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Abstract—Mathematical modeling is useful for analysis of process design and performance and is widely used for
membrane separation and other important technologies in the energy sector. This study presents the results of our
investigations on the mathematical modeling and optimization of hollow fiber membrane permeators specifically used
for air separation as well as natural gas purification. The governing equations and mathematical models are developed
based on the consideration of ideal and non-ideal conditions often involved in the separation of gas mixtures using
membrane permeators. The influence and consequences of adoption of two distinct numerical methods for solving
governing equations are investigated in details. The results obtained by using the models as well as the effect of numeri-
cal method type are examined and compared to the experimental data. The findings highlight the important role of the
solution method on the validity and accuracy of the models. Moreover, the effect of variations in the operating condi-
tions and physical geometries of the membrane are investigated through comprehensive sensitivity analysis. Accord-
ingly, a set of optimal input parameters is determined using an appropriate statistical method. The findings provide
useful information for the design and development of high performance membrane permeators and processes particu-
larly in the case of binary gas mixtures for energy applications.
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INTRODUCTION

Polymeric membranes are known as an effective means for sep-
aration of various gas or liquid mixtures [1-4]. Low operation and
energy costs, small footprint, reduced environmental side-effects
and high reliability have turned membrane separation processes to
a viable choice among the established rivals.

Many efforts have been made over the past years on design,
fabrication, configuration, modeling, simulation and performance
prediction and analysis in order to enable reliable membrane pro-
cess developments [5-10]. Modeling of gas separation membranes
was first reported by Weller and Steiner in 1950 [11]. Since then,
numerous mathematical models have been introduced, especially
for high flux asymmetric membranes with different flow configu-
ration including co-current, counter-current and cross-current.
Among the various membrane types and geometries, asymmetric
hollow fiber membranes offer the advantages of high packing and
area/volume density, reduced resistance to the transport of species
as well as desirable mechanical strength and stability, particularly
for gas separation applications [12]. In the prior studies, research-
ers considered pressure changes along the shell- and lumen-sides,
real gas behavior and concentration polarization as influential param-
eters in order to develop more realistic mathematical models. Ac-
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cordingly, a number of analytical and numerical techniques were
examined to solve the derived formulae [13]. Despite the availabil-
ity and widespread use of GEARs method [14-16], Runge-Kutta
[17-22] and orthogonal collocations [23-26], much attention has
been paid to the use of finite difference methods for solving the
equations. This may be attributed to the ease of formulation and
simplicity; since depending on the prevailing conditions, other meth-
ods may offer either less accurate results with high computational
time or limited stability and interval convergence [27-31]. Lim et
al. [22] developed a model for analysis of pressure drop within the
lumen-side of hollow fiber membranes based on continuity and
momentum balance and used the Runge-Kutta method to solve
the set of equations. In another study, Kaldis et al. [26] developed
a modified model based on Pans initial formulation [13] for pre-
diction of membrane separation performance in asymmetric hol-
low fiber membrane modules and solved the final equations using
orthogonal collocation. They took into account the temperature
changes following the Arrhenius-type equation and employed Toduss
method to calculate the variations of gas viscosity. However, the
pressure changes in the shell- and lumen-sides as well as the resis-
tance within the porous layer were neglected in their proposed
model. It was determined that the model slightly overestimated
the permeate concentration compared to the model proposed by
Giglia et al. [17]. They also declared that orthogonal collocation
offered more accurate solutions with less computational time [32].

Recently; authors developed mathematical models and investi-
gated the effects of various parameters on the performance of asym-
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metric hollow fiber membrane permeators for separation of binary
gas mixtures [33,34]. Governing equations were developed and
solved as a set of initial value problem equations using 4™-order
Runge-Kutta method. It was shown that the developed model
based on non-ideal conditions offered better predictions about the
module performance, and the deviation from ideality was consid-
erably high. Despite the comprehensiveness of the developed mod-
els, one of the major shortcomings of employment of Runge-Kutta
for solving the governing equations was the limited internal con-
vergence especially in extending the model for analysis of the per-
formance over a wide range of operating conditions.

Accordingly, the main objective of the present study was to em-
ploy the finite element method (FEM) for solving the governing
equations to improve the accuracy and convergence and to over-
come the limitations of the Runge-Kutta method. Based on a detailed
literature review, and to the best of our knowledge, this is the first
investigation that highlights the effect of adoption of numerical
computation methods on mathematical modeling in the case hol-
low fiber membrane permeators for gas separation. In addition,
the impacts of performing sensitivity analysis for identification of
the pivotal parameters involved in the process design and perfor-
mance were investigated in the case of O,/N, and CO,/CH, sepa-
ration applications. The findings and proposed methodologies pro-
vide useful information about optimization of operating conditions
and physical geometry parameters for design and development of
high performance membrane permeators and processes.

THEORY AND MODEL DEVELOPMENT

To develop the mathematical formulae, a membrane module
containing dead-end asymmetric hollow fiber membranes with
determinate geometries was considered. It was assumed that streams
flow in a counter-current mode and the permeate stream exits at
the open-end of the hollow fibers. According to Fig. 1, feed stream
enters at z =0 and the retentate exits at z'=1.

The principal governing equations were derived considering
both non-ideal and ideal conditions based on the following assump-
tions:

Retentate stream

(1) Gas feed flows in the shell-side over the thin selective skin
of the membranes.

(2) Resistance of the porous supporting layer against the flow is
negligible.

(3) Diftusion along the pores is neglected due to the high per-
meation rate.

(4) No mixing of permeating species exists inside the porous
supporting layer of the membranes.

(5) Deformation of the hollow fibers under pressure is negligible.

(6) The concentration of the permeate leaving the membrane
skin surface (y) is generally different from the bulk permeate stream
outside the porous layer (y), except at the closed-end of the fiber
where y'and y are identical.

