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Abstract—This paper proposes the closed-form analytical design of proportional-integral (PI) controller parameters
for the optimal control of an open-loop unstable first order process subject to operational constraints. The main idea of
the design process is not only to minimize the control performance index, but also to cope with the constraints in the
process variable, controller output, and its rate of change. To derive an analytical design formula, the constrained opti-
mal control problem in the time domain was transformed to an unconstrained optimization in a parameter space asso-
ciated with closed-loop dynamics. By taking advantage of the proposed analytical approach, a convenient shortcut
algorithm was also provided for finding the optimal PI parameters quickly, based on the graphical analysis for the opti-
mal solution of the corresponding optimization problem in the parameter space. The resulting optimal PI controller
guarantees the globally optimal closed-loop response and handles the operational constraints precisely.
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INTRODUCTION

Optimal control of open-loop unstable processes is usually more
demanding and laborious than that of stable systems. This is due
mainly to the unstable nature of the dynamics, for which most con-
ventional design techniques fail. For example, techniques such as
the well-known Ziegler and Nichols achieve satisfactory perfor-
mance for the control of stable systems, but cannot be applied di-
rectly to unstable systems. On the other hand, optimal servo con-
trol plays a major role and has a direct effect on the safety and
performance of many industrial chemical processes. Typical exam-
ples of such systems include chemical reactors [1], absorption towers
using swirling gas flow [2], and level control systems [3]. Among
many other control products, pneumatic robot systems also rely
mainly on accurate servo control [4], as well as vibration isolation
systems [5]. Two factors, the challenge in controlling unstable sys-
tems and the importance of servo systems in process industries,
motivate this study of the optimal servo control of unstable sys-
tems under operational constraints.

Considerable research has been done to control unstable pro-
cesses. Huang and Chen suggested an auto-tuning procedure for
PID controllers for a more general class of unstable processes [6].
Jung et al. presented a direct synthesis tuning method for the PI
controller settings of unstable first-order-plus-time-delay processes
[7]. Jacob and Chidambaram designed an explicit design formula
for feedback controllers using a model reference, synthesis method
and internal model control for an unstable first-order plus time
delay system [8]. On the other hand, to the best of the authors
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knowledge, there has been no research on the analytical optimal
servo control of unstable processes subject to operational con-
straints. The objective of constrained optimal control is to minimize
the control cost subject to constraints. Generally, typical operational
constraints include the actuator magnitude and its rate saturation,
process/output variable, and internal state variables. Constraints
are inherent in any industrial control system, either implicitly or
explicitly. These constraints are generally associated with both the
process variable and controller output. A well designed optimal
control would fail in a real life situation if the constraints were not
taken into account at the controller design stage. To avoid trial and
error and reduce the design effort, these operational constraints
should be considered and handled in the design process, not after
the fact. Some techniques that deal with the constraints in control
systems include anti-windup and bumpless transfer (AWBT) [9] and
constrained model predictive control [10]. The AWBT approach
suggests a way to overcome the problem of windup, which occurs
when an unstable controller is subject to input saturation [9]. This
method is good because it can be added to any existing uncon-
strained linear controller. However, the problem is that stability is
not guaranteed [11]. As for the constrained model predictive con-
trol, the method is the most popular when it comes to constrained
optimization, but the computational cost of the on-line optimiza-
tion process is its main drawback due to the numerical optimiza-
tion between two sample times. Moreover, this approach is a black
box approach and the relationship between the control and pro-
cess parameters is not explicit. To overcome this issue, an analytical
solution of an optimal PI controller under constraint was proposed
previously for a regulatory problem [12-14], and a servo problem
[15] of an integrating process. The work was extended to a stable
system [16].

This paper makes a new contribution by developing the analyti-
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Fig. 1. Feedback control block diagram of the first order unstable
process.

cal design for the optimal servo controller handling the operation
constraints for open-loop unstable process. For this, the optimal
control formulation subject to constraints was first transformed to
an equivalent unconstrained optimization in new parameter space
by applying the Lagrange multiplier with an astute parameterization.
The optimal PI tuning rules were then derived based on a thorough
graphical examination of the possible location of the global opti-
mum in newly introduced parameter space. Simulation was carried
out for a typical first-order open-loop unstable process, and the
effects of the weighting factors and process parameters were dis-
cussed.

