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Abstract—The physical meaning of the derivative and the acceleration term of the proportional-integral-derivative-
acceleration (PIDA) controller was analyzed, and a new non-interactive form of the PIDA controller is proposed. Also,
a new tuning rule for the PIDA controller was developed by combining the physical meaning of the two derivative
terms with the previous integral of the time-weighted absolute value of the error (ITAE) tuning rule for the PID con-
troller. The proposed tuning rule, composed of simple explicit algebraic equations, provides excellent performance for
various processes without using any optimization methods and iterative computation.
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INTRODUCTION

The proportional-integral-derivative (PID) controller has been
widely used due to its simple and intuitive structure, acceptable
robustness to uncertainty, and good control performance for most
processes. The PID controller has the three terms of the propor-
tional, integral, and derivative terms, and three tuning parameters
of the proportional gain, integral time, and derivative time [1,2]. The
tuning parameters need to be appropriately determined by consid-
ering the dynamics of the process to achieve acceptable control per-
formance.

To determine the fine-tuning parameters, many types of PID tun-
ing methods have been proposed. Despite the theoretically opti-
mal performance of the optimization-based tuning methods [3-7],
they are not favorable in practice due to iterative computations.
On the other hand, the tuning rules in the form of explicit algebraic
equations have been widely used on account of their simplicity. The
Ziegler-Nichols (ZN) [8], internal model control (IMC) [9], inte-
gral of the time-weighted absolute value of the error for the first-
order plus time delay model (ITAE-1) [10], and ITAE-2 tuning
rule for the second-order plus time delay model [11] are the repre-
sentative tuning rules. These tuning rules have contributed much
to the control industry. Especially the ITAE-2 PID tuning rule guar-
antees almost the same control performance as that of the optimal
PID tuning minimizing the ITAE performance criterion, and it is
composed of simple and explicit algebraic equations [10]. Also, tun-
ing strategies to incorporate more various types of processes have
been proposed by combining simple explicit tuning rules developed
for low-order plus time delay models with model reduction meth-
ods [12-14].
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Meanwhile, since the proportional-integral-derivative-accelera-
tion (PIDA) controller was first suggested [15], it has been suc-
cessfully applied to various industries and achieved better control
performance than the PID controller [16-21]. Note that some authors
have used the term of the proportional-integral-derivative-second
derivative (PIDD?) control rather than that of the PIDA control. The
two controllers of the PIDA and PIDD? are the same because acceler-
ation means the second time derivative of the error. Such improve-
ments by the PIDA controller could be possible because the PIDA
utilizes more accurate future errors (equivalent to reducing the time
delay of the process) by using the second time-derivative of the error
additionally compared to the PID controller.

Many tuning rules of the PIDA controller have been proposed
[22-25]. All the tuning approaches use optimization techniques, such
as whale optimization [24], particle swarm optimization (PSO) [23],
and firefly algorithm [22]. These optimization-based tuning ap-
proaches need iterative computations, and they are far from sim-
ple and explicit tuning formulas. Several PIDA tuning rules based
on a direct synthesis or IMC control principle are also proposed
[17]. These methods must determine a prespecified control per-
formance, such as the IMC filter constant before using the tuning
rules. Also, the control performance in the time domain can be dif-
ferent from the expectation when the controller is designed in the
frequency domain.

In this research, a new form of the PIDA controller is proposed
by analyzing the physical meaning of the derivative term and the
acceleration (second derivative) term of the PIDA controller. A new
simple and explicit tuning rule for the PIDA controller was devel-
oped by extending the ITAE-2 tuning rule for the PID controller to
the PIDA controller by combining the physical meaning with the
previous ITAE-2 tuning rule for the PID controller. The proposed
PIDA tuning rule composed of simple explicit algebraic equations
shows excellent performance for various processes without requir-
ing any optimization methods or iterative computation.
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PROPOSING A NON-INTERACTIVE FORM OF THE
PIDA CONTROLLER AND ITS TUNING RULE