In terms of non-ideal conditions, real behavior of gas mixture
in the shell- and lumen-sides was taken into account by engaging
tugacity coefficients. Pressure changes at both shell- and lumen-sides
were taken into account by employing appropriate equations. Pres-
sure build-up at the lumen-side was calculated using the Hagen-
Poiseuille equation, while that of shell-side was calculated using a
differential equation derived from the mechanical energy balance
[35]. The dependency of the membrane permeability to tempera-
ture was adjusted by using an Arrhenius-type relationship. Also,
the dependency of gas viscosity to temperature, pressure and com-
position was taken into account by using the procedures described
in the following sections.

Mass balance was applied for more and less permeable species
in a binary gas mixture flowing over a differential element of hol-
low fiber membrane (dz) in a plug counter-current pattern. The
equations were then combined and normalized followed by apply-
ing a local mass balance over the element to obtain a set of ordi-
nary differential equations (ODE) representing the changes of molar
flow rates of the retentate and permeate sides and the mole frac-
tion of more permeable component at both sides of the membrane
along the fiber. The resultant equations are as follows:

U K PUQUI %~ oy W

dz"
+ P (1-x) = ¢, (1-7)]

Feed stream

Permeate stream

Feed flow

Permeate flow

Fig. 1. Schematic representation of a hollow fiber membrane permeator module with counter-current flow configuration.
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In these equations, P; Q,, 6, & &, % d,, L, N and U, are feed pres-
sure, permeability of less permeable component, effective skin
thickness of membrane, membrane selectivity, fugacity coefficient,
ratio of permeate-side pressure to feed-side pressure, fiber outer
diameter, active fiber length, number of fibers in the module and
feed flow rate, respectively.

The pressure changes along the fiber at feed and permeate sides
were formulated as follows, respectively:

dP;  2ZLRTAG’

5
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where K, is defined as:
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and Zs R, T G, Mw,,,, 44> and T, are compressibility factor of gas
mixture in the feed side, ideal gas constant, feed temperature, mass
flux of feed side stream, molecular weight of gas mixture in the
feed side, viscosity of gas mixture in the permeate side and perme-
ate side temperature, respectively.

Also f, g, and R, are friction factor, Newtons law conversion
factor and hydraulic diameter, respectively defined as:

~ m(d,y/2)’-Nn(d,/2)°
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where d, is the module shell diameter.

Applying a local mass balance equation together with mass bal-
ance equations for more and less permeable components after some
simplifications yields Eq. (7):
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1. Model Development Based on Non-ideal Conditions

Many of the early conventional models for studying the proper-
ties and performance of asymmetric hollow fiber membranes gen-
erally ignored some or all of the non-ideal effects involved. This
was either for the sake of simplification of the procedure and cal-
culations or based on the assumptions prevailing in those specific
cases [17,32,35-37]. Recent studies, however, have demonstrated
that neglecting non-idealities in modeling can potentially cause
serious errors in the evaluation or prediction of the process perfor-
mance [15,38].

According to the experience gained in our research group on
modeling of gas separation using hollow fiber membrane perme-
ators [39,40], the major non-idealities and the procedure taken
into considerations for model development are as follows:

(1) The SRK equation of state was used to calculate the fugac-
ity coefficients to account for the real behavior of the gas mixtures
[41].

(2) A surface mole fraction parameter was introduced for more
permeable component using the equation proposed by Wang et al.
[16] in order to consider the effect of accumulation of less perme-
able component adjacent to the membrane skin surface, which
reduces the permeation driving force (also known as concentra-
tion polarization):

KT,
pOTF(%b)

KT,
—_—t a(”n(l_x)+ Q’ZIX
Py

0~ Fi é‘

APy (1-%) = @ x(1=y) + x| @+

where k, T, and P, are mass transfer coefficient in the feed side,
standard temperature and standard pressure, respectively.

(3) Joule-Thomson equation was used to account for the effect
of varjation in the temperature of the components due to perme-
ation. Also, the changes in the temperature of the feed stream along
shell-side were calculated via the equation derived from the enthalpy
balance and thermodynamic [42].

2
;Xicpi:u]ﬂ
o= )
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where C, and 44 are the molar heat capacity at constant pres-
sure for a pure component and Joule-Thomson coefficient, respec-
tively.

(4) The dependency of permeation to temperature owing to the
temperature changes at the feed side was considered by using an
Arrhenius-type equation [38,40]:

Q=quee]-Fr7 )] 1o

(5) Temperature, pressure and concentration dependency of gas
mixture viscosity were taken into account using the methods pro-

posed by Chung et al., Jossi et al. and Wilke [43].
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2. Model Development Based on Ideal Conditions

Model development was also carried out based on ideal condi-
tions to enable having quick results without involving numerous
non-ideal parameters and associated complexities. For this purpose,
three more assumptions were taken into account for development
of governing equations in addition to the former six assumptions
considered for non-ideal conditions:

(1) Ideal behavior of gas mixtures (¢ =1).

(2) The pressure changes on both sides of fiber are negligible
(7 =constant and IuFeed:ﬂPermeate)-

(3) The process is isothermal (a=constant).

By applying the above assumptions to Eqs. (1)-(4) and (7), the
following equations were obtained for the ideal conditions. These
equations represent the changes of molar flow rates of more per-
meable component in feed and permeate sides (Eqgs. (11) and (12)),
the changes in mole fraction of more permeable component in the
feed and permeate sides (Eq. (13) and (14)) as well as local perme-
ate side mole fraction of the more permeable component in the
support layer (Eq. (15)), respectively as follows:
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The overall and partial mass balances for the more permeable com-
ponent are derived as follows, respectively:

U|Z‘:0:U|Z,:1+V (16)
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3. Numerical Solution by Finite Element Method

Finite element is a widespread and useful numerical method,
especially for solving ordinary and partial differential equations.
We adopted the Galerkin method to approximate the solution of
ODEs with a piecewise linear function as a sum of basis functions
[44]. By transforming a set of ODEs into a system of algebraic equa-
tions, the finite element method and a weak formulation of the ap-
proximation was used according to the prescribed procedure [45].

