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AbstractThe bubble breakage rate in gas-liquid bubble columns increases for organic liquid and at high pressure.
This study developed a breakage model that accounts for different liquid properties in gas-liquid pressurized bubble
columns in the homogeneous regime. The Luo (1996), Lehr (2002), and Wang (2003) breakage models, which are
widely used for the population balance equation (PBE) of bubble columns, were compared in terms of the total break-
age rate, daughter size distribution, and computational time. The model with two empirical equations, modified from
Luo’s breakage kernel, was proposed. One represented bubble deformation behavior in different liquid properties in
terms of buoyancy, surface tension, and viscosity. The other considered the effect of operating pressure (or gas density)
on the breakage rate. The modified model was compared with experimental data and a rigorous breakage model from
the literature. The proposed breakage model shows good agreement with experimental data and computational effi-
ciency. This breakage model is applicable for computational fluid dynamics with PBE in pressurized bubble columns
with organic liquids.
Keywords: Bubble Column, Breakage Model, Homogeneous Regime, Organic Liquid, High Pressure Operation

INTRODUCTION

Bubble columns in which the gas phase is dispersed into a liq-
uid or liquid-solid continuous phase are widely used in the chemi-
cal, petrochemical [1], biological [2], and pharmaceutical industries
because of their good mixing, high mass and heat transfer rates
[3-5], and low operating cost [6]. Industrial bubble columns are
used with highly viscous liquids or concentrated slurries [7] at high
temperature and pressure for applications such as hydrocracking
of petroleum residue (5-21MPa), coal liquefaction (17MPa), Fischer-
Tropsch synthesis (1-5 MPa), benzene hydrogenation (5 MPa), and
oxidation of paraxylene to terephthalic acid (0.3-3 MPa) [8-10].

Depending on the superficial gas velocity and column diame-
ter, the flow regime inside the bubble column can be classified into
homogeneous, transitional, or heterogeneous flow [3,11]. Catalytic
hydrocracking of heavy residues proceeds in the homogeneous
regime to reduce coke formation [1,12]. The Fischer-Tropsch bub-
ble column is often operated at high gas velocity in the heteroge-
neous regime [6,13]. Even in the homogeneous flow regime, the
bubble size and shape changes along the column height [11,14]
and the bubble size is dispersed with the spherical and ellipsoidal
shapes due to breakage and coalescence [11].

Fundamental parameters, such as the gas holdup, bubble size
distribution (BSD), interfacial area, and liquid mass transfer coeffi-
cient, are essential for the scale-up and design of bubble columns

[1,8,15]. The population balance model (PBM) including break-
age and coalescence of bubbles was used to identify the BSD of
bubble columns [1,16]. Computational fluid dynamics (CFD) mod-
els coupled with PBM were applied to investigate both the gas
holdup and bubble size in bubble columns [1,17,18].

Many researchers have developed breakage models, consider-
ing turbulent eddies [4,5,19], liquid properties [17,20], and operat-
ing pressures [21,22]. The Luo model assumes that the bubbles
will break-up if the turbulent kinetic energy of bombarding eddies
exceeds a critical value [19]. The Lehr model considers that the
bubbles will break-up if the turbulent inertial stress of the bom-
barding eddies exceeds the interfacial surface restoring stress of the
smallest daughter size [4]. The Wang model combines both the
Luo and Lehr criteria for the breakup mechanism [5].

Most breakage models are based on an energy criterion repre-
sented by (1) the surface energy of mother bubbles [23], (2) the
increase in surface energy before and after breakage [5,19], or (3)
the mean value of the surface energy increase for breakage into
two equal-sized daughter bubbles and a non-equal-sized daughter
bubble [24]. However, none of the bubble breakage models have
managed to capture the mechanisms of energy transfer between bub-
bles and bombarding eddies [25]. Therefore, the existing breakage
models must be improved to bridge the gap between the ideal to
realistic breakage.

