707
%10 m’/s, respectively. The GMS model results in following fig-
ures which shows less than 1% deviation with similar figure (Fig. 4
of [10]) that shows our GMS model is capable of dealing with stiff
systems.

16
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ion concentration (mol/m*)

2
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Fig. C.1. Ion concentration inside the membrane in a highly stiffed
condition.
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Fig. C.2. Electric potential inside the membrane in a highly stiffed
condition.
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