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AbstractThis study presents a new design method for a nonlinear variable-gain PID controller, the gains of which
are described by a set of fuzzy rules. User-defined parameters are tuned using a genetic algorithm by minimizing the
integral of absolute error and the weighted control input deviation index. It was observed in the experimental results on
a continuous stirred tank reactor (CSTR) that the proposed controller provided performances: overshoot Mp1.25%,
2% settling time ts1.71 s and IAE1.26 for set-point tracking, perturbance peak Mpeak0.05%, 2% recovery time trcy
3.97 s and IAE0.10 for disturbance rejection, and Mpeak0.04%, trcy2.74 s and IAE0.04 for parameter changes. Com-
parison with those of two other methods revealed that the proposed controller not only led to less overshoot and
shorter settling time for set-point tracking and less perturbance peak and shorter recovery time for disturbance rejec-
tion, but also showed less sensitivity to parameter changes.
Keywords: PID Controller, Nonlinear Gains, Tagaki-Sugeno Fuzzy Rule, Continuous Stirred Tank Reactor (CSTR)

INTRODUCTION

Most processes in process industries show time-varying and
high nonlinearity characteristics. In particular, a continuous stirred
tank reactor (CSTR) operated in petrochemical plants is signifi-
cantly affected by the concentration, temperature, pressure, cata-
lyst, and residence time, and it needs to be operated near an un-
stable equilibrium point for a long time in some cases [1-3]. One
of the most common controllers that have been extensively used
in process industries is the proportional-integral-derivative (PID)
controller. The PID controller has survived many changes in tech-
nology, from mechanics and pneumatics to microprocessors, be-
cause of its simplicity of structure and parameter tuning, high reli-
ability, and cost-effectiveness. Linear fixed-gain PID controllers can
be expected to perform satisfactorily as long as the process is oper-
ated in a range sufficiently close to a nominal operating point.
They cannot guarantee a good control performance with changes
in operating points or environmental circumstances. To solve this
problem, many research efforts have been made to incorporate
intelligent features, such as automatic tuning, sliding mode con-
trol, adaptation, neural networks, fuzzy theory, and evolutionary
algorithms [4-12]. Recently, nonlinear control tools have been intro-
duced in the design of PID controllers [13-20].

Among many approaches, nonlinear PID (NPID) control is
viewed as one of the most effective and simple methods. Recently,
novel approaches have been studied to design NPID controllers
that introduce several types of nonlinear elements to the frame of
the standard PID controller to provide a more precise and stable

performance. NPID controllers have been known to alleviate some
control problems occurring in linear PID controllers by largely
employing nonlinear elements in the PID control scheme. NPID
controllers come in various forms depending on the control objec-
tive and application strategy, as implied by the term nonlinear. Recent
approaches for applying nonlinear elements to the PID control
scheme can be divided into two broad classes: to adopt a nonlin-
ear gain in cascade with a linear fixed-gain PID control architec-
ture to scale the error between the set-point and the actual output
[13-15], and to adopt time-varying controller gains that are a non-
linear function of the error and/or error rate [16-20].

Studies have been conducted with the former approach. Seraji
[13] introduced a new class of NPID controllers that comprise a
sector-bounded nonlinear gain in cascade with a linear fixed-gain
P, PD, PI, or PID controller. Sigmoid, hyperbolic, and piecewise-
linear functions are proposed for the nonlinear gain. Su et al. [14]
suggested a method in which an error is multiplied by the sector-
bounded function of the error and is entered into a standard PID
controller, the gains of the controller are tuned using the Ziegler-
Nichols method, and it is applied to a two-degree-of-freedom robot
arm. Li et al. [15] proposed an anti-windup compensator scheme
based on a nonlinear tracking differentiator and nonlinear combi-
nation and used it for improving the wing control performance of
a missile. Conversely, studies have also been made with the latter
approach. Zhang and Hu [16] proposed a standard PID control-
ler with three gains using the hyperbolic secant and exponential
functions for error and applied it to the excitation control system
of a generator. Korkmaz et al. [17] suggested three nonlinear gains
that are characterized by the Gaussian error function and suggested
a method for tuning the parameters using a genetic algorithm (GA).
Chen et al. [18] proposed an NPID control for an electro-hydraulic
servo system in which three gains are adjusted by a series of non-
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linear functions and the error. Lucas et al. [19] proposed an adap-
tive PID control based on gaussian functions, which are functions
that present predefined higher and lower limits. Mishra et al. [20]
proposed a nonlinear PI Controller which inherits from a classi-
cal PI control structure with the varying-integral gain in accor-
dance with the error and error rate. All these methods have shown
satisfactory results in different control environments, but further
improvements are needed.