Organic liquid properties, such as density, viscosity, and surface
tension, influence the hydrodynamics, bubble breakup, and coales-
cence in the bubble column [1,17,26]. The bubble column hydro-
dynamics for different inorganic and organic liquids, such as water,
toluene, and ligroin, have been predicted [17] using the Wang break-
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age model [5]. However, the Wang model is computationally pro-
hibitive [25]. When the breakage model within the PBM is integrated
into CFD simulation in a two- or three-dimensional (2D or 3D)
geometry, the development of a fast and robust breakage kernel is
necessary.

The effect of pressure (or gas density) on the hydrodynamics of
bubble columns has been investigated because industrial bubble
columns are generally operated at high pressure [7]. The increase
in pressure forces bubbles to break into smaller bubbles [7]. Con-
sidering the internal flow through the bubble neck, a three-step
breakup mechanism was presented to capture the effect of pressure
on the breakup rate and daughter size distribution [9]. Recently,
the Xing model was improved by adequately describing the flow
inside a deformed bubble via static stress analysis, interfacial stress
of the bubble neck, and viscous flow resistance [20]. Although the
Zhang breakage model [20] has been applied to a wide range of
flow regimes under high pressures, there is little evidence for the
homogeneous regime and computational efficiency. A breakage
model with pressure correction factors was proposed to predict
hydrodynamics of a homogeneous bubble column under elevated
pressure [1], which was applicable only to the air-water system.
Therefore, there remains a need for a computationally-efficient break-
age model suitable for high pressures and organic liquids.

The aim of this study was to develop an efficient breakage model
applicable to the homogeneous flow regime in the pressurized bub-
ble column for a wide range of liquid properties. The breakage mod-
els, including the Luo, Lehr, and Wang models, are compared with
experimental data available in the literature to address their advan-
tages and drawbacks. A novel breakage model that takes into account
the operating pressure and liquid properties is proposed for the
homogeneous regime in bubble columns.

BUBBLE BREAKAGE MODEL

For bubble columns, the PBM describes the evolution of a bub-
ble density function that represents the birth and death of bubbles
due to coalescence and breakage. The bubble breakage process
requires knowledge of the breakage rate and daughter size distri-
bution. The three existing breakage models [4,5,19], called the Luo,
Lehr, and Wang models, are first presented to state the necessity of
a new breakage model for various liquids and pressures in the homo-
geneous regime. The existing models are then compared in terms
of the breakage rate (), daughter size distribution (), and com-
putational time. Finally, a modified breakage model based on the
Luo model is proposed and validated with experimental data and
rigorous models.
1. Luo, Lehr, and Wang Breakage Models

The Luo, Lehr, and Wang breakage models were established
under the following common assumptions: (1) the breakup takes
place due to turbulence; (2) the breakup is caused by arriving eddies
of different length scales with the size equal to or smaller than the
bubble size onto the surface of the bubbles; (3) the theory of iso-
tropic turbulence is adopted in the calculation of collision frequency;
(4) only the binary breakup into two daughter bubbles is consid-
ered; and (5) the bubble shape is spherical.

Table 1 compares the three breakage models with different

breakup mechanisms. All the symbols in Table 1 are defined in
the Nomenclature. According to probability theory, the Luo model
implies that the probability (Pb) of a bubble with size d breaking
up into size , when hit by an arriving eddy of size , is equal
to the probability (Pe) of the arriving eddy of size  with turbulent
kinetic energy (e) greater than or equal to the minimum kinetic
energy required for the breakup (e, crit) [19]. Based on the balance
between the interfacial force of the bubble surface and the inertial
force of the colliding eddy, the Lehr model assumes that immedi-
ately before the breakage, bubbles are locally nearly cylindrical, and
therefore broken when the turbulent inertial stress of arriving eddy

( ) is greater than the interface restoring stress of the smallest

daughter size ( ) [4]. The Wang model combines the two previ-
ous breakup constraints under the additional assumption that an
eddy with size  has an energy spectrum due to its turbulent motion
[5]. Although the Wang model captures the two breakup mecha-
nisms from the Luo and Lehr models, it requires an additional
integral for the calculation of breakup probability and a nonlinear
solver to find the maximum breakup fraction (fv, max).

