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Abstract−We introduce a coupled smoothed particle hydrodynamics-discrete element method (SPH-DEM) to
describe the two-way interaction between the two phases of a solid-liquid flow. To validate the model, we simulated
two test problems: a solid-liquid counter-flow in a periodic box and particle settlement. The simulations correctly pre-
dicted the dynamics, and the results showed good agreement with the theory. The developed model was then applied
to simulate the slurry coagulation process to examine the coagulation efficiency. When the rotational speed exceeded
the normal range, the coagulation rate decreased with time, even though the rate was high during the early stage due to
the size separation effect of the particles. Given this result, overly fast stirring appears to have an adverse effect on the
coagulation efficiency. The model is applicable to the design of various types of solid-liquid flows.
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INTRODUCTION

Owing to their high efficiency, solid-liquid two-phase flow sys-
tems are widely used for processes such as milling, separation, and
material transportation. However, numerous difficulties are associ-
ated with the numerical and computational analyses of such sys-
tems. One of the most challenging problems is analyzing and mod-
eling the interaction between the solid and liquid phases. The
motion of solid particles affects the liquid flow and is in turn influ-
enced by the flow fields through interactive effects. Therefore, mov-
ing particulate materials can be considered to impose an unsteady
boundary condition on a fluid flow.

To simulate a solid-liquid two-phase flow, numerous studies have
adopted a combined continuum and discrete model (CCDM) ap-
proach [1-6]. A CCDM describes solid particles by N-body using
the discrete element method (DEM), while the flow is described
by Eulerian grid-based hydrodynamics. This approach is applica-
ble to problems in which the fluid length scale of interest is much
greater than the particle diameter, so cells that are 101-103 times
the size of the solid particles are generally used for flow analysis.
Therefore, the influence of the motion of the solid particles on the
flow can only be described on a macro-scale by averaging the
properties over a grid. Another limitation of this approach is that
analyses of flow problems involving moving boundary conditions,
a free surface, and an unfixed fluid domain are still very difficult
with the grid-based Eulerian approach.

Smoothed particle hydrodynamics (SPH) is a Lagrangian com-
putational fluid dynamics (CFD) model. It was originally devel-
oped to solve astrophysical problems in the 1970s [7,8], but its
application has been broadened to various areas of fluid-related

computational physics. One of the most significant differences be-
tween SPH and Eulerian CFD is that the former traces material
points without the use of a mesh. Because of this mesh-free prop-
erty, SPH is highly applicable to problems involving complex fluid
domains (e.g., free-surface flows or multiphase flows) while not
imposing severe constraints, which are inevitable with a conven-
tional grid-based model. Another advantage of SPH when model-
ing a solid-liquid flow is its potentially high compatibility with
DEM. The motion of the fluid particles is tracked by a Lagrangian
method through sequential calculation of the acceleration, veloc-
ity, and displacement, after which the positions of the fluid parti-
cles in the next time step are determined. This time propagation
procedure of SPH is very similar to that of DEM. The similarity
enables the use of one model to describe the interaction of particles
from the other model in a consistent manner. These two different
numerical models can therefore be combined without any con-
flict. However, the coupling of these two Lagrangian models gen-
erally requires a greater computational load than CCDM, although
the difference is not too much.

A few works have coupled SPH and DEM to model the flow of
a solid-liquid mixture. Potapov et al. [9] used SPH and DEM to
simulate a solid-liquid flow. They coupled the two models by solv-
ing the solid particle motion with DEM and then analyzing the
liquid phase with SPH by using the changed boundary informa-
tion. They set up a macroscopic solid particle that is much larger
than the mean inter-particle spacing of the SPH particles. Thus,
owing to the heavy computational load, they could describe the
motion of only a few solid particles. Cleary et al. [10] modeled the
wet semi-autogenous (SAG) mill process by using SPH and DEM.
They applied Darcy’s law and the Kozeny-Carmen permeability
relationship to the fluid based on the porosity and velocity distri-
butions. They assumed the interaction to be one-way: the solid
particles move in a steady state, and the slurry forces acting on the
solid particles are negligible.
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Robinson et al. [11] conducted two-way coupling of SPH and
DEM at the mesoscale. Their SPH fluid phase model is based on
the locally averaged Navier-Stokes equations derived by Anderson
and Jackson [12].

In this work, we introduce a new coupled SPH-DEM model.
The main differences between our SPH model and that of Robin-
son et al. [11] are as follows:

1) Unlike existing models, the interaction term between the
solid and liquid is directly evolved from the continuum equation
without the use of any normalization such as the Shepard correc-
tion. Robinson et al.’s model uses a normalization procedure, and
the interaction between a DEM particle and SPH particle changes
depending on the manner in which the range of the support domain
of the SPH particle is defined, which is undesirable. In our model,
the influence of an individual solid particle on an SPH liquid par-
ticle is independent of the numerical configuration of the support
domain, which eliminates this problem.

2) The interaction term is interpolated directly, whereas Robin-
son et al.’s model interpolates the interaction term consecutively
from the interpolated pressure gradient and divergence of the stress
tensor. Therefore, the numerical interpolation of the interaction in
this model is more efficient than that of Robinson et al.’s model.