Considering a system of non-linear first order ODEs over inter-
val (0 L), the following equation can be defined:

P=f(P, z) (18)

expanding an approximation solution using basis functions yields
to P and P’ as follows:

N
P=2pi(2) (19)
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Accordingly, the residual equation is:
N
R(z)=P'-{(P’, Z):ng%(Z)—f(P) z) (1)
=

It is desirable to minimize the residual equation, (ie., R(z)=0).
Thus, Eq. (21) is obtained by applying the weak Galerkin formula-
tion of approximate solution as weight factors:

[#(2)R(z)dz=0 (22)

Finally, the Gauss quadrature formulae were used as the solution
method. The boundary conditions rely on the flow pattern. The
set of boundary conditions used in this study is provided in Table
1. In addition, Fig. 2 demonstrates the algorithms and calculation
procedures followed for solution of models based on non-ideal
and ideal conditions.
4. Sensitivity Analysis and Optimization

Sensitivity analysis provides useful information about the rela-
tionship between the involved variables. In addition, statistical
methods reflect the interactions among the parameters and the
role and contribution of each [46]. A conventional method of ana-
lyzing the sensitivity of a model is changing an independent vari-
able while maintaining others unchanged. A strategic method for
analyzing the relationships of the parameters in a process is to
apply response surface methodology (RSM) [47]. We used central
composite design (CCD) method to gain a response surface model
and performed sensitivity analysis and optimization [48]. The sta-
tistical models were obtained using the Design-Expert 7.0 soft-
ware. Input parameters were divided into two main categories. Feed

Table 1. The set of boundary conditions employed for solving ODEs

Model type Position Condition
z2'=0 U=1
z2'=0 X=Xp

The model based on z'=0 Y=Yo

non-ideal conditions 72'=0 =%
7'=0 Pi=Pp,
7'=1 V'=0
7'=0 U=1

The model based on z2'=0 X=Xy

ideal conditions z'=0 Y=Yo
7'=1 V'=0
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Using equation (15)

|
|
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Using equation (12) |

V*at closed
end is zero
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Using equation (17)

y
| Using equation (14) |

Fig. 2. The algorithms and calculation procedures used for solution of (a) the model developed based on non-ideal conditions (b) the model
developed based on ideal conditions.

pressure, temperature and composition were classified as operat-

ing conditions, whereas fiber inner diameter, module diameter,

number of fibers and active fiber length were classified as physical

geometries of the membrane. Aiming for practical applications,

the optimum operating conditions and physical geometries were
evaluated and compared in the case of selected experimental data
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reported in literature [49].

RESULTS AND DISCUSSION

1. Grid Independency Check
A grid independency check was performed to ensure that numeri-

0 500 1000

Fig. 3. Grid independency check results.
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Table 2. The specifications of the modules and set of experimental data used for model validations and analysis

Input parameter Unit O,/N, separation CO,/CH, separation
L 0.205 O, 0.2078 O, 0.6 CO,
Mole fract feed -

ol Taction mfee 0.795 N, 07922 N, 04 CH,
Feed pressure atm 7.8 6.82 2,4,7
Permeate outlet pressure atm 1 1.01 1

298.15
Feed temperature K 296.15 298.15
338.15
1930 1930 17.765 CO
Activati KkJ-mol™ 2 > ,

CHVATIon enetgy Jmo 276N, 276N, 15.468 CH,
Inner fiber diameter pm 80 145 389
Outer fiber diameter pm 160 373 735
Module diameter mm 9.5 48 10
Number of fiber - 368 80 100
Active fiber length cm 25 75 15
Ref. [50] [17] [49]

seseeenes Model solved by Runge-Kutta (1deal conditions)

Mole fraction of O, in the permeate

Model solved by FE-Galerkin (Ideal conditions)

wemewwe Model solved by Runge-Kutta (Non-ideal conditions)

— — — Model solved by FE-Galerkin (Non-ideal conditions)
O Experimental data

L 1
0.24 - - -

0.25 0.4 0.45 0.5

0.5

Stage cut

5 0.6

Fig. 4. The results of modeling transport based on ideal and non-ideal conditions and the effect of solution method in the case O,/N, separa-
tion (Pz=7.8 atm; T;=296.15 K; experimental data from Ref. [50]).

cal results were grid-independent. The results are shown in Fig. 3
in the case of a binary CO,/CH, gas mixture having a composi-
tion of 60% CO, flowing in the shell-side of a stainless steel cylin-
drical module with 15 cm length and 1 cm internal diameter housing
100 hollow fibers with internal and external diameters of 389 um
and 735 pm, respectively. The pressure difference between the feed
and permeate sides was 6 atm and the feed temperature was 298 K.
The trend in Fig. 3 reveals that the relative error was reduced
exponentially by increasing in the number of grid elements. It was
noted that the relative error reduced to less than 0.02% for the
number of elements exceeding 2000. Therefore, the number of grid
elements was set to 2000 for all the computations in this study.
2. Model Validation

Three exemplary case studies on O,/N, and CO,/CH, separations
were investigated to examine how the numerical results obtained
by the developed mathematical models compared to the experimen-
tal data. Table 2 represents the set of experimental data related to

November, 2016

the case studies that were employed for the model validation. In
the case of O,/N, separation, hollow fiber composite membranes
were from Alberta Research Council (ARC) [50] and Innovative
Membrane Systems of Norwood, MA [17]. Also, for CH,/CO, sep-
aration, hollow fiber composite membranes consisting of coating
(aliphatic copolymer) and support (polysulfone) layers from SNIA
were examined [49].