The total breakage rate (, 1/m3/s) of the three models in Eq.
(T1) was obtained from the breakage rate kernel (k) calculated
from the breakage probability (Pb) and collision frequency () of
arriving eddies on the surface of the bubble [19]. The breakup proba-
bility (Pb) can be solved as an algebraic function of e, crit and the
mean kinetic energy ( ), as indicated in Eqs. (T2) and (T3). How-
ever, one additional integral is needed to calculate Pb in Eq. (T4), as
mentioned previously. Thus, to calculate , the Wang model
requires triple integrals instead of the double integrals in the Luo
and Lehr models.

Since  represents the number of collisions between a bubble
with volume d3/6 and an eddy with size , the  is defined in
Eq. T by an analogy with the kinetic theory of gas. Assuming iso-
tropic turbulence on the length scale of the bubbles, the mean tur-
bulent velocity ( ) of eddies with size  and dissipation rate  is
in Eq. (T5):

(1)

The number density of eddies (n) based on the energy spectrum
analysis and the relationship between the wave number and eddy
size was calculated only in the liquid phase (1g) for the Luo and
Wang models, while a constant n for each eddy size  was used
for the Lehr model.

When a bubble with size d breaks into two bubbles, one with a
size of  and the other with a size of (1 )d are created in the
binary breakup. The daughter size distribution (fv, , e) is calcu-
lated by the ratio of k(, e) to (fv, , e) in Eq. (T6).
2. Total Breakage Rates of Luo, Lehr, and Wang Models

For an air-water system in the homogeneous regime (g=1.2
kg/m3, l=1,000 kg/m3, =0.072 N/m, and =2 m2/s3), the break-
age frequency (f, 1/s) of the three breakage models are com-
pared with two sets of experimental data [8,27] for a single bubble
(g=0, and n=1/m3) in Fig. 1.
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A critical Weber number (Wecrit) of 2.3 was chosen in the Lehr
model [25]. To convert the breakup fraction of bubbles into exper-
imentally measured  [8], the breakup time tb is calculated as [28]:

(3)

where c is an empirical parameter. The breakup time for an air-water
system was approximately 3.4-3.8 ms according to an experimen-
tal study [29], whereas the breakup time for liquid-liquid systems
ranged from 4 to 10 ms [28]. Using c=1/8, the breakup time calcu-

lated by Eq. (3) for 1 mmd15 mm and =2 m2/s3 ranged from
2.7 to 4.5 ms, which agrees well with the experimental data [29].

The breakage frequencies obtained from the three breakage mod-
els are considerably lower than experimental data for d4 mm [27].
The breakage frequencies of the Luo and Wang models increased
with the increase in bubble diameter (d), which coincides with
experimental data for d>4 mm [8]. The Wang model provides the
best predictions for a wide range of bubble sizes.
3. Daughter Size Distribution of Luo, Lehr, and Wang Models

The daughter size distributions () obtained from the three break-

tb  cd2/3


1/3

--------

Table 1. Luo, Lehr, and Wang breakage models
Model Luo Lehr Wang
Assumption - The breakage volume fraction is

stochastic (Maxwell distribution)
- The length scale of eddy is

larger than a smaller bubble
size (d') after breakage.

- The eddy has an energy spectrum.
- Stochastic breakage volume fraction

Breakage
criteria

Turbulent kinetic energy of the
arriving eddy is greater than a
critical value:

Turbulent inertial stress of the
arriving eddy is greater than
interfacial surface restoring
stress of smallest daughter size (d'):

Dynamic pressure of turbulent eddy is
larger than the capillary pressure, and
the eddy kinetic energy is larger than
the increment of the surface energy:

Total breakage
rate (1/m3/s)

(T1)

Breakage
probability

(T2) (T3) (T4)

Collision
frequency
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distribution (T6)
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Fig. 1. Comparison of breakage frequency (f) with respect to bubble size (d) for air-water system.

Fig. 2. Comparison of daughter size distributions () with respect to bubble volume fraction (fv) for air-water system [30].

Fig. 3. Comparison of daughter size distributions () with respect to bubble volume fraction (fv) for air-water system [29].
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Fig. 5. Comparison of daughter size distribution () between experimental data [31] and the Lehr model (2002).