This study presents a nonlinear PID controller with tuning gain
values that are continuously changed while the process is in opera-
tion. To overcome the limitation of an ideal derivative action, a
practical derivative term with a first-order filter is used and an input
saturation commonly used in industrial sites is considered. The
parameters of nonlinear proportional, integral, and derivative gains
are a set of fuzzy rules of the Tagaki-Sugeno form tuned using a GA
in terms of minimizing the integral of absolute error and weighted
control input deviation performance index. The proposed method
is applied to the temperature control of a CSTR process to demon-
strate set-point tracking and disturbance rejection performances
and robustness to parameter changes.

CONTINUOUS STIRRED TANK REACTOR (CSTR)

CSTRs are known to be difficult to analyze or control because
of their complex behavior [5]. Let us consider a CSTR in which an
exothermic, first-order reaction AB takes place. Fig. 1 depicts its
schematic diagram. To maintain an optimal condition in which a
perfect reaction occurs within the reactor, the internal tempera-
ture needs to be maintained constant along with strong agitation.
Cf, Tf, Ff and C, T, F denote the concentration [mol/m3], tempera-
ture [K], and flow [m3/sec] at the inlet and outlet of the reactant,
respectively. Tcf, Fcf and Tc, Fc are the temperature and flow at the
inlet and outlet of cooling water, respectively.

The mathematical model is given by [1,2,5]

(1a)

(1b)

(1c)

where x1 and x2 are the dimensioness concentration C and tem-
perature T, respectively; y and u the outlet temperature of the
product and the temperature of cooling water, respectively; d1 and
d2 disturbances; Da the Damköhler number; H the heat of reac-
tion;  the heat transfer coefficient; V the volume of CSTR [m3];
=E/R Tf, E activation energy [cal/mol]; and R the gas constant
[cal/mol-K]. The open-loop system in Eq. (1) has nominal values
Da=0.072, =20, H=8, and =0.3 [5]. x1, x2, u, and t are dimen-
sionless variables as

(2)

As the flow-changing valve operates in a physical limited range
of input signals, that is, between fully open and fully closed, we
implement effective control under a saturation function defined by

(3)

where umin=5 and umax=5. Therefore, usat=sat(u).

CONTROLLER DESIGN

1. Structure of the Proposed NPID Controller
To mitigate an undesirable effect called derivative kick that can

occur in a standard PID controller because of a noisy sensor or a
small sampling time, an NPID controller with a first-order filter
added to the derivative term is proposed in this work.

(4)

where three gains Kp(e), Ki(e), and Kd(e, ė) are time-varying non-
linear functions of the error e and error rate ė. They have the same
meanings as Kp, Ki and Kd in the standard PID controller. The last
term in (3) denotes the approximate derivative, where Tf(e, ė)=Td

(e, ė)/N and Td (e, ė)=Kd (e, ė)/Kp(e). N is a fixed value that is
empirically determined between 8 and 20 [21,22]. N=10 is used in
this study because the change in N does not affect significantly the
optimal values of other tuning parameters in our simulation works.
1-1. Nonlinear Proportional Gain

The proportional term considers how far the output is from the
set-point at any instance in time. Its contribution to the control
input depends on the product of the proportional gain and error
e. As e grows or shrinks, the influence of the proportional term
grows or shrinks proportionately. Therefore, the proportional gain
should be properly enlarged when e is large. If a large proportional
gain is maintained even for a small error when the response reaches
around the set-point, excessive control may cause overshoot and
oscillation. According to this fact, the proportional gain Kp(e) is given

x·1  x1 Da 1 x1 
x2

1 x2/
---------------- 
 exp   d1,

x·2   1  x2   HDa 1 x1 
x2

1 x2/
---------------- 
 exp   u  d2,

y  x2,

x1 
Cf  C

Cf
--------------, x2   

T  Tf

Tf
-------------, u  

Tc  Tf

Tf
---------------, t   t'