3) This work uses the equations of motion given by Harlow and
Amsden [13,14], whereas Robinson et al. used the equations of
motion given by Anderson and Jackson [12].

Our model considers the reduction of the flow domain due to
the space occupied by the solid particles and the drag and pres-
sure forces to describe the interaction between the two phases. To
validate the model, we simulated two test problems: a solid-liquid
counter-flow in a periodic box and the settling of dispersed parti-
cles. After the validation, the coagulation process of particles being
agitated was simulated with the developed model to investigate the
influence of the agitation speed on the coagulation rate.

THEORY

1. Fundamental SPH Theory
1-1. Interpolation

First, we explain the fundamental SPH equations to provide an
understanding of the formulation in this work, which is discussed
in Section 3. The formulation of an SPH numerical governing equa-
tion begins with expressing the function f(r) in integral form:

(1)

where δ is the Dirac delta function and dr' is a volume element for
the space under consideration. Then, f(r) can be approximated by
replacing δ in Eq. (1) with the kernel function W:

(2)

where h is the smoothing length of W. The smoothing kernel W(r,
h) satisfies the following relationships:

(3)

(4)

In SPH, the fluid domain is represented by a set of discretized fluid

particles. Each particle carries a small mass, which can be used to
approximate Eq. (2) as follows:

(5)

where a and b are the particle indices and m and ρ are the mass
and density, respectively, of the particle. The summation considers
all values of b for which W(|ra− rb|, h) has a non-zero value. The
spatial derivative of f at particle a is also transformed into numeri-
cal form by SPH approximation as follows:

(6)

where Wab(h)=W(|ra−rb|, h) and a denotes the gradient with
respect to the coordinates of the particle a. Because W is a known
polynomial, aWab(h) can be easily determined; by the approxi-
mation of Eq. (6), all of the spatial derivative functions can be
transformed into a form that can be solved by computation.
1-2. Equations of Motion: Single-phase Flow

In SPH, the numerical equations of motion are derived by apply-
ing Eqs. (5) and (6) to the continuum equations of motion for
fluid. The mass conservation equation in partial-differential form
is given by

(7)

Applying Eq. (6) to ·v gives

(8)

where =(ha+hb)/2 and vab=va−vb.
For an inviscid flow without the body force, the conservation of

momentum by the pressure term is given by

(9)

The right-hand side of Eq. (9) can be expanded by using the fol-
lowing identity:

(10)

Approximating the spatial derivative with Eq. (6) and applying it
to the right-hand side of Eq. (10) gives

(11)

Combining Eqs. (9) and (11) gives

(12)

In weakly compressible SPH, the pressure at the particle a is related
to the particle density by the following equation of state:

(13)

where co is the speed of sound and ρo is the reference density of
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the fluid. The speed of sound co was chosen to be 10 , where
 is the typical speed of the fluid. This means that the relative

variation in density is given by δρ/ρo≅( /co)2≅0.01 (e.g., see
Monaghan [15] for further details).

In the case of a viscous flow, a viscous force term is added as
follows:

(14)

(15)

where c is the speed of sound. For the Wendland kernel we used
in this work, in the limit that the number of particles becomes in-
finite, the kinematic viscosity ν is αcoh/8 (see e.g. Monaghan [15]
for details).

If the body force that acts on the fluid is included, the final form
of the equation for the conservation of momentum is

(16)

where g is the gravitational acceleration. The smoothing length h
is related to the particle density by

(17)

where λ is the number of dimensions and σ is a constant that was
set to 1.5 in this work. We used a Wendland kernel, which has a
support domain of 2h. Thus, the support domain of a particle is
three times larger than the initial spacing.
2. DEM Theory

In DEM, predicting the motions of particles begins with New-
ton’s second law:

(18)

(19)

(20)

Eq. (18) is Newton’s second law. Therefore, the force acting on a
particle F should be determined first. For a solid-liquid flow, the
contact force, solid-liquid interaction force, and gravitational force
are considered:

F=Fc+Fl+Fg (21)

Here, Fc is the contact force, Fl is the solid-liquid interaction force,
and Fg is the gravitational force.
2-1. Contact Force

Various types of contact relationships can be used to describe
the collisions between particles or a particle and wall. The simplest
contact model is the linear spring. When contact occurs between
two particles or between a particle and wall, the contact force acts
on the contact point and affects the motion of the particles. The
magnitude of the contact force is calculated with

(22)

(23)

where n and s are indices for the normal and tangential directions
(or components of a vector for those directions), respectively, and

 and  are the unit vectors in these directions. k is the contact
stiffness, which was assumed to be constant, and ζ is the damping
coefficient. Δχ is the overlap, and v is the relative velocity. To
obtain the tangential contact force, a sliding friction term is added
to express the incidental friction interactivity. If |Fc(s)| is greater
than the maximum friction ψ|Fc(n)|, where ψ is Coulomb’s coeffi-
cient of friction, then sliding occurs. Thus, the resultant tangential
force is given by

(24)

where kn, ks, ζn, and ζs are material-specific properties. Consider-
ing the Hertzian law of contact, the normal stiffness can be related
to Young’s modulus and Poisson’s ratio as follows (e.g., see Misra
and Cheung [16] for details):

kn=0.094ER (25)