Fig. 4. Comparison of daughter size distribution () between experimental data [31] and the Luo model (1996).
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age models were compared with experimental data for air-water
systems [29,30] in Figs. 2 and 3. The experiment in Fig. 2 [30] was
performed with a higher turbulence energy dissipation rate (=
13.3 m2/s3) and lower mother bubble size (d=3 mm) than that of
Fig. 3 [29]. The daughter size distribution predicted from the three
breakage models is comparable to the two sets of experimental
data. The Luo model shows lower unequal-size breakup distribu-
tion (fv0.05) and higher equal-size breakup distribution (fv0.5)
than the Lehr model. The results of the Wang model fall between
those of the Luo and Lehr models.

The effects of the mother bubble size (d) at =124 m2/s3 and
the turbulence energy dissipation rate () at d=1 mm on  for the
Luo, Lehr, and Wang models are compared with experimental data
[31] in Figs. 4, 5, and 6, respectively. As shown in Figs. 4(a), 5(a),
and 6(a),  values obtained from the Lehr and Wang models at
high  (=124 m2/s3) are closer to experimental dataset 2 than that
from the Luo model. It was experimentally observed that the
equal-size breakup fraction (fv=0.5) slightly decreased with the
increase in mother bubble size, which is the same tendency as the
Lehr model (see Fig. 5(a)). The  values of the Luo and Wang
models were not sensitive to d (see Figs. 4(a) and 6(a)). The ten-
dency of the equal-size breakup fraction of the Luo model is oppo-
site to that of experimental observations (see Fig. 4(a)). However,
the Luo model provides more accurate predictions at low turbu-
lent dissipation rate (=12 m2/s3) than the Lehr and Wang mod-
els (see Figs. 4(b), 5(b) and 6(b)).

The experimental data in Fig. 4(b) shows that the turbulence

energy dissipation rate () has little influence on , and the equal-
size breakup fraction (fv=0.5) slightly increased with the increase
in . The equal-size breakup fraction of the Luo model has a simi-
lar trend as the experimental observations (see Fig. 4(b)). However,
the reversed trends were obtained from the Lehr and Wang mod-
els (see Figs. 5(b) and 6(b)). It is noted that the Lehr and Wang
models are more favorable for the turbulent regime than the Luo
model, whereas the Luo model performs better in the homoge-
neous flow regime.
4. Computational Time of Luo, Lehr, and Wang Models

Using the same numerical method (Gauss-Kronrod quadrature
(quadgk)) [32] for the integrals in Matlab R2018 (Mathworks, Inc.,
Natick, USA) with four parallelized cores (2.3 GHz and 128 GB
RAM), the computational times of the three breakage methods are
listed in Table 2. The computational time was measured for the
calculation of  and  from Eqs. (T1) to (T6) at =2 m2/s3 and
1d15 mm with 1 mm increment in the air-water system. The
calculation times of the Lehr and Wang models are approximately
2 and 250 times, respectively, higher than that of the Luo model.

Fig. 6. Comparison of daughter size distribution () between experimental data [31] and the Wang model (2003).

Table 2. Comparison of computational time between Luo, Lehr,
and Wang models

Breakage model Computational time (s)
Luo model [19] 00.18
Lehr model [4] 00.44
Wang model [5] 46.60
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The difference in computational time is attributed to the calcula-
tion of the breakage probability in Eqs. (T2)-(T4). Since Eq. (T4)
for the Wang model contains one additional integral, its comput-
ing time is much longer than that of the others. The Luo model
has an advantage in terms of computing time if implemented in
CFD-PBM simulation with a 2D or 3D geometry.
5. Modified Luo Model with Different Liquid Properties under
High Pressure

The Luo breakage model is a good candidate for the homoge-
neous regime with low turbulence energy dissipation rates, com-
pared with the Lehr and Wang models in terms of the breakup
rate, daughter size distribution, and computing time. However, the
Luo model is only valid for the air-water system at ambient pres-
sure.