Fig. 4 shows the results obtained from the models developed based
on ideal and non-ideal conditions and solved using FE-Galerkin
and Runge-Kutta methods in the case of O,/N, separation. In this
figure, the mole fraction of O, in the permeate is plotted versus
stage cut and compared to the experimental data reported by Feng
et al. [50]. Results show that the predictions made by both ideal
and non-ideal models solved using either FE-Galerkin or Runge-
Kutta methods are generally in a good agreement with the experi-
mental data. Focusing on the use of the Runge-Kutta method, the
model developed based on ideal conditions provides a better match
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0.45

0.4

0.35

Mole fraction of O, in the permeate

03

025l 1 1

T T T

= = = Model solved by FE-Galerkin (ldeal conditions)
Model solved by FE-Galerkin (Non-ideal conditions)
O Experimental data

1 1 |

0.1 0.2 0.3

0.4 0.5 0.6 0.7

Stage cut

Fig. 5. The results of modeling transport based on ideal and non-ideal conditions solved using FE-Galerkin method in the case O,/N, sepa-
ration (P:=6.82 atm; T;=298.15 K; experimental data from Ref. [17]).

with the experimental data than the model incorporating non-
ideal conditions. At the first glance, this may potentially be attributed
to the intrinsically close-to-ideal properties of O, and N, molecules
as well as the relatively low operational pressure, both promoting the
system to behave with negligible deviations from ideal conditions.
However, further insights considering solution using FE-Galerkin
method reveal that the model incorporating non-ideal conditions
provides better predictions than the model developed based on
ideal conditions. Thus, the predictions by the non-ideal model
solved using the FE-Galerkin method are in the best match with
the experimental data. These findings suggest the lower accuracy
of 4™ order Runge-Kutta compared to the FE-Galerkin method,
highlighting the prominent role of adoption of an appropriate
solution method. Interestingly, the predictions by both models be-
come similar and regardless of the solution method at stage cuts

beyond 0.7. This may be attributed to the lesser deviations of the
0,/N, gas mixture from ideal conditions at higher stage cuts.

Investigations were further extended by applying the approach
in the case of another set of data reported by Giglia et al. for O,/N,
separation [17]. Fig. 5 presents the mole fraction of O, in the feed
at different stage cuts for the models developed based on ideal and
non-ideal conditions solved using the FE-Galerkin method. The
results reveal that the predictions made by both models are in an
admissible agreement with the experimental data. However, pre-
dictions by non-ideal model are in higher accuracy over the full
range of stage cuts. Similar to the previous case, the accuracy of the
predictions obtained by both ideal and non-ideal models approaches
each other at higher stage cuts.

The validity of the models was also examined in case of CO,/
CH, separation by comparing to the experimental data reported

0.84 T T T T T T T
weessans Model solved by Runge-Kutta (Ideal conditions)
0.82 T —— = = = Model solved by FE-Galerkin (Ideal conditions)
’ ST E—— s Model solved by Runge-Kutta (Non-ideal conditions)
B, e T Model solved by FE-Galerkin (Non-ideal conditions)
. 0B B e O T Experimental data
Ei
£ o078l
e L e, T T .
E' 076
o
=
S 074 -
g
=
£ o721 e =
2
= "
0.7 )
0.68— —
0.66 1 I 1 L 1 I 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Stage cut

Fig. 6. The results of modeling transport based on ideal and non-ideal conditions and the effect of solution method in the case CO,/CH, sep-
aration (P;=7 atm; T;=298.15 K; experimental data from Ref. [49]).
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in literature [49]. Fig. 6 demonstrates the experimental as well as
predicted values obtained by both models based on the mole frac-
tion of CO, in the permeate stream at various stage cuts. Regard-
less of the solution method, essentially non-ideal model provides
better predictions about the trend of changes in the mole fraction
of CO, than the ideal model. Note that in contrast to the case of
O,/N, separation, the deviation between the predictions and ex-
perimental data increased upon increase in the stage cut in the case
of CO,/CH,. In addition, the non-ideal model solved using FE-
Galerkin method provided more accurate prediction than being
solved using Runge-Kutta method. Especially, the predicted val-
ues by the non-ideal model solved using Runge-Kutta method
deviated more as stage cut increased, whereas the non-ideal model
solved by FE-Galerkin method followed the trend of experimental
data to an acceptable level. In overall, the results suggest the higher

S. S. Hosseini et al.

accuracy of the FE-Galerkin compared to the Runge-Kutta method.
According to Figs. 4-6, it is clear that for the case of O,/N,, pre-
dictions by both ideal and non-ideal models are very similar and
approach each other, especially at higher stage cuts. This may be
attributed to the intrinsic properties of nonpolar gases like O, and
N, which display nearly ideal behavior at ordinary pressures and
temperatures. For natural gas separation, however, this trend is dif-
ferent. The model incorporating the non-ideal conditions pro-
vides more accurate predictions than the model developed based
on ideal conditions due to the role of important non-idealities like
concentration polarization. It is demonstrated that for a mixture
containing a condensable gas like CO, and considering the dis-
tinct size difference between the CO, and CH, molecules, the effect
of plasticization accelerates the diffusivity of the penetrants due to
swelling of the polymer matrix [16,51]. In addition, the thin selec-