(26)

(27)

Here, v1 and v2 are the Poisson ratios of the two particles, G1 and
G2 are the Young moduli, and R1 and R2 are the radii. The nor-
mal and tangential damping coefficients are determined with

(28)

(29)

(30)

where e is the restitution coefficient and m1 and m2 are the masses
of the respective particles. In this work, the ratio kn : ks was set to
1.5 : 1. In a system dominated by the contact force, the ratio kn : ks

may influence the simulation result; however, its influence becomes
insignificant for a system in which particle inertia is less import-
ant, especially for the case of a particles-in-water system.
2-2. Solid-liquid Interaction Force

Solid-liquid interaction occurs as a result of both pressure and
drag. The Lagrangian description of the pressure force acting on
the solid phase is straightforward:

(31)

where ρp is the solid density. Note that FP is the force per unit mass.
The drag force per unit mass acting on a solid particle is given by

(32)

where ε is the void or volume fraction of the liquid, vp is the veloc-
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ity of the solid particle, and vf is the liquid velocity. KD is the drag
factor and is a function of the liquid density, volume fractions of
the solid and liquid, geometry of the solid particle, and relative
velocity. In this work, we used Gidaspow’s drag model [17], which
combines Ergun’s equation and Wen and Yu’s drag model:

(33)

where |Δv|=|vf−vp|, μ is the dynamic viscosity, d is the diameter
of a solid particle, and CD is the drag coefficient. There are various
empirical models for describing CD. We determined CD by follow-
ing Olson’s model [18]:

(34)

where Rep is the Reynolds number of the particle:

(35)

ν is the kinematic viscosity of water and was set to 10−6 m2/s in
this work.

FORMULATION OF NUMERICAL GOVERNING 
EQUATION

In this work, we formulated the SPH governing equation for a
two-way coupled solid-liquid flow model. As noted earlier, the
most important part of the formulation is an analysis of the inter-
action between the two phases. The motion of the solid particles
on the liquid flow has two effects: (1) the solid particles occupy
space, which reduces the flow domain, and (2) the drag and pres-
sure forces act and react according to Newton’s third law. Both
effects should be considered when developing a two-way coupled
solid-liquid flow model.
1. Reduction of Flow Domain by the Solid Particles Occupy-
ing Space

The reduction of the flow domain by the solid particles occupy-
ing space is represented in the model by revising Eqs. (5) and (6)
as follows:

(36)

(37)

The bulk volume of the fluid particle b is replaced by mb/ρbεb,
which implies that the bulk volume of the equivalent mass of the
fluid increases when solid particles are present. This approach
enables the summation forms of the equations to satisfy the unity
condition in Eq. (3), even when solid particles are present, i.e.,
ΣbWabmb/ρbεb≅1.

As noted, we formulated the SPH model for the solid-liquid
flow based on the equations of motion given by Harlow and Ams-

den [13,14]. The continuum equation for mass conservation is as
follows:

(38)

An approximation of Eq. (37) can be applied to the ·v term on
the right-hand side, which transforms Eq. (38) into the following
particle-based form:

(39)

A similar approach is used to obtain the SPH momentum conser-
vation equation for a solid-liquid flow. The pressure term in the
acceleration equation is as follows:

(40)

The right-hand side of Eq. (40) can be expanded by using the fol-
lowing identity:

(41)

SPH approximation of Eq. (41) gives

(42)

Consequently,

(43)

2. Determination of Interaction Forces
The pressure and drag terms of interaction force are both deter-

mined by SPH interpolation. From Eqs. (31) and (37), the pres-
sure acceleration of a DEM particle i (note that we use the indices
i and j for DEM solid particles and a and b for SPH liquid parti-
cles hereafter) is interpolated as follows:

(44)

According to Newton’s third law, the acceleration of an individual
SPH particle a due to its interaction with a solid particle i is as fol-
lows:

(45)

where Vi is the volume of the solid particle i.
The drag term of the model is formulated by a similar method.

To obtain the drag term numerically, we apply the approximation
of Eq. (5) to the KD(vf−vp)/(1−ε) term in Eq. (32). The acceleration
of the solid particle i by the drag can then be expressed as follows:

(46)
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cumulates the partial drag forces per unit mass as follows:

(47)

According to the conservation of momentum, each individual fluid
particle a experiences an acceleration of (fD)ai=−(fD)iami/ma by inter-
acting with the solid particle i.
3. Determination of Volume Fraction of Fluid ε

It is possible to directly approximate ε for all fluid particles by
using Eq. (5). The volume fraction of the fluid at point a is calcu-
lated as follows:

(48)

(49)

The summation subscript q accounts for all of the fluid and solid
particles within the support domain; thus, the true volume mq/ρq

is applied to the equation instead of the bulk volume mq/ρqεq. If no
solid particle is within the support domain of the particle a, εa is 1.
Otherwise, it is less than 1. As described by Eq. (39), we integrate
the differential equation for ρε rather than ρ or ε. ρ and ε are
therefore calculated by computing Eq. (48) and ρ=(ρε)/ε in an
iterative manner. Numerical tests verified that two iterations give
sufficient convergence, which does not affect the overall computa-
tional cost.
4. Formulation of Numerical Governing Equation