The Wang breakage model (W) has been validated for both
water and organic liquids with low viscosity and surface tension in
CFD-PBM simulation [5,17]. In the present study, instead of using
the prohibitive Wang model, a modified Luo model that can be
used for a wide range of liquid properties is proposed. Since the
most important factors influencing bubble formation are buoy-
ancy (lg), surface tension (), and viscosity (l) [33], which are
represented by the Morton number (Mo), the Luo model ( L) is
modified with Mo:

(4)

(5)

The correction factor f(Mo) is proposed as the follows:

(6)

To specify kM, 1 and kM, 2 in Eq. (6), the breakup frequency ( f) was
generated for 30 bubble sizes (0db30 mm) and 65 dissipation
rates (02 m2/s3). The total data points were 1950 for each type
of liquid. Minimizing the error between the Wang model (W)
and modified Luo model (ML) for three liquid systems (water, tol-
uene, and ligroin), the kM, 1 and kM, 2 were estimated to be 4.9928
and 0.0126, respectively.

Fig. 7 compares the breakage frequency ( f) of water, toluene,
and ligroin at relatively low turbulence energy dissipation rates (=
0.01, 2, and 20 m2/s3), which were obtained from the Luo, Wang,
and modified Luo models. The original Luo model ( L) shows
relatively low breakup rates compared with the Wang model. The
modified Luo model ( ML) accurately follows the Wang model at
=0.01 and 2 m2/s3, as shown in Figs. 7(a) and 7(b). At =20 m2/
s3, ML deviates slightly from W for toluene (=0.0204N/m) and
ligroin (=0.0283 N/m), as shown in Fig. 7(c). Eq. (6) is valid in
the ranges 0.02040.0727 N/m, 0.47l1.07 mPa·s, and 714
l1,000 kg/3 at relatively low turbulence energy dissipation rate.

The gas density correction factor was applied to Eq. (5) to con-
Mo  

l
4g l   g 

l
2


3
---------------------------


 ML fv, , e    k

 ML

0

0.5
 , e dfv,
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, e     f Mo  k
 L
, e 

f Mo   kM, 1 Mo 
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Fig. 7. Comparison of breakup frequency (f) obtained from the Luo, Wang, and modified Luo breakage models for water, toluene, and ligroin.
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sider the effect of pressure (or gas density) on the breakup rate,
which is analogous to the pressure correction factors [1,22].

(7)

where g, 0 (=1.2 kg/m3) is the air density under ambient condition;
and kP1 and kP2 are the gas density correction factors estimated
from experimental data for different gas densities and single bub-
ble sizes [8]. The bubble breakup fractions (fb) were measured in
the experiment and were calculated from  L,  Z, and  ML in the
following equation:

(8)

Replacing  in Eq. (8) by k
ML(, e) in Eq. (7) and minimizing

the error of fb between Eq. (8) and 25 experimental data [8], kP1=
0.35 and kP2=0.3 were obtained in the range of 1.2g7.0 kg/m3.

Fig. 8 compares the bubble breakup fractions (fb) according to
the gas density (g), which were obtained from the Luo model ( L),
Zhang model ( Z), and modified Luo model (ML), with the exper-
imental data [8]. A rigorous breakage model ( Z) was recently pro-
posed by Zhang et al. (2020) that considers the effect of dynamic
pressure on the internal flow through the bubble neck [20].

The original Luo model ( L) does not change with gas density
and gives low fb compared with the experimental data. The modi-
fied Luo model ( ML) is a better fit to the experimental data than
the Zhang model ( Z). The  ML in Eq. (7) does not change the
daughter size distribution () in Eq. (T6), whereas it increases the
breakage rate ( k) in Eq. (T1).

VALIDATION AND EVALUATION OF MODIFIED
LUO MODEL

The modified Luo model in Eq. (7) was first validated with the
existing breakage models for the dimensionless breakage rate ( *),
where the superiority of our new breakage model over the exist-
ing models was demonstrated. Using the new breakage model, the
effect of the turbulence energy dissipation rate and pressure on the
breakage frequency was investigated for three liquid systems (water,
toluene, and ligroin).