Ff

V
----.

sat u   

umin if u umin

u if umin u umax 

umax if u umax





,

C s    Kp e    
Ki e 

s
------------  

Kd e, e· s
1 Tf e, e· s
--------------------------,

Fig. 1. Non-isothermal CSTR proces.
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by a set of rules in the Tagaki-Sugeno fuzzy model [23]:

R1: If e is F1, then Kp
1(e)=a1+a2,

R2: If e is F2, then Kp
2(e)=a1, (5)

R3: If e is F3, then Kp
3(e)=a1+a2,

where a1 and a2 are user-defined positive constants, and F1, F2, and
F3 are fuzzy sets with the following membership function (MF)
forms:

(6a)

(6b)

(6c)

where  is the standard deviation of the Gaussian function and is
also a user-defined constant. Fig. 2 shows the shapes of the MFs.
In this figure, F1 represents negative, F2 zero, and F3 positive.

The final inferred output for Kp(e) is the weighted average of
the three rule outputs:

(7)

where  j=Fj(e). By introducing the overlap among the MFs in Fig.

F1 x   

1, x  3

 
1

3
------x,  3 x 0 

0, x 0







,

F2 x    x2/22 ,exp

F3 x   

0, x 0
1

3
------x, 0 x 3 

1, x 3







,

Kp e  =  jKp
j e /  j,

j1

3


j1

3


Fig. 2. Fuzzy partition over the input space.

Fig. 3. Shape of Kp(e) in the typical values . Fig. 4. Shape of Ki(e) in the typical values .

2, we have the following condition:

(8)

The variation of Kp(e) is determined by the values of a1 and a2
as well as  of the MFs. Kp(e) is lower bounded by a1 when e=0
and is upper bounded by a1+a2 when e=±. Fig. 3 illustrates the
shapes of Kp(e) versus e in the typical values of .
1-2. Nonlinear Integral Gain

The integral term addresses how long and how far the output has
been away from the set-point and continuously sums up e. Thus,
even a small error, if it persists, will have a sum total that grows over
time, and the influence of the integral term will similarly grow.

Therefore, the integral gain Ki(e) is nonlinearly adjusted depend-
ing on the size of e. That is, it is decreased to prepare for the oc-
currence of overshoot when e grows and enlarged to reduce the
steady-state error when e shrinks. Ki(e) is given as

R1: If e is F1, then Ki
1(e)=0,

R2: If e is F2, then Ki
2(e)=b1, (9)

R3: If e is F3, then Ki
3(e)=0,

where b1 is a positive constant determined by a user, and F1, F2,
and F3 are the same fuzzy sets defined in Eq. (6). Fig. 4 shows the
shape of Ki(e) in typical values of . As shown in Fig. 4, Ki(e) con-
verges to the upper value b1 when e=0 and to the lower value 0
when e=±.
1-3. Nonlinear Derivative Gain

The derivative term considers how fast an error changes at the
current moment and increases in proportion to the product of the
error rate and derivative gain. If the proportional and integral terms
increase, damping is performed by predicting that the output will
also enlarge; however, response can be slowed when damping is
performed at more than the required level over the entire control
cycle. If damping is only performed for a certain cycle, the propor-
tional and integral terms can be utilized more drastically and over-
shoot can be reduced. Thus, the size of the derivative gain is changed,
so that large damping can be applied when the response is in the
cycle of the colored area (i.e., eė0), as shown in Fig. 5.

Therefore, the value of the derivative gain is changed by a set of
fuzzy rules described by

 j

j1

3
 0.
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R1: If e is F1, then Kd
1(e, ė)=c1+c2,

R2: If e is F2, then Kd
2(e, ė)=c1, (10)

R3: If e is F3, then Kd
3(e, ė)=c1+c2.