Finally, the governing SPH equations, which include the full range
of interactions between the solid and liquid phases, are obtained as
follows:

Mass conservation:

(50)

Momentum conservation:

(51)

For the acceleration of the DEM particles,

(52)

In Eqs. (51) and (52), all terms other than the external self-gravity g
conserve momentum exactly.
5. Time Stepping

Eqs. (50)-(52) are solved numerically by using a mid-point inte-
grator. Note that the acceleration equation only is integrated for
DEM particles, whereas both the acceleration and continuity equa-
tions are solved for SPH particles. At the beginning of each time
step, the predicted values of v and ρε, which are denoted by the
superscript *, are calculated to determine the derivatives as follows:

(53)

where ξ is the time step index. The rates of change can now be
calculated because they depend on known quantities. After ρ*ξ and
ε*ξ are determined as described in section 3.3, the time derivatives
of ρε and v are determined as follows:

(54)

The quantities ρε and v at the end of the step are then given by

(55)

The particle position is finally updated.

(56)

TEST AND VALIDATION

The developed model was implemented into a computer code.
Tests were done in a two-dimensional xz domain, where the coor-
dinates were set so that gravity acted in the −  direction.
1. Liquid-solid Drag in Periodic Box

The liquid-solid interaction is affected by both pressure and
drag. Before the combined effect of the two factors was investi-
gated, the formulated drag term was independently tested by sim-
ulating the liquid and solid flows in opposite directions in a periodic
box. The test case involved DEM solid particles and SPH liquid
particles moving along the x axis with initial velocities of −5 and
1 m/s, respectively. Fig. 1 shows a schematic of the problem setup.
The DEM solid particles and SPH liquid particles were uniformly
set up in a 1 m×1 m periodic domain. Forty thousand SPH parti-
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Fig. 1. Schematic of test case: liquid-solid drag in a 2D periodic box.
The black dots are DEM solid particles, and the white dots
are SPH liquid particles.
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cles were used for the simulation. The diameter of the DEM parti-
cles was set to 0.005 m, and the solid density was set to 2,000 kg/
m3. The number of DEM particles varied between 1024 and 8464,
which corresponds to a ratio of initial momentums for the solid
and liquid of ~0.2-2. Because the system was assumed to be homoge-
neous, there was no pressure or velocity gradient, and only the
drag term was considered.

The acceleration equation with only the drag term is as follows:

(57)

(58)

For comparison with the SPH simulation result, Eqs. (57) and (58)
were solved numerically with a mid-point integrator. Eq. (33) was
also solved during the computation because KD is dependent on vf

and vp and therefore varies with time.

Fig. 2 shows the resultant velocities for all individual SPH and
DEM particles at t=3 s when (Mp/Mf)(t=0)=0.5. The homogeneity
of the system was well represented in the simulation, and the
velocity deviation was less than 3%.

Fig. 3 shows the time-dependent velocity difference between
particles and fluid according to the simulation and theory. Veloci-
ties were calculated by averaging all particles. The numerical simu-
lation results showed strong agreement with the theory. Under all
conditions, the time-dependent velocity in the simulation agreed
very well with the theory.
2. Settling of Numerous Solid Particles in Infinite Liquid

The settling of solid particles in an infinite water body was sim-
ulated to validate the model. Increasing the solid volume fraction
is known to decrease the terminal settling velocity of particles
owing to the interaction between the two phases. The derivation
of the equations for this system was described by Monaghan [19].
When a solid particle settles at the terminal velocity, the momen-
tum equations of the liquid and solid are as follows:

(59)

(60)

Eliminating ∂P/∂z from the two above equations produces a lin-
ear equation with the two variables vf and vp. If the flow is incom-
pressible, i.e., (1−ε)vp+εvf=0, the algebraic calculation of the equation
consequently gives the terminal velocity of the solid particles and
the counter-flow velocity of the liquid.

(61)

(62)

Given that KD is also a function of vf and vp, the analytic terminal
settling velocity of particles and the counter-flow velocity are de-
termined by computing Eqs. (33), (61), and (62) iteratively.

For the test, a 3D domain with the dimensions of 0.5 m×0.5 m×
1 m (−0.25 m<x, y<0.25 m, −0.5 m<z<0.5 m) initially filled with a
homogeneous particle-water mixture was set up. Two million SPH
liquid particles were used for the simulation. The diameter of the
DEM solid particles was set to 0.005 m, and the number of parti-
cles was varied between 8192 and 390,224. A periodic boundary
along the x and y axes, solid boundary for the bottom, and free
upper surface boundary were applied. For the DEM particles, the
bottom solid boundary wall exerted a repulsive contact force that
prevented the particles from penetrating the wall. For SPH parti-
cles, the boundary consisted of three layers of boundary particles.
These boundary particles were regarded to be the same as real liq-
uid particles with regard to material properties such as the density
and pressure, but they were fixed on space. ρs and ρl were set to
1,100 and 1,000 kg/m3, respectively.