0.84 T T T T T T T
weeme. Pressure feed = 7 atm (Ideal conditions)
0.82 fumu:m.cr:.-x_mh:mml_ = = = Pressure feed = 4 atm (Ideal cund?l::ons] -
.||I|:m—.:l-.=:1-_,—_,__,=u__’__:c\h = * = Pressure feed = 2 atm (Ideal conditions)
9 ..L:r:!:u:!::q::-ml-.—,.“__:“__ ) Pressure feed = 7 atm (Non-ideal conditions)
) 0.8 :,“m‘ o ..;.,azna;.n.:mnm.m « Pressure feed = 4 atm (Non-ideal conditions) —
- Ty, - - s
g mnau,,mm%%% “"-'="=-=m=.=:,m_‘{; -------- Pressure feed = 2 atm (Non-ideal conditions)
= ke T g, g
E o078} T R -
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Table 3. The parameters and levels used for sensitivity analysis based on operating conditions

Parameter Unit —1 Level +1 Level —alpha +alpha
Feed pressure atm 5.64 16.35 2 20
Feed temperature K 303.28 333.01 293 343
Mole fraction of CO, in feed - 0.3216 0.6783 0.2 0.8
Table 4. The parameters and levels used for sensitivity analysis based on physical geometries

Parameter Unit —1 Level +1 Level —alpha +alpha
Fiber inner diameter pm 275 425 200 500
Module diameter cm 20 40 10 50
Number of fibers - 1288 3673 50 5000
Active fiber length cm 32.5 77.5 10 100

tive layer of the asymmetric hollow fiber promotes the plasticiza-
tion to occur at low pressures [52]. Also, according to the solution-
diffusion mechanism, the competition of CO, and CH, in the mix-
ture for the limited sites within the membrane (known as compet-
itive sorption) results in decreased CH, solubility. However, the
increase in CH, diffusivity is much greater than the decrease in
solubility, so that in overall, the permeability of CH, increases [53].
Consequently, it is expected that the deviation of model predic-
tions from the experimental data in the case of CO,/CH, mixture
will be more than that of O,/N, mixture.

Further investigations were carried out to examine the effect of
pressure and temperature on the predictions by the developed
models. Based on the findings, FE-Galerkin method was selected
as the solution method. Figs. 7 and 8 show the effect of variation
in the feed pressure on the mole fraction of CO, in the permeate
stream at different stage cuts for two temperatures. Data in Fig, 7
and 8 are for the pressures of 2, 4 and 7 atm at 298.15 K and 338.15
K, respectively. According to Fig. 7, the model developed based on
non-ideal conditions provides predictions with higher accuracy
compared to the ideal model. This can be because the effect of
non-idealities is more in the case of CO,/CH, separation. Almost
similar results can be observed in Fig. 8, which is related to the
338.15K, corroborating the higher accuracy of the non-ideal model
than the ideal one in predicting the performance. However, the
accuracy of the predictions by the non-ideal model declined in the
case of 338.15K. On the other hand, essentially, the models are
expected to offer more accurate results at lower pressures, since
deviation between the experimental data and model predictions
increases at higher pressures.

Generally, the above findings confirm the complexity of non-
idealities involved in modeling the performance of permeators and
the prominent role of inclusion of appropriate parameters to ac-
count for the elevated pressure and temperatures. Also, the con-
centration of the more permeable components at the permeate
outlet reduced upon increase in stage cuts, illustrating the trade-off
between the selectivity and stage cut. The effect was more pro-
nounced as deviations from ideality increased.

3. Sensitivity Analysis

Sensitivity analysis was performed using the model comprising

non-idealities aimed at investigating the main parameters and

Table 5. CCD parameters and mole fraction of CO, in permeate

based on operating conditions
Feed Feed Mole fraction  Mole fraction
Run pressure temperature of CO, of CO,
(atm) (K) in feed in permeate

1 11 343.15 0.5 0.7385
2 16.35 303.28 0.6783 0.8562
3 11 318.15 0.5 0.7304
4 11 318.15 0.8 0.9213
5 16.35 303.28 0.3216 0.5494
6 11 318.15 0.5 0.7304
7 11 318.15 0.5 0.7304
8 5.64 333.01 0.6783 0.8501
9 11 293.15 0.5 0.7207
10 5.64 333.01 0.3216 0.5279
11 11 318.15 0.5 0.7304
12 11 318.15 0.2 0.3791
13 11 318.15 0.5 0.7304
14 11 318.15 0.5 0.7304
15 20 318.15 0.5 0.7372
16 2 318.15 0.5 0.6313
17 5.64 303.28 0.3216 0.5178
18 5.64 303.28 0.6783 0.8432
19 16.35 333.01 0.3216 0.5618
20 16.35 333.01 0.6783 0.8632

interactions affecting the results in the case of CO,/CH, separation.
Table 3 shows the parameters in terms of alpha and the levels of feed
pressure, feed temperature and mole fraction of CO, in feed com-
prising operating conditions. Also, Table 4 shows the parameters in
terms of alpha and the levels of fiber inner diameter, module diam-
eter, number of fibers and active fiber length as physical geome-
tries. The corresponding responses are presented in Tables 5 and 6.

Among the possible regression models, the quadratic type model
was employed for the analysis of the results. Eqs. (23) and (24) rep-
resent the dependency of the mole fraction of CO, on the param-
eters involved in operating conditions and physical geometries, re-
spectively:
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Table 6. CCD parameters and mole fraction of CO, in permeate based on physical geometries