1. Mathematical Formulation of Proportional-integral-deriv-
ative-acceleration (PIDA) Controller

All the PIDA controllers published until now use the following
parallel form:

2
d e(zt) 0
dt

where k, k;, k;, and k, are the tuning parameters of the PIDA con-
troller. e(t) and u(t) are the control error and the control output,
respectively. The first, second, and third terms of the right-hand side
of Eq. (1) are the proportional, integral, and derivative terms, respec-
tively. The fourth term is the acceleration term of the PIDA con-
troller. The parallel PIDA form of Eq. (1) makes it very difficult to
determine the four tuning parameters in an intuitive and system-
atic way because they have no physical meaning, and two differ-
ent units of the time unit and the error unit are not separated. A
new form for the PIDA controller needs to be proposed for intui-
tive tuning and separation of the error unit and the time unit.

Consider the second-order Taylor approximation of the control
error at the present time before deriving a new PIDA form:

u()=k,e(t)+k;[ e(ddr+ kd$ ik,
0

e(tf)ze(t)+dﬂd9(tf B+ lde(t)(tf £y %)

where, t and t; denote the present time and the future time, respec-
tively. The Taylor approximation can be used to obtain the future
error on the basis of the error (e(t)), error derivative (de(t)/dt), and
error acceleration (second derivative, d’e(t)/dt’) at the present time.
For example, the future error at 7+t (after 7; from the present time)
can be calculated as follows:

22
e(t+7)~e(t) + fdd%tg + %"%}2 3)

where, 7;(de(t)/dt) is the contribution portion of the present first
derivative to the future error and (7;/2!)(d’e(t)/dt) is the contribu-
tion portion of the present second derivative to the future error.
With generalizing this interpretation, the future error to be used for
the PIDA controller can be defined by combining the two terms of
7(de(t)/dt) and (z2/2!)(d’e(t)/dt?) as follows:

2.2
de(t) | Zad’e(t)
efutureNe(t)+Td dt +i dtz (4)

Finally, a new non-interactive form of the PIDA controller is derived
by adding the integral term of JJ e(7)d 7/ 7; to reject the offset as
0

follows:
1 de(t) Tad e(t)
u(t)=k (e(t)+ I e(ndr+7,——= It 2 P J (5)
2
Gppa(s)= é? k (1+E+Tds+3s) (6

where, t is the present time. k,, 7, 7, and 7, are the proportional gain,
integral time, derivative time, and acceleration time, respectively.
Gpppa(s) is the transfer function of the PIDA controller. The physi-
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cal meaning of the derivative term (7(de(t)/dt)) is the future error
portion predicted by the present first derivative of the error as much
as 7, and the acceleration term ((z,/2)(de(t)/dt)) is the future error
portion predicted by the present acceleration (second derivative of
the error) as much as 7. It is clear that the units of 7, z;, and z, are
time and the unit of k. is the control output (u(t)) unit over the
control error (e(t)) unit.

Note that the derivative (D) and acceleration (A) terms of the
PIDA controller reduce the time delay of the process because they
contribute to using future error. Therefore, it is clear that the stability
of the closed-loop control system using the PIDA controller is bet-
ter than that of the P or PI controller. Also, the PIDA controller is
more stable than the PID controller since the prediction (future error)
accuracy of the PIDA controller is better than that of the PID con-
troller; because the PIDA uses the acceleration term additionally. Now,
it is concluded that the proportional gain can be set to stronger to
achieve a faster closed-loop response because the time delay of the
process is reduced as much as the prediction by the derivative and
acceleration term and the closed-loop system becomes more stable.