Fig. 4 shows snapshots of the particle settling and the distribu-
tions of the resultant solid fractions under the condition 1−εo≅

0.02 (corresponding to the 78,608 DEM particles), where 1−εo is
the initial volume fraction of solid. Three regimes formed due to

dvf

dt
------- = − 

KD vf − vp( )
ρfε

-------------------------

dvp

dt
-------- = − 

KD vf − vp( )
ρs 1− ε( )

-------------------------

− 
1
ρf
----
∂P
∂z
------ + g + 

KD vp − vf( )
ρfε

------------------------- = 0

− 
1
ρp
-----
∂P
∂z
------ + g − 

KD vp − vf( )
ρp 1− ε( )
------------------------- = 0

vf = 
gε 1− ε( )2

ρp − ρf( )
KD

-----------------------------------------

vp = − 
gε2 1− ε( ) ρp − ρf( )

KD
-----------------------------------------

Fig. 3. Velocity as a function of time. The scattered points correspond
to simulations, and the lines indicate solutions with Eqs. (57)
and (58).

Fig. 2. Velocity profile of particles at t=3 s: (Mp/Mf)(t=0)=0.5. Veloci-
ties of individual particles vx are scaled through division by
the mean value vx,mean.
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sedimentation. The top regime was free of the solid fraction (i.e.,
supernatant); the solid particles settled on the bottom to form a
close packing bed (i.e., packed-bed regime). In between was another
regime in which the local volume fraction of solid was equivalent
to the initial value and particles in the regime settled to form a
plug flow (i.e., intermediate regime).

Under the conditions employed in this test, the settling velocity
of particles converged sufficiently close to the terminal velocity in
less than 0.4 s. Therefore, we measured the velocities of the SPH
and DEM particles after 2 s under the assumption that the sedi-
mentation velocity in the intermediate regime reached the termi-
nal velocity and compared them to vp and vf obtained analytically
with Eqs. (61) and (62). After 2s of simulation, we obtained , which
is the average of the z coordinates of DEM particles. Assuming
that  was close enough to the z-directional center of the interme-
diate regime (or far enough from the floor and upper boundary of
the regime), we chose particles that were located at |z− |≤2h, and
the average velocities of the SPH and DEM particles were regarded
as the terminal settling velocity and counter-flow velocity, respec-

tively. The velocities were than compared to the values of vp and vf

that were obtained analytically.
Fig. 5 shows the terminal settling velocities of the DEM parti-

cles and the corresponding counter-flow velocities of the SPH par-
ticles with various initial volume fractions. For all of the volume
fraction conditions considered in this work, the terminal settling
velocity of solid particles and counter-flow velocity of the liquid
from the simulation agreed well with those obtained by Eqs. (61)
and (62). The results showed that the SPH-DEM model computed
the interaction between the two phases well.
3. Settling of Numerous Solid Particles in the Infinite Liquid

In the SPH algorithm, a value at a certain point is interpolated
from the values at neighboring points. Thus, for a mesoscale cou-
pling of SPH with DEM, the relationship between the ranges of an
appropriate SPH particle resolution with the diameter of DEM
particles needs to be verified. We conducted a test similar to that
described in section 4.2 with various SPH particle resolutions. The
initial spacing of the SPH fluid particles dpsph was varied between
one-third and three times the DEM particle diameter ddem, which

z

z

z

Fig. 4. Sedimentation and resultant change in the distribution of the solid volume fraction (on SPH particles): 1-εo=0.02 at (a) t=1 s, (b)
t=3 s, and (c) t=5 s.

Fig. 5. Settling velocity (solid) and counter-flow velocity (liquid) as
a function of time. Scattered points correspond to simula-
tions, and lines indicate analytical solutions.

Fig. 6. Settling velocity profile of the DEM particles in the dispersed
(intermediate) regime.
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was set to 0.01 in this test. All of the tests were carried out by
using an initial liquid volume fraction of ~0.95. We analyzed the
results by investigating the vertical (z-axial) profiles of the velocity
and volume fraction. The particles located at <h were
used as monitoring particles.

Fig. 6 shows the velocity profile of DEM particles in the dispersed
regime at t=2 s with various particle resolutions. When dpsph≤1/
2ddem, the sedimentation velocity became very noisy and faster than
the expected value by theory. We assumed that the main cause was
that the approximation in Eq. (48) was no longer valid under the
condition of an overly fine SPH resolution (dpsph=1/3ddem and dpsph=
1/2ddem), and the interpolation in Eq. (44) did not satisfy the unity
condition of the SPH summation. We used 3dpsph as the support
domain of an SPH particle, which is still larger than the radius of a
DEM particle for those cases. However, the numerical error in Eq.
(48) can increase with ddem/dpsph. Based on the numerical test results,
we concluded that the initial SPH particle spacing should be greater
than 0.5ddem. When dpsph>0.5ddem, the settling velocity of the solid par-
ticles agreed reasonably well with those obtained by using Eq. (41).