Fiber inner diameter Module diameter Active fiber length Mole fraction of CO,
Run Number of fibers .
(um) (cm) (cm) in permeate
1 350 30 2525 10 0.8052
2 350 30 2525 100 0.7846
3 425 40 3763 77.5 0.7804
4 500 30 2525 55 0.7956
5 275 40 1288 32,5 0.8038
6 350 30 2525 55 0.7956
7 200 30 2525 55 0.7956
8 350 30 2525 55 0.7956
9 425 40 1288 32.5 0.8039
10 425 20 1288 32.5 0.8039
11 275 20 3763 32.5 0.7971
12 350 30 2525 55 0.7956
13 275 20 1288 77.5 0.7990
14 425 20 1288 77.5 0.7991
15 350 30 2525 55 0.7956
16 350 30 2525 55 0.7956
17 350 30 5000 55 0.7822
18 425 20 3763 32.5 0.7971
19 350 30 2525 55 0.7956
20 275 40 3763 32.5 0.7971
21 275 40 3763 77.5 0.7804
22 275 20 3763 77.5 0.7804
23 425 40 3763 32.5 0.7971
24 275 40 1288 77.5 0.7990
25 425 40 1288 77.5 0.7990
26 350 10 2525 55 0.7956
27 350 30 2525 55 0.7956
28 350 50 2525 55 0.7956
29 275 20 1288 32.5 0.8038
30 425 20 3763 77.5 0.7804

y=—2.54827—0.12763P;+0.015643T+5.668797x;+0.000428P; T (23)
+0.0302P x;— 0.01313Tx;— 0.00074P2— 2.3e— 5T7— 1.0436x;

y=0.80434+1.67e— 6N+7.34e— 5L 1.07e (24)
—7NL-1.77e— 10N>~ 3.62¢e— 712

These quadratic models have the least P-values. P-value is a signif-
icance check parameter that its smaller value means it is more sig-
nificant [54]. Essentially; values of Prob>F less than 0.0500 indicate
that model terms are significant. Based on the above results, the
analysis of variance for the responses of quadratic model is pre-
sented in Tables 7 and 8 for operating conditions and physical
geometries, respectively. In these tables, the sum of squares was
taken based on the deviations from the mean value. Also, the num-
ber of terms added to the statistical quadratic model was defined
by degree of freedom and F was defined by dividing sum of squares
divided by the degree of freedom. Cor Total is the corrected total
sum of squares representing the total amount of variations to the
mean value. According to Table 7, the P-value probes correspond-
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ing to the input parameters were in the acceptable range, indicat-
ing the validity of the statistical model. According to Table 8, E G,
FG, F’ and G* were significant model terms in the case of physi-
cal geometries and were considered in the model. However, val-
ues greater than 0.1000 indicate insignificant model terms, thus
corresponding variables were excluded from the model to avoid
unnecessary complexity.

According to Eq. (23), the mole fraction of the more perme-
able component in feed had the most effect on the mole fraction
of CO, in the permeate stream. Also, the statistical model showed
that the interaction between feed pressure and mole fraction of
CO, was considerable. On the other hand, the negative quadratic
effect of mole fraction of CO, in feed may have had a significant
effect.

Considering physical geometries and with the aid of Eq. (24),
the number of fibers and active fiber length had the most import-
ant effect on the results. The number of fibers has a direct influ-
ence on packing density and worth optimization. In fact, a large
number of fibers can result in excessive pressure drop, whereas the
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Table 7. Analysis of variance for mole fraction of CO, in permeate based on operating conditions

Source Sum of squares  Degree of freedom  Mean square F-value P-value Prob>F Status
Model 0.3342 9 0.0371 18.5704 <0.0001 Significant
Feed pressure (A) 0.0213 1 0.0213 10.6657 0.0085
Feed temperature (B) 0.0030 1 0.0030 1.51883 0.2460
Feed mole fraction of CO, (C) 0.2636 1 0.2636 131.8630 <0.0001
AB 0.0092 1 0.0092 4.6382 0.0567
AC 0.0066 1 0.0066 3.3240 0.0983
BC 0.0097 1 0.0097 4.8518 0.0522
A’ 0.0064 1 0.0064 3.2295 0.1025
B’ 0.0004 1 0.0003 0.1901 0.6721
c 0.0159 1 0.0158 7.9471 0.0182
Residual 0.0199 10 0.0020
Lack of fit 0.0199 5 0.0039
Pure error 0 5 0
Cor total 0.3542 19
Table 8. Analysis of variance for mole fraction of CO, in permeate based on physical geometries
Source Sum of squares ~ Degree of fredom  Mean square F value P-value Prob>F Status
Model 0.0018 14 0.0001 4051.506 <0.0001 Significant
Fiber inner diameter (D) 3.75E-09 1 3.75E-09 0.1203 0.7335
Module diameter (E) 4.17E-10 1 4.17E-10 0.0133 0.9095
Number of fibers (F) 0.0009 1 0.0009 30442.26 <0.0001
Active fiber length (G) 0.0007 1 0.0007 21664.83 <0.0001
DE 6.25E-10 1 6.25E-10 0.020053 0.8893
DF 5.62E-09 1 5.62E-09 0.1804 0.6770
DG 6.25E-10 1 6.25E-10 0.0200 0.8893
EF 6.25E-10 1 6.25E-10 0.0200 0.8893
EG 6.25E-10 1 6.25E-10 0.0200 0.8893
CD 0.0001 1 0.0001 4524.5666 <0.0001
D’ 3.6E-09 1 3.6E-09 0.1155 0.7386
E’ 3.6E-09 1 3.6E-09 0.1155 0.7386
F 2.06E-06 1 2.06E-06 66.0513 <0.0001
G 9.54E-07 1 9.54E-07 30.5968 <0.0001
Residual 0.0199 10 0.0020
Cor total 0.3542 19

surface area required for permeation is decreased by decreasing
the number of fibers.

The accuracy of any model could be checked by various mea-
sures. In the case of physical geometries and operating conditions,
the obtained R-Squared factors were 0.9997 and 0.8132 and the
Adj R-Squared factors were 0.9995 and 0.7782, respectively. Both
R-Squares and Adj R-Squares were in reasonable agreement. Fur-
ther investigations were carried out and the predicted results ob-
tained through application of statistical models were plotted versus
actual data obtained from the numerical model comprising non-
ideal conditions. According to Fig. 9, the aggregation of points
along the straight line corroborated the validity of the statistical
models. On the other hand, Fig. 10 represents the plot of statisti-
cal model residuals versus predicted results, revealing randomly
scattered residuals fit the variance satisfactorily.