Most industrial PID controllers have a noise-suppressing func-
tion by adding a first-order low-pass filter to the derivative term of
the ideal PID controller [10]. Similarly, a noise-suppressing PIDA
controller is proposed by adding a first-order low-pass filter and
the second-order low-pass filter to the derivative term and acceler-
ation term, respectively as follows:

2
s iz Za 2
Grmals)= E ; “(H z'is+adrds+1°+2(aurus+1)s) @)
where, o; and ¢, are small constants. Qur various simulations, it is
recommended that ¢;=0.05 and ,=0.5¢; are good choices for
the proposed method. The noise-suppressing effects become stron-
ger, while the control performance degrades more and more as in-
creasing o and o,
2. Development of an Explicit PIDA Tuning Rule

Assume that the following second-order plus time delay model
is given before the tuning of the PIDA controller is performed:

G, ()= 2krzexp( 6,.5) ®

7,8 +27,&,5+1
where, k,, 7,, &,, and 6, are static gain, time constant, damping
factor, and time delay, respectively. An explicit and straightforward
tuning rule for the PIDA controller based on the second-order plus
time delay model was developed in this study.

Before developing the proposed tuning rule, one needs to focus
on the previously developed integral of the time-weighted absolute
value of the error (ITAE) PID tuning rule based on the second-
order plus time delay model (ITAE-2) [9,10]. The ITAE-2 tuning rule
for the PID controller composed of explicit equations (with no opti-
mization methods and no iterative computations) can provide almost
optimal tuning parameters guaranteeing the optimal performance
of the PID controller from the ITAE performance criterion point
of view. Also, it can be applied to a high-order plus time delay model
by converting the given model to a reduced second-order plus time
delay model using a model reduction method and calculating the
tuning parameters of the PID controller with the ITAE-2 tuning rule
for the reduced second-order plus time delay model [10].
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In this study, a new simple explicit tuning rule was developed
by combining the ITAE-2 PID tuning rule with the fact that the
acceleration term of the PIDA controller reduces the time delay of
the process. First, assume that the acceleration time is chosen as
7,=74, (f, will be determined later). As a result, the time delay of
the second order plus time delay model can be assumed to be
reduced as much as £, (f; will be determined later) by the accel-
eration term ((z,/2)(d’e(t)/dt)) of the PIDA controller, resulting
in a new reduced time delay of 8,=8,— 6,f; Then, k, of the PIDA
controller can be tuned to a bigger one compared to that of the
PID controller to achieve better control performance because the
time delay is reduced by adding the acceleration term to the PID
controller. Meanwhile, note that the value of the integral term of
the PIDA controller tends to be bigger as increasing k,, resulting in
too strong integral action. So, the integral time (7) needs to be set
to a bigger value to prevent excessive integral action. Many simu-
lations confirmed that the problem resulting from increasing k.
can be overcome by increasing the time constant to half of the
reduced time delay like 7,=7,+0.56,f,.

That is, the following new second order plus time delay model
with the reduced time delay and the increased time constant is ob-
tained by adding the acceleration term of (7;/2)(d’(t)/dt)) to the
PID controller (equivalent to using the PIDA controller).

k,exp(-6,s)
Gu)=55——
7,8 +21,&5,5+1
7,=1,+0.50,f,k,=k,,, &=¢&, ©)

,0,=0,—0,f,

Now, it is straightforward to obtain the tuning parameters (k,,
and 7)) of the PIDA controller by applying the ITAE-2 PID tuning
rule to the new second order plus time delay of Eq. (9) and the
acceleration time constant of 7,=z,f, is obtained.

Here, the optimal parameters of f; and £, are obtained by solv-
ing the following minimization problem of which the cost func-
tion is the integral of the time-weighted absolute value of the error
(ITAE) for an extensive number of the second-order plus time delay
model (0.1<6,/7,<2 and 0.3<£,<2.0) and a unit step set-point
change of y(s)=1/s:

min { jw tle(t)ldt} (10
s |70

subject to
¥ _ kepC05)
u©s) As427,85+1
7,=7,+0.50,f, k,=k,, £,=¢&, (11)