The liquid volume fraction ε was interpolated by using the pairs
between SPH and DEM particles. Therefore, the resolution ratio
of SPH to DEM may play a significant role in calculating ε. Fig. 7
shows the resultant vertical void fraction profile from SPH parti-
cles within the range of <h. The test results showed that
the interpolation of ε in the packed-bed regime when dpsph≥2ddem

caused a significant error, although the interpolation in the inter-
mediate regime gave a reasonable result. In the packed-bed regime,
the simulation results when dpsph≥2ddem produced the incorrect
volume fraction profile given that the upper limit of the solid vol-
ume fraction of the packed bed consisting of monosized particles

was ~0.6.
As discussed above, the test results showed that the sedimenta-

tion velocity in the dispersed regime was ill-calculated at an overly
fine SPH resolution (dpsph≤1/2ddem), whereas the volume fraction
in the packed regime was ill-calculated under the opposite condi-
tion of the coarse resolution of SPH particles (dpsph≥2ddem). Thus,
we concluded that the appropriate range of the ratio of the SPH
particle resolution to the particle initial spacing is approximately2/
3≤dpsph/ddem≤3/2. Note that this range is limited to the case of
using a Wendland kernel with the support domain of |r|<2h.

APPLICATION OF THE MODEL SIMULATING THE 
AGITATION-COAGULATION PROCESS

1. Simulation Methods
The developed two-way coupled SPH-DEM model was used to

simulate the coagulation process in a propeller-type agitator. Coag-
ulation refers to the formation of larger particles by the aggrega-
tion of primary fine particles through contact. In water treatment
processes, coagulation is used to effectively remove dispersed fine
particles. A slurry has a large number of particles dispersed within
the liquid. Agitation enhances the contact between these particles,
which causes them to grow into larger particles and makes it eas-

x 2
 +  y 2

x 2
 +  y 2

Fig. 7. Solid volume fraction profile from SPH particles. In the packed
regime, the solid volume fraction profiles calculated from ddem :
dpsph=1 : 3 and ddem : dpsph=1 : 2 was overestimated. Fig. 8. Geometry of (a) the entire agitator and (b) propeller.
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ier to separate them from the liquid or to recover them.
Fig. 7 shows the geometric conditions applied in this work. A

cylinder with a diameter of 400 mm and height of 800 mm was
80% filled with water (Fig. 8(a)). In the agitating unit, six propel-
lers were attached to a rod with a diameter of 60 mm. For each
propeller, the width and height were set to 67 and 80 mm, respec-
tively. Generally, a propeller in an agitator is designed to have a
distortion angle rather than remain flat in order to induce a turbu-
lent flow and increase the coagulation efficiency by introducing a
z-directional component of the flow. In this work, virtual particles
were arranged to set the distorted angle of each propeller to 45o

(Fig. 8(b)). The thickness of the propeller was not considered; thus,
it was possible to satisfy the no-slip condition along the propeller
simply by setting the velocities of the virtual particles on the pro-
peller to the rotational velocities at each point.

Two thousand DEM solid particles were set in the water phase,
which was represented by 76,000 SPH particles. To investigate the
influence of the rotational speed on the coagulation efficiency, the
rotational speed was varied within the range of 50-116.7 rad/s. The
particle sizes and densities were randomly distributed within a
range of 300-10,000μm and 995-1,005 kg/m3, respectively. The ini-
tial positions of the particles were also randomly distributed within
the liquid. To determine the DEM contact force, Young’s modulus
and Poisson ratio were set to 200 GPa and 0.3, respectively. In all
cases, the simulation was conducted for 5 s. For simplicity, the
material properties were equally applied to the walls and particles.

There are two fundamental models to describe the coagulation
process: the rapid coagulation model by Smoluchowski [20], and
the slow coagulation model by Fuchs [21]. The energy barrier
introduced through the net inter-particle repulsive force is consid-
ered in the slow coagulation model, while it is neglected in the
rapid coagulation model. Via the energy barriers, colloidal parti-
cles in a liquid are dispersed, and the energy barrier increases with
the surface potential. Generally, the surface potential can be neu-
tralized by adding a specific electrolyte or controlling the pH. In
this work, for simplicity, we assumed the absence of repulsive force
with a fully neutralized surface potential. Thus, the rapid coagula-
tion model was applied.

In the absence of a repulsive energy barrier, two particles com-
ing into contact results in coagulation. When primary particles i
and j coagulate, the properties of the resultant particle τ are deter-
mined as follows:

m
τ
=mi+mj (63)

r
τ
=(ri

3+rj
3)1/3 (64)

(65)

(66)

where m is the mass, r is the radius, ρ is the density, and v is the
velocity. Eqs. (63)-(65) come from the conservation of mass, and
Eq. (66) comes from the conservation of momentum.
2. Simulation Results
2-1. Flow Analysis

In the simulation results, the development of the fluid velocity and
pressure distribution occurred at a fast rate, and the flow reached a
steady state within 1 s. Fig. 9 shows the velocity and pressure dis-
tribution along the plane across the center of the propeller (plane
A in Fig. 8(b)). High pressure was observed along the boundary of
the propellers due to the resistance of the fluid to the surface of the
propellers. Outside the boundary of the propeller blades, a lower
hydrostatic pressure was observed in a higher-speed region, which
corresponds well to Bernoulli’s theorem.