As presented earlier, at constant operating conditions, the num-
ber of fibers and active fiber length had the most influence on the
predicted mole fraction of CO, in the permeate stream. Fig. 11
represents the three-dimensional response surfaces of mole frac-
tion of CO, in the permeate stream as a function of both active
fiber length and the number of fibers in the module. According to
Fig. 11(a), the maximum mole fraction of CO, in the permeate stream
was observed when the active fiber length and number of fibers
were small and mole fraction of CO, in the permeate stream in-
creased from 0.7971 to 0.8038 (~1%) by decreasing the number of
hollow fibers having length of 32.5 cm. A greater increase (~2.3%)
was achieved in the case of fibers having length of 77.5 cm. Fig. 11(b)
provides more insights by showing that at any constant fiber length,
increasing the number of fibers decreased the mole fraction of
CO, in the permeate stream. Although this effect is advantageous
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in terms of permeation surface area, the increased pressure drop
along the fibers results in decreased driving force between lumen-
and shell-sides and subsequently; reduces the mole fraction of CO,
in the permeate stream. Results also show that considering a con-
stant number of fibers, increasing the length of fiber is not always
favorable, since by increasing the length of fibers the initial desired
driving force for overcoming the resistances of the membrane lay-
ers may not be sufficient. For instance, the mole fraction of more
permeable component in the permeate stream decreased from 2%
to 0.6% by increasing the length of fibers from 32.5 to 77.5 cm.
This decrease may be explained by the fact that in the absence of
desired driving force, which mostly is related to the feed pressure,
increasing the length of fibers provides a good chance for the less
permeable component to pass through the membrane surface
more favorably and diminish selectivity.

Figs. 12, 13 and 14 depict variations in mole fraction of CO, in
the permeate stream by considering operating conditions as input
variables in the statistical model. According to Fig. 12, it could be
realized that at lower temperatures, increasing feed pressure ini-
tially increased the mole fraction of CO, in the permeate stream.
However, the mole fraction of CO, declined upon further increase
in feed pressure to ~12 atm. It is known that at low pressures the
permeance is reduced due to dominance of competitive sorption
of the components. Increasing feed pressure improves the avail-
able driving force across the membrane so that transport of CO, is
decreased after a given pressure due to accretion of CH, through
the membrane. In addition, at 333.02 K, 19.6% increase in mole
fraction of CO, in the permeate stream was observed by increas-
ing pressure. In upper ranges of feed temperature, always increas-
ing the feed pressure increases desired driving force so that the
mole fraction of CO, in the permeate stream increases. Therefore,
the results reveal that interactions of feed pressure and tempera-
ture play important roles in the trends. By considering feed at pres-
sure of 5.65 atm, a decrease of 9.55% in mole fraction of CO, in the
permeate stream occurred by increasing feed temperature, while
using feed at pressure of 16.35 atm resulted in 6.2% increase in mole
fraction of CO, in the permeate stream. Considering low feed pres-
sures, the increase in permeance of CH, upon increase in feed tem-

S. S. Hosseini et al.

perature could hamper the available driving force for CO, perme-
ability, and accordingly CH, molecules permeate more. Another
important point is that according to Fig. 12, feed pressure com-
pared to temperature has more influence on the trends.

Fig. 13 demonstrates that both feed composition and pressure
have direct influences on the mole fraction of CO, in the permeate
stream. For a given hollow fiber module, increasing the mole frac-
tion of CO, in the feed increased the driving force of CO, perme-
ation, whereas the driving force for CH, permation declined. It is
also evident from the same figure that at a constant pressure, by
increasing the mole fraction of CO, in the feed, its mole fraction
in permeate stream increased by 42.62% and 62.19% at feed pres-
sure of 5.65 atm and 16.35 atm, respectively. Also at a given feed
compostion, by increasing the feed pressure the available driving
force across the membrane surface as well as the selectivity in-
creased. The mole fraction of CO, in the permeate stream increased
about 5.9% and 18.9% for CO, mole fraction of 0.32 and 0.68 in
the feed, respectively.

Fig. 14 explains the effects of feed composition and tempera-
ture on the mole fraction of CO, in the permeate stream. At all
ranges of temperature, increasing the mole fraction of CO, in the
feed increased its mole fraction in the permeate. This increase was
more at lower feed temperatures. According to Fig. 14, the mole
fraction of CO, in the permeate stream increased about 6.21%
and 4.3% at feed temperatures of 303.28 and 333.02 K, respec-
tively. For a given feed temperature, increasing the mole fraction of
CO,; in the feed increased the permeation driving force for CO,,
whereas the permeation driving force for CH, reduced. In addi-
tion, at lower ranges of the mole fraction of CO, in the feed,
increasing feed temperature increased the mole fraction of CO, in
the permeate stream steadily (about 3.4%). At higher ranges of
mole fraction of CO, in the feed, increasing feed temperature was
more effective on permeance of CH, and subsequently the purity
of CO, decreased at the higher temperatures. Accordingly, the mole
fraction of CO, in the permeate stream decreased about 7.9%.