,0,=0,—0,f,

(kc’ T z.d):ITIXE_z(kn’ T> é:n’ en)’ = Tdfa’
0,;=0.05, and o,=0.5¢; (12)
2
T T
u(s) :kc(l"’i +—2 . Zj,

s+ 25
e(s) TS TSt (g rs+1)

e(©)=1.)-Y() 1(5) = (13)

where, (k, 7, 7)=ITAE-2(k,, 7, &, 6,) of Eq. (12) represents obtain-
ing the tuning parameters (k,, 7, and 7;) of the PIDA controller by
applying the ITAE-2 PID tuning rule to the new second order plus
time delay model of Eq. (9). The explicit algebraic equations in
Table 1 are fitted to the optimal data sets of f; and f,.

Putting it all together, the proposed PIDA tuning parameters
can be summarized by the following procedure.

Step 1: Assume that the second-order plus time delay model of
Eq. (8) is given, or it is obtained by applying the model reduction

Table 1. f; and £, of the proposed tuning rule for the second-order plus time delay model

6,
f,=0.3425+0.0875&, — 0.12-2
6, 6,
fa:o.273+(0.105+0.949§m)(f— +0.149) for 2#<0.37

O O
=0.273+(0.024+0.216£,,)( ~+1.908 | for 0.37<—<1.0

6,

o,
:0.273+(0.009+0.081§m)(—'”+6.407) for =2>1.0

7

m

o,
f,=0.5175-0.0875§,~0.12—*
O O
f,=—0.768+(0.966+0.088 gm)(f— +1.136) for =#<0.37
O
:—0.768+(0.22+0.02§m)(?- +6.25

O O
:—0.768+(0.0825+0.0075§m)(1_— +18.o) for —#>1.0

" for £,<1.0
Tm

m

m

" for £,>1.0
O
5) for 0.37<;—S 1.0

m

m
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Table 2. ITAE-2 tuning rule for the PID controller for the setpoint
change [11]

6 —0.983
knkC:—0.04+{0.333+0.949(—T—") }én for £,<0.9

—-0.832

0, 6,
k,k,=—-0.544+0. 308( )+l 4084"”( ) for £,>0.9

71

2-faoss oo B) o ey

n

-||e~1

{1 768+0.329 )}5 for -6l>1
(9 I7,)" &, O\
0.87 ) 0.55 +1.683(Z)

~\|-\

method [10] to the given high-order plus time delay model.

Step 2: Calculate f; and f, using Table 1.

Step 3: Obtain the new second-order plus time delay model (k,
1., &, and 6),) using Eq. (9)

Step 4: Calculate k,, 7, 7; using the ITAE-2 PID tuning rule in
Tables 2-3 [11] for the new second-order plus time delay model
obtained in Step 3.

Step 5: Calculate 7, using 7,= 7.

Fig. 1 shows typical control performance of the PIDA controllers
tuned by the proposed tuning rule (PIDA-proposed) and tuned by
the optimal tuning parameters (PIDA-optimal) and the PID con-
troller tuned by the ITAE-2 tuning rule (PID-ITAE2). Here, the opti-
mal tuning parameters are obtained by solving the following non-
linear optimization problem of which the cost function is the ITAE
performance criterion:

min {fo t|e(t)|dt} (14)
ko T T 7,70

subject to

¥() __Kn€Xp(= 6,9

(15)
u(s) 2542 7,&S+1

(@ 12
gl — P
0.8
> 0.6
04t 0/m=1.0, £=0.5
""" PID-ITAE2
" — — -PIDA-optimal
— PIDA-proposed
0 ' X * + = 1 1 1 1
0 1 2 3 4 5 6 7 3 o 0
Time
() 12 ; '
1r -
IS AZIN e
4
0.8 i 7
I
1
=06t )i /] .
et
) P Ry Y _
04r | / 0/m=1.0, £&=1.0
’ ’! """ PID-ITAE2
02r 77 0/m=0.3, £&=1.0 L PDA-optimal |4
Y ——PIDA-proposed
0 l . t + L 1 L
0 1 2 3 4 5 6 7 3 o 0
Time

Fig. 1. Representative tuning results for the second-order plus time
delay model: (a) with &,=0.5 and (b) with &,=1.0.