The Zhang model [20] was compared with three sets of experi-
mental data [8,27,34] for the dimensionless breakage rate ( *) with
respect to the dimensionless bubble diameter (d*):

(9)

(10)

In this study, the three sets of experimental data were also used to
validate our modified Luo model in Eq. (7) within 0.5d*

3.5. The
* obtained from the modified Luo model was compared with
those of the Luo [19], Lehr [4], Wang [5], Razzaghi [35], and Zhang
[20] models in Fig. 9. The Luo model (1996) and modified Luo
model showed a similar trend, but the modified Luo model was
more accurate than the Luo model (1996) at high d*. The Lehr
model (2002) under- and overestimated * at low and high d*,
respectively. The results of both the Wang (2003), Razzaghi (2016)

k
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Fig. 8. Comparison of bubble breakup fractions (fb) obtained from the Luo, Zhang, and modified Luo breakage models with experimental
data for different bubble diameters.
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and Zhang (2020) models fall between those of the Luo (1996)
and Lehr (2002) models, as expected. The Zhang model (2020)
showed improved * over the Wang (2003) and Razzaghi (2016)
models, but overpredicted * at high d*.

Table 3 reports the average absolute deviation (AAD) and root
mean square deviation (RMSD) of the modified Luo, Luo, Lehr,
Wang, Razzaghi, and Zhang models from the 24 experimental data.
The modified Luo model shows the best fit with the experimental
data with the smallest values of the two errors. The deviation of
the Luo (1996) model from the experimental data is smaller than
that of the Lehr (2002) model. The Wang (2003), Razzaghi (2016),

and Zhang (2019) models have similar errors.
Fig. 10 shows the effect of the turbulence energy dissipation rate

() and pressure (P) on the breakage frequency ( f) with respect
to bubble size (d) for different liquids (water, toluene, and ligroin).
In Fig. 10(a), the  f was evaluated for air-liquid systems at P=
35 bar under mild turbulent conditions (0.110 m2/s3). As  in-
creased and surface tension () decreased, the breakage frequency
increased, which was also confirmed in the literature [5,19,20]. The
 f obtained for toluene and ligroin is approximately two-times
greater than that of water over the range of d and  (see Fig. 10(a)).

In Fig. 10(b), the  f was estimated for air-liquid systems at =
0.1 m2/s3 and 1P35 m2/s3. The air densities are 1.2, 18, 30, and
42 kg/m3 at P=1, 15, 25, and 35 bar, respectively. The  f increased
by approximately three times when P increased from 1 bar to 35
bar owing to the pressure correction factor in Eq. (7). It is noted
that the breakage frequencies at high pressures in Fig. 10 should
be further investigated because the pressure correction factor in
Eq. (7) was estimated for 1.2g6 kg/m3 and 4.6d9.8 mm from
experimental data [8].

Table 4 shows the relative computational times of the Luo (1996),
Lehr (2002), and Wang (2003) models compared with the modi-
fied Luo model (this study) for the evaluation of the breakage rates
of water, toluene, and ligroin at d=10 mm, =0.1 m2/s3, and P=1,
15, and 35 bar. The modified Luo model shows the best perfor-
mance in terms of computational time. The computational time of
the Luo model (1996) is slightly longer than that of the modified
Luo model because of more iterations of numerical integrals. The
computational time of the Lehr model is approximately two-times
longer than that of the modified Luo model. The computational
time of the Wang model (2003) is approximately 400-times longer
than that of the modified Luo model. Considering that a breakage
model is solved in each computational cell and each bubble size

Fig. 9. Comparison of dimensionless breakage rates (*) with respect to dimensionless bubble diameter (d*) with experimental data.

Table 3. Average absolute deviation (AAD) and root mean square
deviation (RMSD) of modified Luo, Luo, Lehr, Wang, Raz-
zaghi, and Zhang models from experimental data

Model AADa RMSDb

Modified Luo (this study) 0.19 0.96
Luo (1996) 0.26 1.41
Lehr (2002) 0.90 4.98
Wang (2003) 0.50 2.88
Razzaghi (2016) 0.52 2.87
Zhang (2019) 0.48 2.88

aAAD= ,

bRMSD= ,

where Nexp is the number of experimental data, and  *

exp and  *

model

are the dimensionless breakage rate obtained from experiments
and models, respectively.

i1
Nexpabs exp, i

*

  model, i
* 

Nexp
---------------------------------------------------------

i1
Nexpabs exp, i

*

  model, i
* 

2

Nexp
-----------------------------------------------------------
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for CFD with PBM, the computational time is crucial for unsteady
CFD simulation in the 2D or 3D geometry. The modified Luo
model is applicable to pressurized bubble columns with organic
liquids in a computationally-efficient way.