Fig. 10 shows the velocity distributions with respect to the dis-
tance from the rotational axis. Under three different rotational

ρτ  = 
ri

3
ρi + rj

3
ρj

ri
3

 + rj
3

----------------------

vτ  = 
mivi + mjvj

mi + mj
-------------------------

Fig. 9. Simulation result: (a) velocity and (b) pressure distribution of the water at z=60 mm (t=1 s, ωo=116.7 rad/s).

Fig. 10. Simulation result: Water velocity as a function of r. Values
are averaged.
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speed conditions, the dimensionless velocity |v|/Roωo showed simi-
lar distributions as a function of r. Under a high rate of revolution
(e.g., ωo=116.7 rad/s), the velocity decreases slightly more drasti-
cally with increasing distance from the center. At ωo=116.7 rad/s,
the deviation in the velocity increased, which corresponds well to
the current understanding that flow irregularity increases with an
inertia-dominant flow.
2-2. Coagulation Analysis

During agitation, solid particles are dragged by the fluid flow. A
velocity difference is then introduced to the motion of particles
according to their size. This enhances the contact between the
particles, the coagulation of the particles, and the resultant growth
into larger particles. The agitation speed may play an important
role in the coagulation kinetics. In this work, an SPH-DEM simu-
lation was performed to investigate the influence of the agitation
speed on the coagulation efficiency.

In the rapid coagulation model, if the probability distribution of
the particle displacement is uniform, there is a second-order kinetic
relationship between the particle number and coagulation rate:

(67)

Here, N is the total number of solid particles, and kr is the coagu-
lation rate constant. Eq. (67) can be easily solved to obtain N as a
function of time:

(68)

If the motion of a particle is dominated by Brownian motion (e.g.,
coagulation of a colloidal particle with no advective flow), a uni-
form probability distribution of the particle location along the
radial direction is a reasonable assumption. For a mildly convect-
ing flow, the probability is nearly uniform at the early stage of the
convection but gradually becomes non-uniform with time. If par-
ticles range in size from several hundreds of micrometers to sev-
eral millimeters in a strongly advective flow, the probability dis-
tribution of the particle’s location will become non-uniform in a
relatively short amount of time, and the number of particles as a

dN
dt
------- = − krN

2

1
N t( )
----------  − 

1
No
------ = krt

Fig. 11. Coagulation result: change in the number of particles. When
ωo=116.7rad/s, the kinetics does not follow the second-order
kinetic relationship well, and the coagulation rate decreases
over time.

Fig. 12. Coagulation result: Fraction of particles reported in the outer
half at t=3 s.

Fig. 13. Coagulation result: change in ν with time.

function of time may not follow Eq. (68).
Fig. 11 shows the change in the number of particles with time.

At a relatively low revolution speed, the linear regression between t
and 1/N(t)−1/No produced a high degree of correlation (R2=0.9986
at ωo=50 rad/s and R2=0.9944 at ωo=83.3 rad/s). However, when
ωo=116.7 rad/s, the coagulation kinetics did not follow Eq. (68)
well. Under this condition, the coagulation rate decreased with
time, even when it was high during the early stages.

To investigate the main cause of this result, the particle distribu-
tion of the location with time was observed. We divided the region
into two parts with equivalent volumes: the inner half and outer
half. Provided that the probability distribution of the particle loca-
tion was uniform everywhere, the particle location probabilities in
the inner and outer halves were 50% in each case. Fig. 12 shows
the fraction of particles reported in the outer half at t=3 s. Because
of the centrifugal effect, the fraction of particles in the outer half
slightly exceeded 50% at all size intervals. When ωo=50 rad/s and
ωo=83.3 rad/s, the fraction in the outer half varied within the range
of 55%-70% and did not vary significantly according to the size
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interval. However, when ωo=116.7 rad/s, the fraction increased
significantly in the coarse particle range, which was obviously a
result from the size separation effect of centrifugation. The main
purpose of agitation in a coagulation process is to enhance the
contact between particles by using the velocity difference of the
particle motions in the fluid. At high-speed revolution, the differ-
ence in particle motions is enhanced. However, the simulation
results showed that, if the revolution speed exceeds a certain range,
a size separation effect arises that interferes with the contact between
the particles. An analysis of the 80% passing size with time showed
a similar tendency (Fig. 13). When ωo=116.7 rad/s, the growth of
the particles slowed with time, although it was relatively rapid
during the early stages.

CONCLUSION

We developed a new two-way coupled SPH-DEM model by
using multiphase flow dynamics. The model considers (1) the reduc-
tion of the flow domain due to the space occupied by the solid par-
ticles, and (2) the action/reaction of the drag and pressure forces.
Therefore, it can be used to represent the interactions between the
solid and liquid phases in both cases. To validate the model, a
solid-liquid counter-flow in a periodic box and the settling of dis-
persed particles were simulated by using various volume fractions.
The results of both simulations were in very good agreement with
the analytical results. We considered the resolution and verified
that the initial SPH particle spacing should be between 0.5 and 1.5
times of the DEM particle diameter.

The developed model was applied to simulating the coagula-
tion process by agitation. The results showed that, at a high revo-
lution speed, the coagulation rate decreases with time, and overly
fast agitation can have an adverse effect on the coagulation effi-
ciency. The developed model is considered to be applicable to the
design of various types of solid-liquid two-phase flows.