2
u(s) _ 4 7, 2
e(s) =k ( 7s adz'ds+1°+ 2(a, 1'as-0—1)25 j)
e(9)=1.(5) ¥ 1.0 = 1 (16)

As shown in Fig, 1, the proposed PIDA controller clearly shows
much better control performance compared to the PID controller.
Moreover, the control performance of the proposed tuning rule is
close to the optimal PIDA controller with providing a smaller over-
shoot, demonstrating that the proposed tuning rule composed of
explicit equations can provide remarkable performance without solv-
ing a nonlinear optimization problem or iterative computations.

SIMULATION STUDY

To confirm the performance of the proposed form of PIDA con-
troller and its tuning rule, the following three different types of the

Table 3. ITAE-2 tuning rule for the PID controller for the disturbance rejection [11]

9 —2.001
knkC:—0.67+0.297(—”)

n

o,
+2.189§,,(?”)

-0.766
for £,<0.9

9 2 9 —0.766
knkC:—0.365+0.26(-T—"—1.4> +2.189§,,(—T—") for £,>0.9

) 0.52
%:2.2122(;—9) —03for 2<04

TV!

éﬂ

b o975+o91(@ 1845)2+ 1 . T — VT 088(@ 28)2 for #1504
T, N\, eXp[0.15+0.33(0,,/T,1)J ' A\, 7 T

n n

7, 9 —-0.53 0 -1.171
—:—1.9+1.576(—") + 1—exp[ 71121} 1.45+0.969(—")
Z 2 ~0.15+0.939(6,/7,)™" 2
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Table 4. Reduced model and tuning parameters for Example 1
Reduced model Set-point change Disturbance rejection
Method
T 0 s k. 7 7 7, k. T ] A
IMC 3.589 1.254 - 2.690 4216 0.534 - 2.690 4.216 0.534 -
ITAE-2 1.490 0.585 0.876 2233 2.718 0917 - 5.180 1.580 0.761 -
Proposed 1.490 0.585 0.876 3.778 2.900 0.940 0.718 10.87 1.167 0.593 0.453
Table 5. Reduced model and tuning parameters for Example 2
Reduced model Set-point change Disturbance rejection
Method
T 0 ¢ k. 2 ] 7 k. 7 % 7
IMC 3.725 2.649 - 1.525 5.050 0.977 - 1.525 5.050 0.977 -
ITAE-2 2.046 1.556 0.863 1312 3.726 1.385 - 2174 3.069 1.448 -
Proposed 2.046 1.556 0.863 2.022 4.145 1.454 1.214 4214 2.694 1.284 1.072
Table 6. Reduced model and tuning parameters for Example 3
Reduced model Set-point change Disturbance rejection
Method
T 0 4 k. 7 7 7, k. 7 7 4
IMC 3.540 4.038 - 1.101 5.559 1.286 - 1.101 5.559 1.286 -
ITAE-2 3.098 1.381 0413 0.965 2.670 3.680 - 2.504 3.366 2.579 -
Proposed 3.098 1.381 0413 1.465 2.847 3.933 2.123 5.503 2.798 1.857 1.002
processes were simulated. (a)
Example 1: Third-order plus time delay process i N
=~ k_—\— - ’_’_,.—-‘
G(s)= exp(= 0.325) (17)
(s+1)
Example 2: High-order process osp i f4d e y,
N (N SN AN PID-IMC
G(s)= : 18) - - =PID-ITAE2
(s+1) Proposed
Example 3: Underdamped process with time delay 00 6 3
G(s)= 2eXE(— 0.5s) (19)
(95" +2.4s5+1)(s+1) (b) 0.4
---------- y )
In the present study, the internal model control (IMC) tuning 03 SN P; D-IMC
. . N / \, o,
rule [9], ITAE-2 tuning rule [11], and the proposed tuning rule are ‘,/ S - = =PID-ITAE2
compared for the servo and regulatory problems. To obtain the 0.2 L= "\ Proposed
i’
controller parameters of each method, process models are reduced I 2N A o
to the first order plus time delay models needed for the IMC tun- 0.1 /'/\ Voo T
ing rule and the second order plus time delay model required for 0 t P N ]
the ITAE-2 and the proposed method. The reduced models and "
tuning parameters for the servo problem and regulatory problem 0.1
are enumerated in Tables 4-6, and simulation results of the con- 0 2 4 6 8 10 12
Time