METHODOLOGY AND DESIGN

1. Formulation of Constrained Optimal Control

Fig. 1 presents a schematic diagram of the open-loop unstable
process considered in this work. It is a type-C PI controller, also
called I-P controller, which is a modified type of PID controller
where the set point is removed from the proportional term in order
to avoid the initial quick on the manipulated variable for a step
change in the set point. The major resulting transfer functions from
this figure are as follows:

1

Y(5)=————Y,(s) (1)
ET. s +eTs+l
%(s 7—1)
U(s)=——5——Y,,(5) @
ET. TS +ers+l
where
T T
7KK -1 KK, G-D
T
= 3-2
T+ 7, G2

Let ¢'be the damping ratio of the system above. It can be expressed
as follows:

1 e 1 T 7
S g / - 33
3 2 7. 2NTHTT, (3-3)

The performance index of the system consists of the weighted
sum of the process variable error, e(t), along with the rate of con-
troller output change, u/(t), which is to be minimized. The system
is subject to a step change, AY,, in a set-point or output distur-
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bance. The constraints to be satisfied are (1) maximum permissible
value of the process variable, ie., ¥,,.s (2) maximum permissible
value of the controller output, ie., u,,,; and (3) maximum permis-
sible value of the rate of the controller output change, u,,,,. Conse-
quently; the constrained optimal formulation boils down to deriving
the parameters of the controller for which the performance index
in Eq. (4-1) is minimized for a step change in input AY /s

min @= myj: (e(t))’dt+ a)u]': (u'(t))’dt 4-1)
and satisfying the constraints

YOIV e (4-2)

(Ol < 1,0 (4-3)

(O <, (4-4)
where

e(D)=y,()—y(t) (4-5)

Deriving an analytical solution for the optimal PI parameters di-
rectly from the constrained non-linear optimization above is virtu-
ally impossible. Moreover, no numerical optimization approach
guarantees a global optimal solution. To address this limitation, a
clever parameterization was introduced through which the con-
strained optimal control problem above could be transformed to a
simple algebraic form to provide an analytical form of solution and
allow graphical analysis for the optimal control problem. The con-
strained optimal control problem in Eqs. (4-1) to (4-4) was trans-
formed algebraically based on two variables, 7, and & as follows
(See Appendix for derivation details):

2 2
47+
mind@(z,, ;’):arc(4§2+1)+w (5-1)
subject to
7%28(8) (5-2)
Z7,2h($) (5-3)
72§ 7) (5-4)
where
w,AY @, (TAY,\? K
Y . p Ul TSP, ZYmux. = |—_— .
T 32( K )i v, ’AYspu’W’ ©
K Uas
"= TAY,,

See Egs. (A14), (A20), and (A24) in the Appendix for the expres-
sions of g(¢), f(¢), and h(¢). Note that all three constraints in the
above equations are now expressed as a function of 7, and & This
indicates that the conditions and characteristics of optimal solu-
tion can be examined by graphical observations for the contour of
the objective function and the functions associated with the three
constraints in (¢ z,) space.
2. Classification of Global Optimum for Controller Design
Applying the Lagrangian multiplier [17] converts to the con-
strained problem posed in Egs. (5-1) to (5-4) to the following un-
constrained equivalent problem:
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Fig. 2. Contours, constraints and possible locations of the global optimum.

minl(z,, { @, @,, @, 0, 05, 03):arc(4é]+l)
42047
A D), (b= ) @
N

+ @7~ 8(9) - )+ B~ (5 7) - 03)
where, ¢; is the slack variable and @; (#,<0) the Lagrange multi-
plier. The solution is only the optimum if the following conditions
are satisfied:

oL _0¢ oG w7
61’678164_51(22}%‘)4_53[ o7 }0 8)
OL_d¢ _(0h(Q\ dg(Q MG T

ol 3¢ wl( 6;’) @, oC @, ol =0 9)
oL _ > 2

awlfrcyh h(é) 0-170 (10)
oL _ 2

awziyg g(é) 0-270 (11)
oL _ 2

5= H6 0= (12
@7 2@,0,=0;

oo,

oL L 3)
6—0_2:—2520'2:0;8—%:—2@0'3:0

The seven optimal cases were obtained by solving Egs. (8) to (13)
for the corresponding combination of slack variables ;0 and the

Lagrange multiplier, @;=0, w=0. Fig. 2 illustrates the seven possi-
ble locations of the global optimum for the optimization problem,
which can be: 1) inside the feasible region (case A), 2) on one of
the constraints (cases B, C, or E), or 3) on the intersection of two
constraints (cases D, E or G).