Kd(e, ė) converges to Kd(e, ė)=c1+c2 when eė0 or Kd(e, ė)=c1

when eė<0, where c1 and c2 are positive user-defined parameters.
Fig. 6 shows a typical shape of Kd(e, ė) versus e and ė when =0.3.
2. Tuning of the NPID Controller

As known, the proposed NPID controller has six user-defined
parameters. These parameters should be properly tuned, so that the
closed-loop control system with a saturation element maintains the
desired performance. The controller parameters are tuned as the
following index is minimized [24]:

(11)

where ys and y are the desired set-point and actual output, and usat

and u0 the output of the input saturation and final value of the
control input, respectively. u0 becomes zero when the CSTR remains
in equilibrium. =[a1, a2, b1, c1, c2, ]T is a vector comprising the
controller tuning parameters,  the weighting factor, and tf the
integral time which is sufficiently large so that the integral value
after tf can be ignored. The optimization issue is solved using a GA
[25,26].

3. GA-based Gain Tuning
In this section, a set of simulation works was performed on a

CSTR to compare the performance of the proposed NPID con-
troller with those of the NPID controller proposed by Korkmaz et
al. [17] (hereafter referred to as Korkmaz) and the adaptive con-
troller proposed by Chen and Peng [4] (hereafter referred to as
Chen). To maintain the fairness of comparison, the Korkmaz’s
NPID controller was tuned using a GA in terms of minimizing the
function evaluation in Eq. (11) based on the same scenario used
for the tuning of the proposed NPID controller. The parameters
=0.2, m=5, and sign(y/x)=1 were used for Chen’s adaptive con-
troller.

The principal objective of a feedback controller is typically either
set-point tracking or disturbance rejection, and most of the one-
degree-of-freedom PID controllers are tuned either to track a chang-
ing set-point by adjusting the process variable or to reject abrupt
disturbances. In this control operation, the NPID controller for the
CSTR tracks a changing set point maneuvered by a human operator
in start/stop mode and continue working at a constant set-point to
overcome disturbances during the normal running period.

As disturbances are especially unpredictable and the open-loop
process has two stable equilibrium points, xA=[0.144, 0.886]T and
xC=[0.765, 4.705]T, and one unstable equilibrium point, xB=[0.447,
2.752]T, under nominal values, we considered a scenario for tun-
ing the two NPID controllers in which the system states are con-
trolled from the first stable point xA to the second unstable point
xB and then from the second unstable point to the third stable
point xC. In other words, the set-point is changed with respect to t
while the CSTR remains initially at xA; that is, ys=2.752 for 0<t8,
and ys=4.705 for 8<t16.

Da, , H and  were set to the nominal values as mentioned
earlier and  set to 0.4. For the control parameters of a real-coded
genetic algorithm (RCGA), Psize=40 for the population size, Pc=0.9
for the crossover probability, and Pm=0.05 and b=5 for the dynamic
mutation are considered [25,26]. The following constraints are
used in the optimization problem 0<a1, a2, b1, c1, c2100 and 0<
3. The tuning results of the two NPID controllers are shown in
Table 1.

SIMULATION

The set-point variations are introduced for assessing the track-
ing performance of the proposed NPID controllers in start/stop
mode. The set-point ys is changed from 0.886 to 2.752 and from
2.752 to 4.705. Fig. 7 and Fig. 8 show the responses of the three
controllers.

From the responses, all the controllers are able to track the vari-J    ys t   y t    usat t    u0 dt,
0

tf



Fig. 5. e-ė phase plane.

Fig. 6. Shape of Kd(e, ė) in the typical values =0.3.

Table 1. Tuned parameters of the proposed NPID controller and
Korkmaz’s NPID controller

Methods
Parameters

a1 a2 b1 c1 c2 

Proposed 49.70 20.02 39.98 24.21 18.05 0.10
Korkmaz 33.19 42.58 15.95 01.23 13.07 -
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like rise time (tr=t95t5), overshoot (Mp), 2% settling time (ts) and
the integral of the absolute error (IAE) are calculated as shown in
Table 2. Further, it is evident that the proposed NPID controller is
found to be better in all the performance measures.