In the model, the two phases interact with each other in terms
of both the drag and pressure; however, some inertia-related forces
such as shear lift have different origins and have not been incorpo-
rated in the model. These forces sometimes play a significant role
in the dynamics and need to be incorporated for a complete
description of the solid-liquid interaction. We intend to consider
this aspect in future work.
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NOMENCLATURE

CD : drag coefficient
co : speed of sound
dpsph : initial spacing of the SPH particles
ddem : diameter of the DEM particles
e : restitution coefficient
F : force acting on a particle
Fc : contact force
Fc(n) : normal contact force
Fc(s) : tangential contact force
FP : pressure force per unit mass
FD : drag force per unit mass
Fl : solid-liquid interaction force
Fg : gravitational force
(fP)ai : acceleration of an individual SPH particle a due to its inter-

action with a solid particle i
G1, G2 : Young’s modulus
f(r) : function defined at r
g : gravitational acceleration
h : smoothing length
KD : drag factor
k : contact stiffness
kn : normal spring stiffness
kr : coagulation rate constant
ks : tangential spring stiffness
Mp/Mf : ratio of the initial momentum of solid and liquid
m : particle mass
N(t) : total number of solid particles
No : initial number of solid particles
n : index indicating the normal direction

: unit normal vector
s : index indicating the tangential direction
P : liquid pressure
Pa : pressure at particle a
R : radius of DEM particle
R2 : coefficient of determination
Ro : radial distance from the center to the tip of the propeller
Rep : reynolds number of the particle
r : radius of the DEM particle a

: unit tangential vector
Vi : volume of the solid particle i

: typical speed of the liquid
v : velocity
va : velocity at particle a
vab : va−vb

vf : liquid velocity
vp : velocity of the solid particle
vf : speed of liquid
vp : speed of solid
(|r−r'|, h) : smoothing kernel function
r : position vector
r' : position vector in integral; see Eq. (1)
α : coefficient for the artificial viscosity

n̂

ŝ

Vmax
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δ : dirac delta function
ε : void fraction

: gradient with respect to the coordinates of particle a
ρa : density at particle a
ρ : liquid density
Πab : artificial viscosity
λ : number of dimensions
ζ : damping coefficient
Δχ : overlap
ψ : Coulomb’s coefficient of friction
Δχn : normal displacement of the overlap
Δχs : tangential displacement of the overlap
ρp : solid density
ρl : liquid density
μ : dynamic viscosity
ν : kinematic viscosity
εa : void fraction at particle a
Vi : volume of the solid particle i
ξ : time step index
ρ* : temporary density used at a time step
ε* : temporary void fraction used at a time step
ωo : rotational speed of the propeller

REFERENCES

1. Y. Tsuji, T. Tanaka and T. Ishida, Powder Technol., 71, 239 (1992).
2. T. Kawaguchi, T. Tanaka and Y. Tsuji, Powder Technol., 96, 129

(1998).
3. B. Hoomans, Chem. Eng. Sci., 51, 99 (1996).

4. B. Hoomans, J. A. M. Kuipers and W. P. M. van Swaaij, Powder
Technol., 109, 41 (2000).

5. B. Wang, D. L. Xu, K. W. Chu and A. B. Yu, Appl. Math. Model.,
30, 1326 (2006).

6. M. Lungu, J. Sun, J. Wang, Z. Zhu and Y. Yang, Korean J. Chem.
Eng., 31, 1148 (2014).

7. L. B. Lucy, The Astronomical J., 82, 1013 (1977).
8. R. A. Gingold and J. J. Monaghan, Mon. Not. R. Astron. Soc., 181,

375 (1977).
9. A. V. Potapov, M. L. Hunt and C. S. Campbell, Powder Technol.,

116, 204 (2001).
10. P. W. Cleary, M. Sinnot and R. Morrison, Miner. Eng., 19, 1517

(2006).
11. M. Robinson, S. Luding and M. Ramaioli, Int. J. Multiph. Flow, 59,

121 (2013).
12. T. B. Anderson and R. Jackson, Ind. Eng. Chem. Fundam., 6, 527

(1967).
13. F. H. Harlow and A. A. Amsden, J. Comput. Phys., 17, 19 (1975).
14. F. H. Harlow and A. A. Amsden, J. Comput. Phys., 18, 440 (1975).
15. J. J. Monaghan, Report on Progress in Physics, 6, 1703 (2005).
16. A. Misra and J. Cheung, Powder Technol., 105, 222 (1999).
17. D. Gidaspow, Multiphase flow and fluidization: Continuum and

Kinetic Theory Description, Academic Press, San Diego (1994).
18. R. M. Olson, Essentials of Engineering Fluid Mechanics, International

Textbook Company, Scranton, Pennsylvania (1960).
19. J. J. Monaghan, J. Comput. Phys., 138, 801 (1997).
20. M. V. Smoluchowski, Zeitschrift für Physikalische Chemie, 92, 129

(1917).
21. N. Fuchs, Z. Phys. Chem., 89, 736 (1934).

∇a



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