Note that Karush-Kuhn-Tucker (KKT) condition [18] can also be
applied to derive the analytical relations associated with the opti-
mal control. The only difference between the Lagrangian multi-
plier method and the KKT method is in the equality or inequality
constraint. In fact, rigorously speaking, the Lagrangian multiplier
deals with equalities constraints, while the KKT deals with both
equalities and inequalities constraints. Converting inequality con-
straints to equality constraints results in the Lagrangian multiplier
method.

Table 1 summarizes the conditions that lead to each global opti-
mal location. The derivation of these conditions is possible from
the visual examination of the shape and trend of the above con-
tours and constraints.

Case A: The extreme point, (7, 7), is the global optimum be-
cause it is located inside the feasible region.

Case B: The global optimum, (¢, 7."), is located on the con-
straint, 7°%—h()=0.

Case C: The global optimum, (£, 7%), is on the constraint
g({)=y, Because g(¢) is only a function of the damping ratio &
"¢ as the solution of equation g({)=y, is also a constant value and
equivalent to the minimum allowable damping factor of the sys-
tem, %,

Case D: The global optimum, (¢, 7, is located on the ver-
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Table 1. Global optima of the constrained optimization problem in Egs. (5-1) to (5-4)

Case Constraint Condition Global  Location of Calculation
specification optimum  global optimum of global optimum
mild u,
Lo o<t + + Inthe interior t_[1 1(91/2 . T_L(QIM
A iﬂj 3’1'”'“ and 7">max(z", ) (¢ z) of the feasible region. ¢ 7[2 * 2 } o ot
1/2
tlght u:,mx é,*h>max(é,hf é, . ) and é,*h: ﬁ+%+l}
B mild y,,,. 2 <max(z" ’T*f";" & "™ on = 7 'h(&) a at 4
mild u,,,,, ¢ e h 172
2"=(5'h( )
mild u),, Ll 8¢ )=x o
C  tight Y, " ¢ (€% 7% ongd=yx g 2ﬂ+A/1214a,8§2+314a,8+4ﬂ2
i1d and 7. *>max(z*, 7¥) 8= - :
mild u,,, Za(4g +1)¢ .
&=t
tight u, ('2max(z", 7./) and &,,,>¢"
. e and 7¥>max(z%, z%)] g on the vertex by g(& )= %
Do tghtye o emax(z™, ) D) ey and 2oyh(  2P=(rh(cH)”
mlldu ch c’hc " g _?/g c_}/h }/h
" and ¢*>max(¢”, ¢
ild u, I P
mﬂd e man(2™, 2Y) o ()= =G )
E o omildy,e g Co<l Tl (&% z') onf(g n)=y of(g 7)og (¢ w)ag_
tight U, or. o ¢ or.
S (#'>max(z", 77) and &,;,>¢
F Enii Ui and 7¥>max(z%, )] (¥, 79 on the vertex by g(& gf): Y%
t'ght Yo or [ <max(, 7) (G n)=yrand g(=y Y
1G0T Wy and é/*f<§min<§hf] }/f_ (é, > Tc)
_ g A
tight ), . T 7=1(¢7 1)
G midy 7 <max(z ', 7.7) (" oM on the vertex by y 1
L and &< <Y T (G w=pand =y 'h(Y) %=
tight u,,,, Y " zé’hf N

tex point formed by 7%,—h({)=0 and g({)=y. Here, ¢ ¢ s also
equivalent to ..

Case E: The global optimum, (& 777, is located on 7o (A7)
=0.

Case F: The global optimum, (¢,
point formed by y—f({ z)=0 and g(é’)

Case G: The global optimum, (¢", z‘hfg is on the vertex point
formed by y—f(& 7)=0and 7”%~h(¢)=0.

After obtaining the global optimum for a particular case, the
optimal parameters of the PI controller can be found in a straight-
forward manner using Egs. (3-1) and (3-2), as follows:

7¥), is located on the vertex

opt
opt. 2T

P
K=o =4({") —

c K o o (14-1)
where
opt 1
£ = (14-2)

op
T,
(+5)
T

3. Determination of Feasible Region
The optimal solution summarized in Table 1 is only true if the
constraints set is such that a solution exists. Indeed, depending on
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the constraint set, the optimal solution may not have a feasible solu-
tion. Therefore, before applying the constrained optimal control for-
mulation, any given constraint set should first be screened quickly
to determine its basic feasibility. From Eqs. (A11), (A17), and (A22)
in the Appendix, it can be shown that for the constraints by y,,,,.
and w,,, to be feasible, they must be greater than|AY,| and |AY,/K],
respectively, whereas the constraint by u,,,, can be set to any non-
negative value. Fig. 3 illustrates how the three constraints specifica-
tions affect the feasible region. The constraint ,>g(¢) vertically splits
the region into two, while the constraints imposed by z”%>h(¢)
and y>f({ ) have a similar shape in (¢ 7;) space.