Simulation work was carried out to demonstrate the distur-
bance rejection capability of the proposed method. Two different
disturbances d1 and d2 are applied to the right side of Eq. (1) when
the process persists at the unstable point xB in the presence of the
fixed set-point ys=2.752. d1=0.2 and d2=0.2 are applied after t=2
for the first simulation of Fig. 9, and d1=0.2 and d2=0.2 for the
second simulation of Fig. 9. Fig. 9 demonstrates that the proposed
NPID controller is able to reject the disturbance quickly and bring
the output back to the nominal value of the set-point but the other
methods require more time to recover from disturbances. Particu-
larly, Chen’s adaptive controller shows relatively inferior perfor-
mance to the other controllers in disturbance rejection.

The performance measures, such as peak time (tpeak), pertur-
bance peak (Mpeak), and recovery time (trcy), are obtained for com-
parison purposes. Mpeak indicates |ysymax| or |ysymin|, and trcy is
the time required for recovering the output y to less than 2% of
the set-point ys. Table 3 confirms that the proposed method and
Korkmaz’s NPID controller have a good overall performance. Con-
versely, Chen’s adaptive controller shows a larger Mpeak and a lon-

ation in the reactor temperature without steady-state error, but the
proposed NPID controller reaches faster with smaller overshoot
than the other controllers. The quantitative performance measures

Fig. 7. Set-point tracking responses ys=0.8862.752.

Fig. 8. Set-point tracking responses ys=2.7524.705.

Table 2. Set-point tracking performances

Methods
ys=0.8862.752

tr Mp ts IAE
Proposed 1.39 01.25 1.71 1.26
Korkmaz 1.02 06.12 2.47 1.27
Chen 1.06 12.74 3.39 1.37

ys=2.7524.705
Proposed 1.08 00.91 1.41 1.03
Korkmaz 0.65 10.46 1.43 0.94
Chen 0.61 32.80 2.34 1.24

Fig. 9. Disturbance rejection responses while ys=2.752.

Table 3. Disturbance rejection performances

Methods
d1=0.2 and d2=0.2

tpeak Mpeak trcy IAE
Proposed 0.71 0.05 3.63 0.09
Korkmaz 0.34 0.11 6.72 0.21
Chen 1.70 0.97 6.63 2.36

d1=0.2 and d2=0.2
Proposed 0.78 0.05 3.97 0.10
Korkmaz 0.37 0.10 8.42 0.24
Chen 0.79 0.33 7.68 0.81
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ger trcy than the others.
As the CSTR is a time-varying process in which a chemical reac-

tion takes place and may cause parameter changes during opera-
tion, two observations are obtained to examine the robustness of
the proposed NPID controller by varying the CSTR parameters.
The first simulation in Fig. 10 shows the results obtained while
changing Da from 0.072 to 0.09 and H from 8 to 9 simultaneously
after t=2 when the control process remains at the unstable point
xB. The second simulation in Fig. 10 shows the response obtained
while changing Da from 0.072 to 0.05 and H from 8 to 7 simulta-
neously after t=2.

From these two simulation works, two NPID controllers were
found to be less sensitive to parameter changes, but Chen’s adap-
tive controller exhibits an unsatisfactory performance because of a
larger peak value and a longer recovery time than those of the other
controllers. This finding can also be confirmed in Table 4, which
summarizes the quantitative results.

CONCLUSIONS

This study presented a nonlinear PID controller with a practi-
cal derivative term, a saturation element, and time-varying gains

based on a standard PID frame. The proportional, integral, and
derivative gains were described by a set of fuzzy rules as nonlinear
functions of the error and/or error rate, and the parameters of the
three gains were tuned by a GA in terms of minimizing the evalu-
ation of the given index. This approach was applied to the tem-
perature control of a CSTR process, and the performance was com-
pared with that of Korkmaz’s NPID controller and Chen’s adap-
tive controller. The results indicated that the proposed controller
demonstrated a better performance than the other controllers.

Although simulation studies showed that the proposed control-
ler provided a satisfactory performance, the number of tuning
parameters is 6, which may be a burden to apply in practical con-
trol problems. Therefore, as a future work, we will study the prob-
lem of reducing the number of tuning parameters.
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