4. Optimization

Generally, optimization involves finding the best solution or

method from a set of applicable solutions [55]. For this purpose,

Table 9. Predicted mole fraction of CO, in permeate and verification of responses at optimum values for operating conditions

Feed pressure  Feed temperature  Mole fraction of ~ Mole fraction of CO, in Desirabili Mole fraction of CO, in Error
(atm) (K) CO, in feed permeate (statistical model) ty permeate (numerical model) (%)
16.35 333.02 0.39 0.6659 0.7070 0.6800 2.07
16.35 333.02 042 0.6972 0.7659 0.7071 1.43
16.35 333.01 047 0.7402 0.8160 0.7481 1.06
16.35 333.01 0.52 0.7779 0.8577 0.7848 0.87
16.35 320.61 0.59 0.8258 0.9076 0.8265 0.08
14.77 303.29 0.65 0.8739 0.9553 0.8558 2.07

Table 10. Predicted mole fraction of CO, in permeate and verification of responses at optimum values for physical geometries
Fiber inner Module Number Active fiber =~ Permeate mole fraction Desirabili Permeate mole fraction ~ Error
diameter (um) diameter (cm) of fibers length (cm) of CO, (statistical model) ty of CO, (numerical model) (%)
424.95 22.34 1288 32.5 0.8038 0.8826 0.8134 1.19
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the optimal values of input variables were obtained using statisti-
cal models. Note that for optimization of operating conditions, a
set of feed composition variables was selected as the target. Tables
9 and 10 demonstrate the optimum conditions.

From Tables 9 and 10, it is clear that the values are in a corre-
spondent agreement with the 3D surface plots. To verify the valid-
ity of statistical optimum conditions, values were employed to
obtain the mole fraction of CO, using the model comprising non-
idealities. The last two columns of Tables 9 and 10 represent the
mole fraction of CO, in the permeate stream obtained by the
numerical methods and the respective relative errors, respectively.
The goal was to achieve the maximum difference between the
mole fraction of CO, in feed and permeate. Results indicated a
maximum error of 2.07% for the mole fraction of CO, in perme-
ate stream. Table 9 shows optimum values for operating conditions
set at feed pressure of 16.35 atm, feed temperature of 333.02 K and
feed composition in the range of 39 to 52%. Also, Table 10 pro-
vides the optimum values for physical geometries yielded perme-
ate mole fraction of 0.8134 for CO.,.

CONCLUSIONS

Mathematical models describing the performance of hollow
fiber membrane modules were developed for separation of binary
gas mixtures. The effects of major non-ideal and ideal conditions
were taken into account in mathematical modeling and the influ-
ences on the final results were investigated in detail. The validity
and accuracy of the models solved using Runge-Kutta and finite
element methods were examined and compared to the experimen-
tal data. Results highlight the important role of employing an appro-
priate numerical method. Also, findings reveal that the model
incorporated non-ideal conditions, solved using the FE-Galerkin
method, could offer the closest predictions to the experimental data.
The model incorporating non-ideal effects and the model devel-
oped based on ideal conditions both offered reliable predictions at
higher stage cuts in the case of O,/N,. However, the model incor-
porating non-ideal effects fitted experimental data well at lower
pressures in the case of CO,/CH,. However, the gas mixture devi-
ated more from ideal conditions upon increasing the feed pressure,
leading to slight overestimations compared to the experimental data.
In addition, the effects of operating conditions and physical geom-
etries on the performance of hollow fiber membrane permeators
were investigated through sensitivity analysis, and optimum condi-
tions were obtained through statistical analysis. Findings revealed
that feed composition and pressure as well as active fiber length and
number of fibers were the most important input parameters that
influence the separation performance. The presented models and
results gained through sensitivity analysis provide useful informa-
tion for design and development of high performance hollow fiber
membrane permeators for gas separation applications.
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NOMENCLATURE
Symbols
C, :molar heat capacity at constant pressure for component i
[J/mol-K]
d; :fiber inner diameter [m)]
d, :fiber outer diameter [m]
dy, :module shell diameter [m]
E  :activation energy for permeation through the membrane

[J/mol]
: friction factor
: mass flux of feed-side stream [kg/s-m’]
: Newton's law conversion factor [kg-m/N-s’]
: mass transfer coefficient in the feed-side [m/s]
: dimensionless factors
:active fiber length [m)]
:molecular weight of the gas mixture [kg/mole]
: total number of hollow fibers in the hollow fiber module
: pressure [Pa]
: permeability [mole/m’-s-Pa]
:ideal gas constant [J/mole-K]
:hydraulic radius [m]
: temperature [K]
: retentate gas flow rate in the hollow fiber module [mole/s]
: normalized retentate gas flow rate in the hollow fiber module
: feed gas flow rate in the hollow fiber module [mole/s]
: permeate gas flow rate in the hollow fiber module [mole/s]
:normalized permeate gas flow rate in the hollow fiber mod-
ule
: feed mole fraction of the more permeable component
: surface mole fraction of the more permeable component in
the feed-side stream
y  :permeate mole fraction of the more permeable component
in the bulk permeate stream
y"  :local permeate-side mole fraction of the more permeable
component in the membrane porous layer
z  :hollow fiber length variable measured from the open end
(m]
z"  :normalized hollow fiber length
Z  :compressibility factor

RAE Q™
e

wo*uzgt—*
3

<<ccan=g

%

Yl

Greek Letters

a  :membrane selectivity

I :ratio of permeate side pressure to feed side pressure

o0 :effective skin thickness of asymmetric membrane [m]

M :viscosity of the gas mixture [Pa-s]

My Joule-Thomson coefficient of component i [K/Pa]

M+ Joule-Thomson coefficient of the gas mixture [K/Pa]

T :3.1416

¢y :tugacity coefficient of the more permeable component in
the feed side

¢, :tugacity coefficient of the more permeable component in
the permeate side

¢y :tugacity coefficient of the less permeable component in the
feed side

¢,  :tugacity coefficient of the less permeable component in the
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permeate side

Subscripts

: standard condition

: more permeable component

:less permeable component

: feed side

:open end of the fiber (feed inlet) or component i
: component j

: gas mixture

: closed end of the fiber (retentate outlet)
: permeate side

f :reference
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