trol performance are depicted in Figs. 2-4.

As represented in Figs. 2(a)-4(a), the proposed method shows
overwhelming performance (shorter rising time, smaller overshoot
as well as shorter settling time) than previous tuning rules in all pro-
cesses for the servo control problem. The integral time absolute
error (ITAE) values of setpoint change/disturbance rejection for
each method are: Example 1 of IMC: 4.57/7.79, ITAE2: 2.61/1.44,
and proposed: 1.37/1.02; Example 2 of IMC: 19.18/29.08, ITAE2:

Fig. 2. Control performance of the proposed tuning rule and the
previous tuning rules for Example 1: (a) the servo control
problem and (b) the regulatory control problem.

13.05/13.37, and proposed: 8.37/8.16; Example 3 of IMC: 2222/
18.74, ITAE2: 12.26/1.90, and proposed: 5.65/1.45. The IMC tun-

Korean J. Chem. Eng.(Vol. 40, No. 6)
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(a) S
! Sl e
ost i+ /S [ y.
----- PID-IMC
- = =PID-ITAE2
Proposed
0
5 10 15
Time
(b)
0.6 I/'\ N s yi
/ N |- PID-IMC
0.4 / \ |- = =PID-ITAE2
N \\ Proposed
-0.2
5 10 15 20 25
Time

Fig. 3. Control performance of the proposed tuning rule and the
previous tuning rules for Example 2: (a) the servo control
problem and (b) the regulatory control problem.

(a) -
1 T
\‘\'
ost ¢ /) /S [ y.
----- PID-IMC
- = =PID-ITAE2
Proposed
0
5 10 15
Time
(b)
0.6 I,/'\-\‘ .......... yS
/ N |- PID-IMC
0.4 / \ |- = =PID-ITAE2
fos \\ Proposed
-0.2
5 10 15 20 25
Time

Fig. 4. Control performance of the proposed tuning rule and the
previous tuning rules for Example 3: (a) the servo control
problem and (b) the regulatory control problem.

ing rule provides poor control performance in Example 3 due to
unavoidable serious structural mismatches in reducing the under-
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damped third-order plus time delay process of Eq. (18) to the first-
order plus time delay model. For the regulatory control problem
shown in Figs. 2(b)-4(b), the peak value of the process output in
the case of the proposed method is much smaller than those of
the ITAE-2 and IMC tuning rule in all processes, confirming that
the proposed method eliminates the input disturbance more effec-
tively than do the previous methods.

CONCLUSION

A new, non-interactive form of the proportional-integral-deriv-
ative-acceleration (PIDA) controller is proposed by analyzing the
physical meaning of the error derivative term and the error accel-
eration term. Also, a new PIDA tuning rule was developed by com-
bining the previous ITAE-2 tuning rule for the PID controller with
the fact that the acceleration term of the PIDA controller reduces
the time delay of the process. The proposed tuning rule composed
of explicit algebraic equations provides excellent control performance
without solving any nonlinear optimization problem or iterative
computation. Simulation studies confirm that the proposed method
provides superior control performance compared to the previous
approaches with shorter rising time, smaller overshoot as well as
shorter settling time for the servo control problem, and smaller peak
for the regulatory control problem.
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