CONCLUSION

Industrial slurry bubble columns are often used for catalytic reac-
tions with organic liquids at high pressure and temperature. How-
ever, most bubble breakage models have been developed for ambient

conditions in air-water systems. In this paper, a fast and robust
breakage model was proposed that is suitable for the homoge-
neous flow regime and organic liquids at high pressure.

The Luo (1996), Lehr (2002), and Wang (2003) breakage mod-
els, which are widely used for the population balance equation
(PBE) of bubble columns, were compared in terms of the total break-
age rate, daughter size distribution, and computational time. The
Luo model was a good candidate in the homogeneous flow regime
and was computationally efficient. To consider the effects of pres-
sure and liquid properties on the breakage rate, the Luo model was

Fig. 10. Effects of turbulence energy dissipation rate () and pressure (P) on breakage frequency ( f) for different liquid properties.

Table 4. Relative computational time for evaluation of breakage rates of water, toluene, and ligroin at d=10 mm, =0.1 m2/s3, and P=1, 15,
and 35 bar

Liquid P (bar) Modified Luo model (this study) Luo model (1996) Lehr model (2002) Wang model (2003)

Water
01 1 1.3 5.1 383.4
15 1 0.8 3.2 242.6
35 1 1.4 4.7 364.2

Toluene
01 1 2.2 1.6 446.5
15 1 2.2 1.7 442.7
35 1 1.9 1.3 356.4

Ligroin
01 1 0.9 1.4 420.1
15 1 1.1 1.5 441.9
35 1 0.9 1.4 353.8

Average 1 1.4 2.4 383.5
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modified with four correction factors, which were estimated from
experimental data and theoretical breakup rates. The modified Luo
model was validated with experimental data for the dimension-
less breakup rate. The proposed breakage model showed outstand-
ing computing performance and will be applicable to computational
fluid dynamics with PBE for bubble columns. However, the modi-
fied Luo model with the four empirical factors can be used for a
limited range of physical properties and operating conditions. The
model parameters, such as pressure correction factors, should be
adjusted for a wide range of operating pressure with reliable hydro-
dynamic data in the bubble column.
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NOMENCLATURE

c : breakage time constant [=1/8]
Cf : parameter of surface energy increment [-]
Cd : parameter of surface energy per unit volume [-]
d : mother bubble diameter [m]
d' : small daughter bubble diameter [m]
d* : dimensionless bubble diameter [-]
dc : critical bubble neck diameter [m]
dneck : diameter of the bubble neck [m]
e : kinetic energy of eddy [J]
e, crit : critical kinetic energy of eddy [J]

: mean kinetic energy of eddy [J]
fv : bubble breakup volume fraction [-]
kM : correction factor of breakup rate considering liquid prop-

erty [-]
kP : correction factor of breakup rate considering system pres-

sure [-]
Mo : morton number [-]
n : number density of bubbles [1/m3]
n : number density of eddies [1/m4]
P : operating pressure [bar]
Pb : breakup probability density function [-]
Pe : breakup probability density function for eddy [-]
tb : bubble breakup time [s]
u : turbulent velocity of eddy [m/s]

: mean turbulent velocity at a distance of db [m/s]
u, crit : critical turbulent velocity of eddy [m/s]
We : webber number [-]

Greek Letters
g : gas volume fraction [-]
 : daughter size distribution [-]
 : turbulence energy dissipation rate [m2/s3]

 : bombarding eddy size [m]
min : minimum size of eddy [m]
l : liquid viscosity [Pa·s]
l : kinematic viscosity of fluid [m2/s]
 : collision frequency density of eddy [1/m5/s]
 : total breakage rate [1/m3/s]
k : breakage rate kernel [1/m3/s]
 f : breakage frequency [1/s]
* : dimensionless breakage rate [-]
g : gas density [kg/m3]
g, 0 : air density at normal condition [=1.2 kg/m3]
l : liquid density [kg/m3]
 : surface tension [N/m]
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