Fig. 3 shows that for any feasible constraint set, ¥, Wq0 and
Uy, the feasible region is bounded below but unbounded in the
upper side. This means that a decrease in . Uy and uy,,, will
narrow down the feasible region delimited by the three constraints,
but the feasible region will always exist. Moreover, the shape of the
three constraints indicates the feasible region is always convex.

SIMULATION ANALYSIS

Without the loss of generality, the following first-order process
was used for the simulation throughout this paper:
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Fig. 3. Size of the feasible region as the constraints y,,,,, u,,,,, and u,,,, decrease.

Table 2. Constraint requirements and corresponding optimal PI

parameters
Constraint specification PI parameter
Example  Case
mec umax u;m/vc KC Tl
1 A 1.2 0.5 1.5 1.52 1.52
2 B 1.2 0.5 0.5 0.89 1.78
3 C 1.03 0.5 1.5 1.61 1.56
4 D 1.03 0.5 1.03 1.61 1.56
5 E 1.2 0.3 1.5 1.45 2.27
6 F 1.03 0.41 1.5 1.59 1.59
7 G 1.2 0.4 1.17 2.04 1.74
10
G()=Tos1 (15)

Table 2 lists typical examples of the seven possible cases based on
various constraint specifications. Simulations were carried out for
weighting factors, ®,=®,=0.5; Figs. 4 and 5 present the time re-
sponses by the proposed optimal PI controller for the seven exam-
ples.

As seen in the responses, the resulting optimal PI controllers
not only provide the stable and optimal closed-loop responses, but
also satisty the ,,.. U0 and u,,, requirements, strictly. Note that
when the process model is not perfect, the responses of the sys-
tem will in some cases violate the constraints and/or stability. One
can compensate model uncertainties by adjusting constraint val-
ues more conservatively and also secure the stability implicitly by
adjusting the weighting factors in the optimal control objective
function.

DISCUSSION

In the performance index of the optimal control, the weighting
factor, @ is used to emphasize either the robustness or control per-
formance of the system based on the designer requirements. For
example, if the control objective is to have a tighter control re-
sponse, the weight of the process variable, @, should be increased.
Similarly, a larger @, should be chosen if the main control objec-
tive is the smoothness of the process variable rather than its speed.
Fig. 6 shows the trajectories of the extreme and global optimal
points in (¢ 7,) space as the weighting factor varies. For small val-
ues of @, such as @,=0.1 (meaning a large value of ®,), the main
focus of the control system is the limitation of the controller out-
put variable. Therefore, the optimal controller keeps the controller
output and its rate of change smaller. At the same time, the pro-
posed method ensures that the constraint specification y,,,, is not
violated. This can be seen from the trajectory of the global opti-
mum in Fig. 6. In fact, for small @, values, the trajectory of the
global optimum follows the vertical line laid by the v,,,,, constraint
before shifting to the constraint laid by u,,,,, for @, values greater
than 0.67. In addition, because the extreme point tends to be
located above the constraints imposed by u,,,, and u,,,, the opti-
mal control problem will fall either in case A or case C for small
o, in Fig. 2. On the other hand, for a larger @, the focus of the
control system is on the limitation of the process variable. There-
fore, the optimal controller keeps the process variable close to the
desired set point, while satisfying the constraint imposed by the
u,,,, specification. This can be observed from Fig. 6 because the
global optimum follows the constraint curve laid by the u,,,,, spec-
ification for higher values of @, In addition, the extreme point

Korean J. Chem. Eng.(Vol. 34, No. 12)
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Fig. 4. Time responses of the system for cases A to D.
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Fig. 5. Time responses of the system for Cases E to G.

shifts downward in (¢ 7) space. This suggests that for higher val- dent on the process parameters and is determined only by the

ues of @), the optimal solution will probably be case B in Fig. 2. weighting factors, @, and @,. Similarly, for a step input set-point,
For case A (unconstrained case), the ratio of the optimal pro- the peak value of the derivative of the control variable, u,,4, is also
portional gain, K, to the optimal integral time, 7", is not depen- only related to @, and @, as follows:

December, 2017
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c
Fig. 6. Paths of the global optimum and extreme point as the weighting factor varies.
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Fig. 7. Effect of the weighting factor on the responses of y (t), u (t), and u’ (t).
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Kopf u! ) )
= —peak _ |y (16)
TIP AYSP o,

Fig. 7 presents the corresponding closed-loop responses of the re-
sulting PI controller for the process examined in Fig. 6 for @,=0.5,
0.67, and 0.9. The constraints were set arbitrarily as y,,,=1.03,
1,,,=0.5, and u,,,=1.5. The inherent trade-off between the pro-
cess variable and the controller output can be seen in this figure.
An increase in @, leads to a faster and tighter control response, and
conversely, a decrease in @, (or an increase in @,) makes the con-
troller output and its rate smoother and smaller. For @,=0.5, only
Ymax CODstrains the optimal control response, ie., case C. For o=
0.67, the system is now constrained by u,,, and u,,,, ie., case G,
as confirmed by the observation of Fig. 6. As @, increases to m,=
0.9, u,,,, now constrains the optimal response, ie., case B.

CONCLUSIONS

A dlosed-form analytical design of proportional-integral (PI) con-
troller parameters was developed for the optimal control of an open-
loop unstable first-order process subject to operational constraints.
Owing to astute parameterization, a complex constrained optimal
control problem can be reformulated and converted to a simple
algebraic form, from which an analytical solution of the optimal
control can be derived for the open-loop unstable process subject
to multiple operational constraints. Graphical analysis of the con-
straints and objective function contour can then be performed easily
in the new parameter space, through which analytical solutions of
the optimal PI controller can be derived without having to rely on
the numerical or black-box optimization effort. The proposed closed
form solution of the constrained optimal controller establishes a
direct relationship between the control and plant parameters. This
provides rapid insight into how the control parameters affect the
plant. Moreover, the optimal PI parameters can be obtained in an
easy and quick manner, but also guarantee the global optimality of
the solution. Although the proposed approach is based on a basic
first-order unstable system, it can be extended to other higher dy-
namics unstable systems by applying model reduction techniques,
a semi-analytical approach, and the IMC structure with internal
stabilization techniques.

ACKNOWLEDGEMENTS

This study was supported by a Yeungnam university grant in
2016.

NOMENCLATURE

D(s) :external disturbance
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e(t) :error of the process variable

K :gain of the process

K.  :proportional gain of the controller

U(s) :control variable transfer function

u(t) :control variable time function

U, :maximum acceptable value of the control variable

U, :maximum acceptable value of the rate of change of the con-
trol variable

u(t) :rate of change of the control variable time function

Y(s) :process variable transfer function

Y,,(s) : set point transfer function

y(t) :process variable time function

Voar : Maximum acceptable value of the process variable

AY,, :maximum step change expected in the set point
¢ :damping coefficient

o;  :slack variable

T :time constant of the plant [min]

7 :integral time constant of the system [min]

@, :Lagrangian multiplier
o, 0,, ©:weighting factors
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APPENDICES

Appendix A. Derivation of the Performance Index of the System
The performance index of the system is defined as

#=[ [0,y + 0, (u®)—u.) ldt (A1)

When the system is subjected to a step change in the set point of
the process variable, Y,,=AY,/s, the final values of y, u, and u’are
given as

AY, |,
Yo =¥(2) =AY g3 u,=u() == —F ul =u'(=)=0 (A2)

Therefore, using the inverse Laplace of Egs. (1) and (2), the follow-
ing equations can be obtained:

e()=y()-y,=a,e"+Be"

rt 1t (AS)
u(t)-u=ae’ +h,e"
with
ﬂOAYsp. — ﬁOAYsp.
y r, 71,
L for 0<¢<1 (A4)
4xr.l? X B
b= ) .
- s=———  for{>1
4x7.8 2901
and
—-1+x —-1-x
- r= A5
N T o (45)
where
/ 2
X:i—l—;,i for 0<¢<1
. (A6)
e Tl &1
¢
The performance index can be rewritten as
2 2nt (ri+ro)t 2 2r,
4= o ae N 2a,Be +ﬂye
M 2r, r+r1, 2r,
ai’ezm zau'ﬁu ’e(m—rl)t ﬂi’lez © (A7)
+ 0, + + .
2r, r,+r, 2r,

Because r, and , are the roots of the characteristic equation, &z.7s”
+&15+1=0, the following relationship are true:

-1
r+1,=-20,0=—;
T,
‘ (A8)
1= 0= Sr-T,= =
172 n £TT’ 1 2 T

c’l c

As we can notice, 1,+1,<0; and r,r,>0. This means that the real parts
of r, and 1, are negative. Therefore, the integration of e vanishes
at infinity. Therefore, the performance index can be written as

2 2 2 2

a, 2« o, 2a,p, ;

¢:_ w(_l+_LﬁZ+£Z +a)u(_u+ﬂ+ﬁ_u
M2r, r+r, 2r 2r,  rj+r, 2r

2 2 2 .2 2
o, AY o, NY (4T +7T
=R (407 +1)+ =2 (———————{ - ) (A9)
2 32K N
2 .2 2
47.0+1
:arc(4§2+1)+ﬂ———————( ;i )
7T,

Appendix B. Derivation of the Constraint y,>g(c)

From the inverse Laplace transform of Eq. (1), the time response
of the process variable to a step change in the set point can be
derived as follows:

1

27 (x ) 1. (x )
AY,—AY e [cos Zrct +Xsm ZTCt }
for 0<¢<1

1

3t
Y(t) — AYsp - AY:pe (2_‘[ + 1) (A10)

for £=1

1

27 X 1. X
AY,—AY e [cosh(gt) + —smh(z—tn

c c

for {>1

As t approaches infinity, the steady-state value of the above pro-
cess variable can be found as follows:

Vit >0) =AY, (Al1)

The time at which the largest peak in the process variable occurs
can be obtained from the differentiation of the process variable,
y(t), as follows:

2t
tpeak:—x— for O<§<1 (A12)
= for {>1

Substituting the value of the peak time in the process variable, the
peak value of y(t) can be obtained as follows:

Ypeak = |AYsp|g( O (A13)
where
g(9)= I+e * for 0<¢<1 (A14)
1 for £>1

Therefore, the constraint in (5-2) can be expressed as

Ymax ( Al 5)
sp

8(d<y,=

Appendix C. Derivation of the Constraint y>f(¢; 7)
Applying the inverse Laplace transform to Eq. (2), the control
variable can be obtained as follows:
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1
AY_ AY_, 57 2
et it J sh(—x-) 29 Tsmh(——x-)
K K 27, 2xrcé'2 27,
for {>1
) 7AYS +AYS 6*2,( T+ZTCt)
u= K K 47 (Al6)
for £=1
1
AY, AY., 37 2 +
——32+—52e2‘ cos(it)-i— ré’ T ( t)
K K 27, ZXTC 27,
for 0<¢<1

As t approaches infinity, the steady-state response of the above con-
trol variable can be expressed as

AY,
uss(t_)oo):_ K’ (A17)

The time at which the largest peak in the control variable occurs
was obtained from the differentiation of u(t) as follows:

2. _
—tan 1(——1-}(——) for 0<¢<1
X 27+
tupeak: ﬂ for é/il (AIS)
T+27,
27, _
—Xftanh 1(2;; for £>1
Therefore,
|upeuk| max f(g T) Winax (A19)
where
2 2 o=
Jat(r+ 1)+ 7 t“"( ; )
—1+ ——ELL——)g——e T for 0<¢<1
27,8
(& 7)=1|_ r+2r ZT +z)‘ for ¢=1 (A20)
1 11X
NESACAS r)é’2+ 7 ytanh (zu)
-1+ ————e for {>1
278
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Appendix D. Derivation of the Constraint 7’%,>h(¢)
By differentiating the control variable, the rate of change in the
control variable, u(t), can be written as

AY X 27 +7 X
e [rcos( t) - sm(— ﬂ
4Kr é’ 27 X 27

c c

for 0<¢<1

an(rJrZTC)tA *51;’
=" g (A21)

for {=1

1 AY, 2

———p—e [rcosh(—)-(- ) - —Ei—rsinh(—)-(— n
4Kr § 27, X 27,
for >1

As t approaches infinity, the steady-state response of u'(t) can be
expressed as

ul(t—>®)=0 (A22)

By setting du/(t)/dt=0, the peak of u(t) can be found theoretically.
However, the theoretical peak time obtained from this differentia-
tion is not the actual peak time because it can be shown that, at
t=0, the value, u(0), is greater than the actual peak time. Hence,
the actual peak time is u/(0)

V>0,
tpear =0
u'tpeak . y (A23)
I-te
|upeakl<umax:> K T h(é)<umux
where
h()= 4—15—2 for &0 (A24)
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